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2.56. (a)

yin| hin] * {e~2“°"z[n])

+o0 .
S emdvekalilhin — k).

k=—o

Let zin] = az:[n] + bzzin), then:

vln] = hin)* (77" (azy[n] + bz:[n}))
= E e~ Iwok (axy [k] + bxa[k])A[n — K]
T +oo
= a 3 kg [Khln - K +b Y, e oknfklaln — k]
=—00 k=—o00
= ay(n] + byaln]

where v, [n] and y;[n] are the responses to 71[n] and z2[n] respectively. We thus conclude that
system S is linear.

(b) Let z2[r] = z[n — ng), then:

wafn] = A (e zafn])
= Z e~dwa(n=kz,[n — kJh(k]

k=00
-]
= 5 edwoln=Hgln —ng — k]hfk]

=00

# yln—mnol.

‘We thus conclude that systern S is not time invariant.

{c) Since the magnitude of e=3°" is always bounded by 1 and h[n] is stable, a bounded input zjn)
will always produce a bounded input to the stable LTI system and therefore the output yin] will
be bounded. We thus conclude that system § is stable.

(d) We can rewrite y[n] as:

yln) = h[n]= (e z[n])
. +co
= ¥ emiwolrMzfn — klhfk]
kj—;ﬂ
= Y ewoneiekzin — klhlk]
k=—50 oo
= giwen z /¥ z[n — Eh[K).

k=—00

System C should therefore be a multiplication by e~/“°™.



2.66. (a)

E(e7) = H(*)X(e")
F(e¥) = E(e™)

= Hy(e ) X({e™ )
G(e) = Hi(e™)F(e")

= Hy{dY)VH{e )X (e™ 1)
Y(&¥) = G(e)

Hy(e™7*)Hy (68¥) X (e!¥).

(b) Since: . ) . _
Y(e”) = Hi(e77V)H ()X (%),

We get:
H(™) = Hi(e ) Hy{e").
(c) Taking the inverse transform of H (e/*), we get:

hlnj = hy[-n] * hy[n].
2.67. (a) Using the properties of the Fourier transform and the fact that (-1)" = &i™n | we get:

Vi) = X))

W(e*) = H()WV(")
= H(e)X (@)

Y(Ev) = W)

= Hy(ef"hX ()

H(e?) is thus given by:
H(e*) = Hy(e#=").

{b)
H(e) = Hy ("),

With the given choice of Hy(e/”),

H(ei«v)={ 0, Jwl<m—we

1, T—w <<

H(e™)

1

-T —THuwe 0 T =W *



2.72. The analysis equation for the Fourier transform:

o0

X(ev) = z z[nle~#n

n==cd

(a) The Fourier transform of z°[r],

i g afe~ " = (Z ::[n]ej“’")

!

= X"(e7¥m).
(b} The Fourier transform of z*[-n],
oo o .
E Ia[_n]e—jun = Z I-[[]cjwl
n=—o0 I=—c0
o B
= Z x[l]e""")
= — o0
= X"(e).
2.77. (a) The Fourier transform of y*{~n} is Y'*(¢?*), and X {e/*)Y (/) forms a transform pair with z[n]»
y[n]- So , _
G(e) = X ()Y (&)
and

gln) = zin} + y*[-n]

form a transform pair.

(b)
2 [ xeras = 3 ey
= Z E z[k]y* [k - n]e“j““.
n=-—00 k=—00
forn=0:

| I S .
i [ X 5 el

(c) Using the result from part (b):

- sin(rnf4)

o
. _ sin(an
V] = —

We recognize each sequence to be a pulse in the frequency domain:

X (e}

i
2

FE
(=]
wlt
<Y

— -—



} ()

1
5
- -3 o % x
Substituting into Eq. (F2.77-1):
3 sl = g [ X
1,1, 1..2¢
= PG
_ 1
T 60
2.89. (a)
E{z|n]e[n]} = ¢2=[0}-
(b)
$.:(e™) = X()X"()
= W(e)H(e)W* () H* (/)
= Puu(e)H(E)F
S, 1
= Tl cos(w) +1/4°
(c)
pezln] = dunlnl» hin] = h-n]

- o ((-

) e (2) i)

o2 éna[n)-
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£.45.
(1-052"1)(1+ 2jz-1)(1 - 2jz71)
(1 —08z-)(1 + 0.62")

b2

H{z) =

fim

Cla
N

¢-3
(a) A minimum phase system has all poles and zeros inside |z| = 1

(1 - 05:77)(1 + L2-2)
=064 7

Hi(z)=

(1 +4z-%)
(1+}:7)

Hypl2) =

{12}
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(b) Agmdkedunmphmmhumndmu:= 1,-1,00r co of in conjugate reciprocal

pairs.
- (1-05z7Y)
(1-064z"7)(1 + 1277

Hi(z) =

5.51. False. Let hin] equal

_ sinw(n - 4.3}
hin] = wi{n—4.3)

et ¥ |wl <we
0

— H(®) = { b

Procf: Although the group delay is constant ( grd [H{e?®)} = 4.3 ) the resuiting M is not an integer.

hln] = h{M -n]
H(e¥) = zoMog(em)
gmid tej(H-H,alw’ lu| < we
M = -86



5.55.

o Since z[n] is real the poles & zeros come in complex conjugate pairs.

¢ From (1)} we know there are no poles except at zero or infinity.

« From (3) and the fact that z|n] is finite we know that the signal has generalized linear phase.

« From (3) and {4) we have o = 2. This and the fact that there are no poles in the finite plane
except the five at zero (deduced from (1) and (2)) tells us the form of X(z) must be

X(2) = 2[-Yz + 3(0] + z[1]z + z{2Qz "2 + =[3)z 7} + 2[4)z~* + 2[5):*

The phase changes by # at w = 0 and 7 so there must be a zero on the unit circle at z = 1. The
zero at z = 1 tells us 3 zin] = 0. The zero at z = =1 tells us 3 (—1)"z[n] = 0.
We can also conclude z{n] must be a Type T filter since the length of z{n] is odd and there is a
zero at both z = £1. z{n] must therefore be antisymmetric around n = 2 and z[2} = 0.

o From (5) and Parseval’s theorem we have 3 |z[n][* = 28.
« From (6)
1 [ ;
) = g [ Y=

= z[n)l* u[n] |n=o = z{~1] + z[0]

ol = o f: ' Y (&) du = 6
= sfn] s ufn] |a= = 2[-1]+2{0] + 21

o The conclusion from (7) that 3"(—1)"z[n] = 0 we already derived earlier.
o Since the DTFT {z[n]} = Re {X(e?)} we have

sSj+of=8 _ 3

) = 73
als] = -3+2[-5)

5] = -3

Summarizing the above we have the following (dependent) equations

165

(1) z|-1) + 2[0} + 2{1] + 2{2] + 2[3] + z[4] + =[5] = 0 —
(2) =z[=1] + 2{0] - z{1) + 2[2] - =[3] + z}4] - =[5} =0

(3) zl2]=0

(4) 2-1] = =]

(5) (0] = -<{4]

() )= -l

(1) 2{=1P + (0] + 21 + 2[2] + 23] + 2l + =[5 = 28

(8) 2[-1)+ 2[0] = 4

(9) 2[-1) +2{0] +2}1) =6

(10) 2 = -3

2|n] is easily obtained from solving the equations in the following order: (3),(10),(4),(8)(5),9), and 6).

kX
. A
7 I 3 4 5
-0 1 2 1_11 n
-2



5.57. (a)

2] = sl cosuon = 3slnle™o” + elnle™I "
X(e) = %S{e"‘""“"] + %sw‘f“*ﬂh
Y(e) = H()X(e¥) = L S(—n) 4 3 S

1 )
S slnjerenn=ou) 4 Zsfalemdeens)

yln]

s[n] cos(won — o)
{b) This time,

Y(e) = H(e™)X () = %c-f‘ve'mts&ﬁ-’-ﬂh + %H“e"’”“‘.ﬁ'{cﬂ“""“"" )

]

dfn—ngs (.12: slnjedtwen—#e) 4 % s[n]e'ﬂ“"'“-hl)

8[n — ng] » s[n] cos{won — do)
s[n — ng) cos{uwyn ~ wong — o)

yin)

Therefore, if ¢, = ¢o + woha then
yln] = sfn — najcos(won - 61)

for narrowband s[n].

(¢)

d . d
Ter 'EWSEH['!’”H = —Ei-h*wﬂ] =ny

it

1 - 1
Lo = - Li-to-wnd = £ - n,

yln] = sfn — 7grlwy)] cos|wn(n — 7 (wn))]

(d} The effect would be the same as the following:
(i) BandhmitmmpolatethemmpumengnalwaC-TsipalnthmmrmT
(i) Delay the envelope by T - 7,,, and delay the carrier by T - Tpa.
(ili) Sample to a D-T signal at rate T

Tph



5.64. (a) We desire |H(z)H.(z)] = 1, where H.(z) is stable and causal and H({z) is not mmmrum phase.

1

|Hap(2) Hmin(2)He(2)] = 1

Since [Hyp(2)] = 1, we want
|Hmin(2)Hc(z)] =1

This means we have

1

B =5
which will be stable and causal since all the zeros of Hmin(z), which become the poles of He(z),
are inside the unit circle.

173
(b) Since
HC{"} = Hmjﬂ;{f}
We have
G{z) = Hoplz)

(c)
H(z} = (1 - 08673 271)(1 — 0.8 937 2=1)(1 = 1.2670 7727 1)1 — 1.2¢77077;71)
Hpmia(z) = (1.44)(1 - 0.8673%27)(1 - 0.8 799372 1)(1 - (5/6)e™ "z ") (1 — (5/6)e~ 1 ""27")
: 1
Fel) = T —sems 0 - 0se P ) = Groe (i = B/8e P72

(272 = (5/6)e~7077)(2=) — (5/6)ei07")
(1 (5/6)e®77z-1)(1 — (5/6)e—70Tz-1)

Glz) = Hoplz) =

I
o Hoir@
o
Re
[»)
4th order pole
Im Im
Hd2 9 Ho(8 = Gi2
Re He

A3 rurilar Forn



5.66. (a) We use the allpass principle and place a pole at 2 = z;, and a zeroat z = L.
[
=1 _ ,»

z
HEz) = Hm{-t)l__w‘f

= Q@)= -z)

(b)
H(z) = Q{z)z7! - 21Q(2)

h[n] = gin ~ 1] - zig[n]

- Hpin(2) = Q(2) — 2,Q(2)z7?
hminn] = gln] — zegln - 1]
(c)

L n

€ = 3 lhmlm]®~ 3 |A{m]?

ma=0 m=0

= > (ledm]|* - zxqim ~ 1g*im] — zi¢"[m — Llglm] + |z Plelm — 1))
m=0

— 3 (gl = 1 = 23"[m = gl - zaglm = e"{m] + 4 Plafml?)

m=0
(= [ 3 (alml® - lglm - 111
m=0

(1 = lzl*)ig[n]?

(d)
e=(1—1z*)lg[n]* >0 Vn since [z < 1

Then
Y thminm]l? = D Am]? 2 0

me=0

S P < Y ihminlmi? vn
m=0 m={



6.26. (a)} We can rearrange H(z) this way:
(@+277)P (42
1—3z1427% 1427145272

1
1-22-74 %z"’

H(z) = A+27

z[n] - uln] vin] _ win] 0.2
.—H—-’——.—r——‘—v——&-*——-’——v—-—’—o—.——'—?—'—.’“"—.—.—. y[n]
2—1 1 z“' 21 21 .
2 {12 1 -1 2 2 2
s g ! !
-1 -1/2 -7/8
*» — o ————

The solution is not unique; the order of the denominator 2nd-order sections may be rearranged.
(b)

uln] = zjp]+2z[n-1+zin -2+ %u[ﬂ -1 -un-2
v[n] = un]-vn-1)- %v[ﬂ -2

wn] = v} +2un—1]+vRr-17]

yin] = whj+2un-l+uwph-2+2yrn-1]- %y[ﬂ -2

6.27. (a) H\{e/¥) = H(eflw+m),

Hy (%)

4 Il
T L T

=x
- 3 7 x of

(b) For Hy(z) = H(—z), replace each z~! by —z~!. Alternatively, replace each coefficient of an
odd-delayed variable by its negative.

(c)

z[n] vin]
!
-1 2
-1
2 -1
21
-2 1
z=1
1 -2

0.2



6.30.

(a)
¥ : S—Y - e = .
(b)
1 2= —n
H(z) = EM[1+005(1—5’~(n-ﬂo))]z
_ 1N 1s52 it (r—na) | o—idE(n—mo}] ;-n
= Egz +-1—§§o§[ +e ]z
_ 11=2718 1 1ei8ineNd — (JE )
S W17 T2 1o B
1 1eitne(1 - (et 231
152 1-eit5z1
1 _ 1 le=itEno
= —lg(l—z 15) [l—-z'l -+ ].z-gjﬁz‘l+
Laidtn,
1eegifEz-1
(c)
H(®) = 1 - [5in((50)/2) Tewi%sin((15w)/2) 1 o3 sin((150)/2)
T 15 sin(w/2) 2 sin((w- #£)/2)  Zsin((w+ (27)/15)/2))
C1—ense g Je-i%it 10585
H(e™) = = [l-e'f”+1_er'l'ig—.i-+ 1-1—:&;—5-»]

When ng = 15/2, .

H(ejw) = 1 [e,!‘(l - e-jl&w) _ j‘ﬂ%(l - t—jl&w)

E eIt — ¥ e,-'_-_e"_&z _ e_j-—rh;u! -



When ng = 0,

ilej--l-]lw(ll!(l - e"ilh) }

={En/15) =+ (3x/15)
e

1 [e""“’(e’“’f —e-¥)

T 2jsin§
_ie"“'"’e“"-"(e""’? — e ¥}
25 sin u—;z;ps))
ie-iv'fe.ifg (ejlg‘u - e—j’g‘w)
24 sin (w+[2:£15!)
_ 7?7 lsin(15w/2)  jei% sin(15w/2)
15 | sinfw/2) m(n:%_aﬂ)
}e7 15 sin(15w/2)
sin (u+§:;gls!)
H(ew) = e~47 | sin(15w/2) | Fe™i % sin(15w/2)
( T 15 | sin(w/2) sin (w-(arpsl)

Le#%8 sin(15w/2)
sin (..--1-;2;;15])

B e b

teeteeete

as = [T [

The system will have generalized linear phase if the impulse response has even symmetry (note it
cannot have odd symmetry), or alternatively, if the frequency response can be expressed as:

H(e') = e A, (%)



where A,(e7*) is a real, even, periodic function in w. We thus conclude that the system will have
generalized linear phase for ng = 4k, where k is an odd integer.

(d) Rewrite H(z) as

AP B SN L el 1t £ i
15 1-z"1 1—2m%z"+z"
1/15
L S ’
2—15
—1

where o = cos(2mng/15), 8 = — cos(2x(ng + 1)/15), and v = 2cos(2n/15).



6.34. (a) We have:

wipl , wslel o)

zin
o,

wz(n] wafn]

First, we find the system function, we have:

Wwln) = i)+ waln-1)
(2) wz[n] = z[n}+wsln - 1]
(3) wa[n] = 2unin]+wfn 1]
4) oin] = wsin]

(8) waln] = -yin] - wafn]

Taking the Z-transform of the above equations and combining terms, we get:
-z MY (z)+ 27 (z) = 2+ 271X {2).
The system function is thus given by:

Y(z) 242!

H(z) = X(z) 14z-1-2z73

Since the system function is second order (highest order term is =2 ), we should be able to im-
plement this system using only 2 delays, this can be done with a direct form IT implementation.
Therefore, the minimum number of delays required to implement an equivalent system is 2.

{b) Now we have:

wy [n] 0 wy(n] ws[n]

z[n] Pl z™t yln)

ws[n] 1w

Let’s find the transfer function, we have:



() wiln] = o]+ wsln - 1)

(2) w2[n] = zIn]+wsln-1]
(3) ws[n] = 2wyjn]

(4) wafn} = —wsfn—1]-yn]
(5) wsn] = w;ln]+wen -1}
6) yin] = wsn]

Taking the Z-transform of the above equations and combining terms, we get:

1-272)(24 2:71)

1o 5,7 X(2).

A+ Y¥(z) =

The system function is thus given by:

Y(z) _ 201+ 2-1)(1-27)
X(z) 1-2:-2 )

H(z) =

Since the transfer function is not the same as the one in part g, we conclude that system B does not
represent the same input-output relationship as system A. This should not be surprising since in
system B we added two unidirectional wires and therefore changed the input-output relationship.



6.36. (a) Transpose = reverse arrows direction and reverse the input/output, we get:

wy[n]
> o ¥ln]

zin] o—

2wkl win 2
(b) From part {a}, we have:
(1) wifn] = 2z{n] +wsln]
(2) wa[n] = z[n] + wifn ~ 1]
(3) wsl] = ~ 9l + 20fn = 1]
(4) yin) = waln] + y[n — 1]

Taking the Z—transform of the above equations, substituting and rearranging terms, we get:
a- %z—l -2y (2) = (227 + DX ().
Fipally, inverse Z—transforming, we get the following difference equation:

vin] - %y[ﬂ ~1]-2yjn-2]= zn] + 2z[n - 1]

(c) Frota part (b), the system function is given by:

142272
- _I_“-_'—-_-
H(z} 1- 52'—3 - 22_2

It has poles at
z=- 8 and z = -—-—8—-
1-v/33 1+V33
which are outside the unit circle, therefore the system is NOT BIBO stable.

(d)
y[2] = =[2] + 2z[1} + 3y(1] + 24[0]
y[0j==j0] =1
yl1] = z[1} + 22(0] + dyl0] = §+2+ } =3
Therefore,

1. .3 19
y[2]=2+1+§+2—7.



6.38. (a)

z-! z~?

:Tn] o * -t
h[0] h{1] hl2) h(10)

- e m - AM:1
e

M{N + 1) multiplies per output sample; M N adds per output sample.

®)

M I g T '_I

M:1 M:1 M:1

A[0] I A{1) l A[10] 1
” T yin]

N + 1 multiplies per output sample; N adds per output sample. The number of computations has
been reduced by a factor of M in botk adds and multiplies.

(c)

L]

M:1
I?nl )} i . l!["]

-1

1

The total computation can not be reduced because to compute the value of any given ourput
sample, the previous output value must be kmown.



B

E.29. Circular convolution equali linear convelution plus aliasing. First, we find y[n] = z:[n]= zz(n):
L |
L]

6
5
4 4
1 ] | I 3
0 1 2 3 5 6 7
MNote that y[n] is a ten poini sequence (N =645 = 1).

{a) For ¥ = 6, the last foor non-zero point (6 < n < 9) will alias to the first four points, giving us
wn] = =1[ﬂ3|ﬂ]

- - R
0 11

-
I
8 9

4

10 6
6 wan)

- T —— n
-1 0 1 2 3 4 5 6 7

{b) For N = 10, N > 6+ 5 — 1, so no aliasing occurs, and circular convolution is identical to livear
convelution.

8.31. We have a 10-point sequence, zjn]. We want a modified sequence, z,|n], such that the 10-pt. DFT of
£;[n] corresponds to
-xilk] = x{:"n i,ll.llu.rul-—-—h.r:m
Recall the definition of the Z-transform of z{n};

&

Xiz)= E z[n]z™



Since z[n] is of finite duration (N = 10}, we azsmme:

ncazero, D<n <@
=!:n]—{°‘ otherwise

Therefore,
X(z)=> znlz"
=l

Substituting in z = Je3l(3x&/10k+in/10);

L) -n
}."[:H“ i..,.ill’hl.flﬂ-l-l-ﬂlﬂ = z :["_] (%t.ﬂ-{ir'lflﬁ'ﬁ':'fiﬁﬂ}
m=0

We emelk the signal =, [n], whose 10upt DFT i pquiralent tn the ahove exprestion. Recall the analysis

equation for the DFT:
¥

X[k =S nnwir, 0<k<9
n={

Since Wit = e~ F37/10En by comparison

i = (3o



8.34. (a) The DFT of the even part of a real sequence:
If z[n] is of length &, then z.[n] is of length 2N — 1

] = fk'lizf-['—“l, (-N+1)<n<(N=-1)
0 otherwise
N=1
xp =y (BLEwn, cvevcrse-y
ET T Y
1] 1
= E -"L—I“"';N..| E%wﬂ—I
A==l n={}
Let m = —n,

N=1 N=1
X [k] z’;"]w;;:, }"_ﬂ,ﬂ“':;-L

n=0
N-1
Twkn
X[k} = :[ﬂ]m(——)

E aIN-1
Recall

M-l

X[k)=5 zjn]W:, 0<k<(N-1)

n=>0

and

Re{X{H]) = jz; zin]cos ( 227 )

So: DFT{z.[n]} # Re{X[k]}
()

Repxpy = XELXE
.lﬂ'—l .H'—I.
= 3 z[n]WE + 5 E:{ﬂl“"'“

; (zln] + 2N = ) Wi

iMrit

Re{X[k]} = DFT [;:.[;H +2[N - n]]}

8.36. We hawve the finite-length sequence:

z[n] = 28]n] + ln — 1] + 8[n — 3]
{1) Suppose we perform the 5-pt DFT:

X[ =2+ Wi+ W*, 0<k<s
where Wi = p=#{¥1



{ii) Now, we square tae DFT of zin]:

¥ [k

X2k}

24+ 2WE 4 2W

+ 2y + W+ Wt

+IWF LWL WY, 0<k<s

Using the fact W3 = WP = 1 and Wi* = W}
Y[k =3+ 5WF + Wik oW + W, 0<i<s

(a) By inspection,
yin) = ¥inl + 58—+ Gfn -2+ 48ln -3 + dln -4, 0<n<S

(b) This procedure performs the avtocorrelation of a real sequence. Using the properties of the DFT,
ip alternative method may be achivwved with convelution:
tin] = IDFT X?{k]} = zin] » =[n]

The IDFT and DFT suggest that the convolution is circular. Hence, to ensure there is no aliasing, the
size of the DFT must be N > 2M - 1 where M is the lengih of z[n]. Since M =3, N 2 5.

8.39. We have two 100-pt sequences which are nonzero for the interval 0 < n < 99,
If x[n] is nonzero for 10 < n < 39 oaly, the lineas convolution

z1[n| » z3[n]

is a sequence of length 40 + 100 — 1 = 139, which is nonzero for the range 10 < n < 139,

A 100-pt circular convolution is equivalent to the linear convolution with the first 40 points aliassd by
the values in the range I00 < n < 1306,

Therefore, the 100-pt circular convolution will be squivalent to the linear zonvelution only in the range
4 < n < 90,

B.49. r;fr) is z)[n] time aliased to have only N samples. Since

xiln] = () ulnl,

o - -
mnl-{ e 0N -

i ] , oOtherwise



8.64. (a) The Z-transform of An]

Hiz) = i K[n)z="

A=

l_l:—ﬂu

Hiz)

The N-pt DFT of hjn): (N = dng)
Ang =1

HE = 3 MalWie, 0<k<(tno-1)

1
= I'Ew*.':

HiK = 1-%:-:“!*“

(b}
—ag
H.:I:J!} = mf’l-lil_'"'.*‘ Ill:‘(%) for causality
o 1 nng
mi) = 3 (3) dn- ke

k=0

The filier is [TR.

1

1
G[klimtm. UE*EH"@"]}

The impulse response, gln], s just kin] time-aliased by 4ng points:

1 1 1 1 1
’[ﬂl = (1+E+-—-:Ei+--r)5|ﬂ]+(i+ﬁ+gﬁ+---)a[ﬂ )
P o1 1 1 1 1
¢ (iraitmme) i (Gt ) e se
gln] = Elﬂﬂ]+iﬂﬂ-mj+iﬁ[n-!ﬂq.]+iﬂrl-3ﬁq]
15 15 15 15
{d) Indeed,

GIRHK =1, 0<k<(dne-1)

However, this relationship is only true at 4ne distinct frequencies. This fact does not imply that
for all w:
Gl H{e¥) =1

{e)

vin] = gin] * Afn] 2 "
- :—:.ﬁ[ﬂ] n isg&[n = ng] + %Jln = 2ng] + 1z dln - 3no] — 12é[n - nal
-;3:"“ = 2ng) - %Jll‘l — 3ng] = 1—:;5[“ = dng)
i) = g8l - g5 bin— dnl



10.5. ({a) After windowing, we have
z[n] = cos{fyTn)
= [T 4 T
% [t e ,-ﬂn%ﬁ:.]
forn=0,...,N =1 and z{n] = 0 outside this range Using the DFT properties we get
X — 3o — BET)al+ Ak 1 M)

I we choose -

T= gk

then N N
X1) = Zitk = k] + 60k - (N — o)l
which is nonzero for X ko] and XN — ko), but zero everywhere eke.
{b) Mo, the chaice for T is not unique since we can choose the integer kg.

10.26. Pluggmng in the relation for e.u[m] into the equation for Jiw) gives

L= L—1

Jw] = % E E v[njsln + m]:| g™
ma—{L—1) Le=l
L=1 L=1

L—JE.F E v E un + rn]:'-“"'"
m=0 me={L=1]

Let £ =n 4 min the second summation. This gives

L=1 n+{L-L])

Hw) = ﬁzp[ﬂ] E u[f]e‘-‘”f"'l
n=ll  fmme(L=1)
1 L=-1 n4il=1} _
= o3 vinle 30 effen
] f=n—{lf=1]

NnuthathrmmmdﬂgnsL-l,memndm.mmminnwiﬂhewcrdi-'m-mﬂ]'ﬁﬂf“[q
inthe range 0 < £ < [ — 1. As a result,

1 L=1 L1 )
Hw) = -rﬂ—zv['n]t'“zu[q:_ﬂ‘
per} fmt)
- .
= TpV eIV
1 P
= EE""(""'H

Note that in this analysis, we have assumed that vin] is a real sequence.



10.31. (a) Samplisg the continuous-time input signal
z(f) = eHn/BNIO
with a sampling period T = 10~ vields a discrete-fime signal
z[n] = 2(nT) = ™"

In order for X[k to be nonzero al exactly one value of k, it is necessary for the frequency of the
complex exponsntial of z[s] to correepond to that of a DFT coefficent, wy = Jxk/N. Thus,

3_1_!1#
& = N

1fik
N =7

The smallest value of k for which N is an integer s k = 3. Thus, the smallest value of N such that
X lk| is nonzero at exactly one value of kis

N =16

{b) The rectangular windows, 1wy |n| and we(r}, difer only i thewr lengths. wy(r] has lexgik 32, and
uz[n] bas length §. Feecall that compared to that of a longer window, the Fourier transform of &
shorter window bas a larger mainlobe width and higher sidelobes. Since the DFT is a sampled
version of the Fourier transformn, we might iry to logk for these feazurss in the two plot. We nolice
that the sscond plot, Figure P10.31-3, appears to have a larger mainlobe width and higher sidelobes.
As a result, we conclude that Figure P10.51-2 corresponds 10 wy|n], and F10.31-3 corresponds to
uz|n].

{c) A simple lechnique to estimate the value of wy is to find the value of k at which the peak of LXK
orcurs. Then, the estimats, is -

o =

The corresponding value of g is -

X
T NT

This estimate is 10t exac:, since the peak of the Fourier transform magmitude | X [e™)| might

oocar between two values of the DFT magnitude | X |&l|, a1 shown below.

OTTFT: %™
o DFT: 1X i

o N e

o 2n

The masimum possible error, (max error, of the Bequency estimate is one Lall of the frequency
resolution of the DFT.

r

NT
T
NT
For the system parameters of N = 32 and T = 104, this is
flpnax ervor = 982 rad/s

ﬂmmﬂl=

LA

=



10.34. In this problem, we are given

e zin] = Acos(uon + 8} + efn]
# § is & uniform random variable on 0 to Zx
# ¢[n] is an independent, zero mean random variable

(a) Computing the autocorrelation function,

Geelm] = £ {zin]z|n + mi}
£ {(A cos{uwgn + 8) + efn]) (Acoslwo(n + m) + &) + e[n + m]}}
£ { A” cos{won + #) cos(we(n +m) + 8) }
+ £ {Ae|n] coslwo(n + m) +8)} + £ {Ae[n + m] cos(wyn + 6)}
+ £ {e[n]e[n + m]}
A2E {cos(wen + &) cos{uwoln + m) + 8)}
+ A£ {eln]} £ {cos{we(n + m) + 6)} + AL {eln + m]} £ {cos{won + &)}
+ £ {elnlefn +m])

First, note that
cos{a) cos(d) = % cosia + b} + -12- cosfa — b)

Therefore, the first tarm can be re-expressed as
dif{%m{hmn+wm+ﬂﬁ'} 1 ;m{—um}}

Next, note that
E{en]} =0

As a result, the two middle terms drop out. Finally, note that since e[n] is a sequence of zero-mean
varjables that are uncorrelated with each other,

£ {e[ne[n + m]} = o2 8[m], where o2 = £ {*|n]}
Putting this together, we get
] = 476 { 5 con (i + tym +26) + 3 coslunm) | + o2élm

Since & [* cos(Zugn + wom + 28)dd = 0, we bave

A2
$azim] = - cos{wom) + o2 8[m]

(b) Since the Fourier transform of cos(wom) is x8(w = wp) + xd(w +wp} for j| = =,
Fi
#us() = Pra(w) = 227 (6 = wn) + 8+ un)] + 02
10.35. (a) Plugging in the equation 1
Ik) = Iwn) = 7 VIR

into the relation
varJ(w)] = Pi(w)

we find that

It

we|f v = P

wr[IVRF] = L2Phw)

It



This equation can be used to find the approximate variance of [X[k]*. We substitute the signal
X[k] for V[k], the DFT length N for [, and use the power spectrum

This gives

{b) The cross-correlation is found below.

£ { X[k X"[r]}

Fee(w) ='|'-'f

var [|X[k][7] = Na}

N=1 N=1

¥ £{almain]} WA WE™
n; =l ny =0
N=1 N=1

3 5 olbin - Wy W™
my ==l g =l
N=1

3 et
=

M{k=r)
2 L= W
li-wir

Na2dlk 7]

Note that the cross-correlation is zero everywhere except when k = r. This is what one would
expect for white noise, since samples for which k # r are completely uncorrelated.



DSP PROJECT
- SRRC(Square Root Raised Cosine) Filter Design -

1. Specification

(1) Ideal SRRC (Square Root Raised Cosine)

- 0|4XQl SRRC TE{o| FI4 SE2 CH2It 22 S4S BHEAZOF Bt ool i
S42 530t SRRC TEHO| A4k

Feotot ZO[E ZHX 22 X A 0AME 252l vestigial

ojof 7t& 7Hd== 2ABALE. (W,, W, 7|F)

Ideal SRRC : h,[n] <> H,(e'*")

T os|f|sl_—“
2T
‘Hd(ejz”f)rz T 1+cos7z|f|+0{_1/2T 1_a£|f|£1+a
2 2c 2T 2T
0 otherwise

a =0.15+ 0.05x Remainder(last two digits of ID numbet/4); T=1.0

(2) SBATT (Stop Band Attenuation)

- roll-off factor 2 oversampling factor 2 Ct21f 20| MMHSIQULCT.

roll-off factor : « =0.2 (-~ 73 mod 4 =1)

oversampling factor : L =2

pass band : 0£|W|sM Og|f|gw
L 2L
transition : M<|w| JFlra) (d-a) |f] LQ+a)
' L 2L T 2L
stop band : z(1+a) <w <z d+a) <|f|<05
L 2L
SBATT : 40dB

(3) ISI (Inter Symbol Interference)



SIS = 1) 2 #59| power HISS MHEE FLot 2) Z BE0| magnitude HSS AT
Aol & JX| "Efo| CHol AHEUCH Offf= SRRC TE{Qt RC TE{S ofefol Al
AHSHAS W, 11| $AlS LIEtH Z{0|C}

SRRC: h[n] n=0,1,, N-1

RC: h[n]:iht[k]ht[k+N ~1-n] n=0,1,--,2N -2

oversampling factor : L

(a) Typel — power

v (EV)

ISI1=— —
T ) {TJ N-1-jT
2 [N =1L > 2
j=1 j=1 k=0
(b) Type2 — magnitude
N1 {&J
L L N-1-jT
DUIN-1£ L] D) 2| D] [k]n[kﬂL]‘
ISI2 == =)t 19
I[N -1]| N

h*[k]

=

=0
(c) Constraint

10log,, (1S11) > 40dB
20log,, (1S12) < -40dB

2. Algorithm [1]
(1) SM-NLMS (Set Membership Normalized Least Mean Square)

- SM-NLMS = stop band & M&F 22 L+0f 2 X[HOM| O[¢Hl =0t 5

2Ho| Fot gl 2XE ¢t F 0l EUM=Z TH A& 28o Livte

24 25l 2 Kol s SRRC C|X[E EE{Q| K-point DFT & TStLCt.

27znk

H, (k) = Zh[n]e «

0l7|M tt2S Felsta,

0x
i}



o h,(0)
X, = © .K and 6= h‘:(l)
et h(N-1)

5

olAMQl TE(o| 27K/ K x|ofAfo| Fm}

o =

7 o2t ot EH 279 2M= ChEs UFAFI= &

o

2Xte| et

=

ror

=Mz ®

‘dk —HTXK‘Syk
O W EE{A+ 0= Ct3ol off Feol £3kA ECk.
©2{0eR": |d —0"x| <, VK|
Real parameter 0f CH3F SM-NLMS Of CH38l Chia-Yu YAO [1]= Ct=21f Z0| Z

Lz 22 07h of U O U £ UoE +HES SYSACL

" Rel{s x
9k:6k—1+ﬂk {I\II(Xk}
0, =d, — 01X,
where T g s >,
g1l TR

0 otherwise

(2) Gradient descent (Steepest descent)

QUHIX{O| |S| 4=AlO 2 Type2 ISI S 0|R3}7|2 i},

{N_lj {,\HJ N-1-jT
2. |nIN 1+JL1| 22 Z hIkIh[k + jL]
ISI2 =12 == 0
I[N —1]] th[k]

Chia-Yu YAO [1]&= ISI 2| numerator O] HI|ZfS XNEF2E HHLO CH24t

HIE O 2 Gradient 2 7| AtSHRLCE

—

SISl £ oM HTE uiel Zo| e A$S0) g ChEgs HElz ENEC

3

ZE A=

FLI|HJ

b OZ7IM= 25t



3o

O e Gradient = CiZat Z0| Aird = ULk

s 1)

k=0

{NTJ N1 T
=4 z [ z h[k]h [k + JL]]X[ht[I + jL]Hi,(O,N—l—jL) +h[i- jL]Hi,(jL,N—l):'

ah[(l) =1 \_ k=0
1 a<i<b
where , =

e {0 otherwise
T
VeEz(a_E E a_Ej
oh[0] ohf] ~ oh[N-1]

O|H| ISI =HE =FA|7|7| @t Gradient descent 1t7H2 Ct20t ZCt

If —VGET (&k —ékfl) >0

@k,neW=@k - uV,E

else
b l?k —4A9k_1
Ox — Ok y
1-28500 §f ISI >
p=V,E-(V,Eb)b where = g( ISI] s ._05
O, new = O — up 0 otherwise
0{7|M V,E 7} AX ISI 9 Gradient 2 CHEHS 4= YO H, ISI O denominator 7} D E|Of

AO{OF St=H|, Of 20| o BEHECD 27| o222 ISI o A Gradient & 0|&3}0]

MASULCE EESE Chia-Yu YAO [1]2 Gradient descent o] HfHES X% [, ZE A7t O|MQ

Z WD i) wEoR Halts FR0| OF W0l £X wyoz W S0l A

7
10
>
=
)
QD
o
)
=
I
o
rir
ox
o
2
rir
]
rz
o
o
oA
N
Ot
kel
o
Sl
Ar
mjo
=
o
Ot
b
rot
e

OA oB
o % 2AAZ0- (A<°)){ n(u)XB_Axan(i)}

oh (i) B?




N-1-jT

A= Z h[kIh[k+ jL] a——ht[l JL]Hi,(O,N—l—jL)+ht[i_jL]Hi,(jL,N—l)

where Lo ag‘é)
B=2 h’[k] o) = 2h[i]
Vgpz(i o Lj
oh[0] onh[l]  oh[N-1]

[EtA ISI ZRAE =EEA|7|7] et Gradient descent 17HS CHA| A M CH20F ZCt

ék,neW:ék - uvV,F

O| [If Gradientdescent7} ME%E £ Ux=Z V F o magnitude 7} 107°0| g =& =A3}QLt.

(3) Flow chart

Create Seed
By sampling

SBATT
— Upadte Filter Coeff
By SMNLMS

v

ISI
No Upadte Filter Coeff
By Gradient descent

Yes

Filter coefficient

- A &aeg]FL SMNLMS ¢} Gradient descent & ®HE 83l F=01% Specification &
WESA7IE A AFE otk ojul x7]¢] FE AlgE oAl SRRC HHE time
domain A€ 35 oversample &t P=rh H3 7|9 FE ¥ = SRRC 2HE 4F9
LPF o & 7h¢ste] SBATT #71& Kaiser window o #-&3te] AAs 7, Fojzl dags

el A 88k gow ¥ 5 vtk



3. Implementation

(1) Time domain h[n]

h[n] =[-0.0046126 0.0020771 0.0075704 -0.0079469 -0.0096055 0.014835 0.013353 -0.027437

-0.016986 0.049967 0.019475 -0.097481 -0.021343 0.31622 0.52382 0.31622 -0.021343 -0.097481
0.019475 0.049967 -0.016986 -0.027437 0.013353 0.014835 -0.0096055 -0.0079469 0.0075704
0.0020771 -0.0046126]; % 29tap; n=0, 1, 2, ..., 28

OB s .............. .............. R :
05 .............. .............. .............. .............. ..............
o  — S S—— o— ______________
o ______________ ........ e ______________
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(3) ISl
(a) Typel — power

10log10(ISI1) ~ 48.2530dB

(b) Type2 — magnitude



20l0g10(ISI2) ~ -39.9954dB
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(4) Comparison with ideal SRRC
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5. B.E : non-linear 25tap; 27tap design

- 25tap non-linear SRRC filter

(1) Time domain h,[n]

n[n] = [-0.010123 -0.012731 0.020329 0.041089 -0.013816 -0.06507 0.0093173 0.10236

0.0090194 -0.14551 -0.016895 0.35159 0.50735 0.27856 0.0032718 -0.046286 0.0052712 -

0.0052148 -0.022399 0.010725 0.023673 -0.0112 -0.02576 -0.0029318 0.01538];
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(3) ISI
(a) Typel — power

10log10(ISI1) ~ 46.3605dB
(b) Type2 — magnitude
20log10(ISI2) ~ -36.4671dB

(4) Comparison with ideal SRRC
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- 27tap non-linear SRRC filter
(1) Time domain h[n]
h[n] =[0.0016132 0.013867 -0.0040627 -0.018395 0.0015166 0.030279 0.01797 0.0041324

0.024013 -0.0043216 -0.08644 -0.009577 0.30354 0.51365 0.32261 -0.023721 -0.10468 0.037601
0.074876 -0.033884 -0.075063 -0.0061851 0.032182 0.0017666 -0.01751 -0.0020767 0.0063007];
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(3) ISI
(a) Typel — power

10log10(ISI1) ~ 45.3677dB
(b) Type2 — magnitude
20log10(ISI2) ~ -39.9942dB

(4) Comparison with ideal SRRC
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7. MATLAB code

% SMNLMS.m
clc
close all

clear all

% System parameter

a = 0.2; % roll off factor

T = 1; %symbol rate

L = 2; % oversampling factor
K =2"10;

gamma = 0.01; %SBATT cond
gammalSI = 0.01; %ISI cond

% Seed

% sugare root raised cosine : sqrrc

N = 29;

n = 0:N-1,

hsqrrc = (T/L)*sqgrre((n-(N-1)/2)*T/L,a,T);

theta = hsqrrc;

cnt=0;
beta=1;

mu =1;

for i = 1:500
% SBATT
while (beta ~= 0) | (mu ~=0)
cnt=cnt + 1,
if cnt>20000, break, end
for k = ceil(K*(1+a)/(2*L))-1:floor(K/2);
theta_bp = theta;
% updating for reducing SBATT
delta = 0 - theta*transpose(x(k,K,N));




if abs(delta)>gamma % delta
beta = 1-gamma/abs(delta);
else
beta = 0;
end
% update theta
theta = theta + beta*real(delta*conj(x(k,K,N)))/N;

% ISl
ep =0.5;
if ISI_OG(theta,L) > gammalSl
mu = ep*(1-gammalSl/ISI_OG(theta,L));
else
mu = 0; % no update
end
% update theta
theta = theta-mu*dF(theta,L);

end

theta = theta/(theta*transpose(x(1,K,N))); % consider stop band

if isnan(ISI_OG(theta,L))
error('NaN")
end
beta
mu
end
beta = 1,
mu = 1;

end

% dF.m
function y = dF(h,L)
N = length(h);
temp = 0;
fork = 1:N
temp = temp + h(k)"2;
end
denum = temp”2;

fori=0:N-1




num(i+1) = 0;
for j = 1:floor((N-1)/L)
if (i>=0 & i<= N-1-j*L) & (i>=j*L & i<= N-1)
templ = h(i+1+j*L)+h(i+1-j*L);
elseif i>=0 & i<= N-1-j*L
templ = h(i+1+j*L);
elseif i>=*L & i<= N-1
templ = h(i+1-j*L);
end
temp2 = 0;
for k=1:(N-j*L)
temp2 = temp2 + h(k)*h(k+j*L);
end
num(i+1) = num(i+1) + 2*(temp*templ1-2*h(i+1)*temp2)*((temp2>=0)-(temp2<0));
end
end
y = num/denum;
y = (10%(-3))*y/norm(y);
end

% test_Thete.m

clc

close all

clear all

theta = [-0.0046126 0.0020771 0.0075704 -0.0079469 -0.0096055 0.014835 0.013353 -0.027437 -
0.016986 0.049967 0.019475 -0.097481 -0.021343 0.31622 0.52382 0.31622 -0.021343 -0.097481
0.019475 0.049967 -0.016986 -0.027437 0.013353 0.014835 -0.0096055 -0.0079469 0.0075704
0.0020771 -0.0046126];

N = length(theta);

L=2;

K =1024;

theta = theta/(theta*transpose(x(1,K,N)));
[H,w]=freqz(theta,K);

figure(1)

plot(w/2/pi, 20*log10(abs(H)))

grid on

axis([0 0.5 -100 20])




20*log10(ISI_OG(theta,L))
-10*log10(ISI(theta,L))

figure(2)
n2 = O:length(theta)-1;
stem(n2, theta)

grid on
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