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If the ends z = 0 and =z = L of the bar are kept at constant temperatures Uy and Us, respectively,
what is the temperature us(z) in the bar after a long time (theoretically, as t — co0)? First guess, and
answer the questions of this following PDE.

U =gy 0<2z<L, t>0
u(x, 0) = f(.’l?),
u(0,t) = Uz, u(L,t) =Us.

Hint. In order to solve the PDE, we need to set u(z,t) = w(z,t) 4+ v(z), where v(z) satisfies that
vt = Uz = 0 and w(z, t) is a homogeneous solution of

wy=ctwg, 0<z <L, t>0

w(0,t) =0, w(L,t) =0.

£7) 2 (60 points) Dirichlet and Neumann Problems on a Rectangular Domain

1. (30 points) By separating variables, solve the Dirichlet problem of Laplace’s Equation on Rect-
angular Domain, R:

Uge +Uyy =0, 0<2<2,0<y<3
u(z,0) = sin (7 z)

u(z,3) = sin(Trz/2)

u(0,y) = u(2,y) =0

2. (30 points) Similarly, solve its Neumann problem

Ui gy = 0; 0<z<2, 0<y<3,
Bu/dn =0, y=0ory=3,
Ou/On = cos (my) z=0,

Ou/dn = cos(11wy/3) =z=2.

Here, Ou/0n is the normal derivative where n is the normal vector on OR.



[image: image2.jpg]F74) 3 (50 points) Nomhomogeneous Heat Equation

Assume that a bar of length L = = with ¢ = 1 have initial temperature f(z), and the ends at z =0
and z = 7 are kept at temperature 0. If heat is generated by 5sinz for each z € [0, 7], then the heat
equation of this problem is modeled by the following PDE with the boundary and initial conditions:

Up — Ugy = DSINT,
w(0,t) = u(m, t) =0, @1
u(z,0) = f(z) = $sin3z — sin 1.
1. (10 points) Show that if w(z) satisfies wz; = —5sinz with w(0) = w(n) =0 and
v(z,t) is a solution of the following homogeneous heat equation:
Vg — Uz =0
v(0,t) = v(m,t) =0 (12)

v(z,0) = f(z) —w(z)

then u(z,t) = v(z,t) + w(z) is the solution of the previous nonhomogeneous PDE in (1.1).
2. (10 points) Obtain w(z) satisfying the previous two conditions.
3. (20 points) Obtain v(z,t) which is a solution of the previous homogeneous heat equation in (1.2).

4. (10 points) Using (2) and (3) results, determine u(z,¢) for z € [0, 7] and ¢ > 0.

£4] 4 (50 points) ©-Independent Dirichlet Problem on a Ball
Use the expression in spherical coordinates:

T 1 ) 1
Au = ﬁ (p ul,)p 4 W(u¢szn¢)¢ + mugg
1. (30 points) Solve the 6-independent Dirichlet problem on a ball:

Au=Viu=0, 0<p<l,

u(1,0,¢) = f(4)-

2. (20 points) Solve the Laplace equation inside the sphere p = 1 subject to the boundary condition:
u(1,0, ¢) = 3P5(cosp) — TPy(cosg),

where P, is the n* degree Legendre polynomial,





