Stress Analysis

1. Basic assumption:

- Rock is an isotropic, homogeneous, and linear elastic material.
- Reasonable for small piece (in-tact) of rock

2. Forces
(1) Body forces: Without physical contact with other bodies.
I.e. gravitational, magnetic and inertial forces

(2) Surface forces: External forces resulting from physical contact with other bodies

3. Body force intensity (Force per unit volume)

A AF,
X = lim X
AV—0 AV
AF AF
Y= lim —~ y
Z= lim AR,
AV—0 AV AF
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Stress Analysis

4. Stress (Surface force - a Tensor amount)

 (normal) AF (resultant force)
(1) Force per unit area (Force — a vector amount)

The stress acting on the plane whose normal is n S, (stress)

s = fim 2F
A A,IATOAA

AF resolved in Cartesian coordinates

AF

Six = lim —=
i AA—0 AA
S i AFy
v ALrEO AA

AF
Suz = lim ~
n AI/IAII])O AA

(2) Magnitude of the stress
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Stress Analysis

(3) Using direction cosines,
Sy =S, €0s(S,,, X) ...... 2
Spy =5,€08(S,,Y) e 3
S, =S,¢c08(S,,2) ... 4)

(4) Resolving AF into two components

. AR,
Gy = lim ——:normal stress
AA—0

. AR .
T = lim —-:tangential (shear) stress
AA—0

(5) Magnitude of the stress

S,2 =6, +Ty" (5)
G =5,€08(S,,n) ... (6)
Tt =9, €0S(S,, 1) ... (7)
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Stress Analysis

(6) Convention for designation

o, = o,, = Normal stress acting on
the plane normal to the x-axis

GZ
A
Ty, = Shear stress acting in the y- ;
direction and on a plane normal i /—> Ty
to the x-axis L T
i ~
: 7 Tyz
: ! , A
Normal stress @ when directed ol e
outward (tensile) - Y opP | >,
L v
- . : E —l Txy
Shear stress @ when directed in v oo / Tyx
the @ direction on a plane whose S, T PR >y
outward normal points & o
direction
v
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Stress Analysis

(7) In a 2-dimensional case 5,

A 4

GX
‘ny
» X
(8) By moment sum around P
> M, :ryz-d?y-dx-dz+ryz.d?y-dx-dz—rzy od—zz-dx.dy—rZy od?y-dx-dy:O
STy, = Ty
Similarly,
Txy = Tyxr Tx = Txz

There are 6 independent stress components o, Gy, G,, Tyys Ty Tox

(9) Many problems of elasticity solved in 2-D due to simplicity and conservativeness
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Stress Analysis

(10) Stresses and forces on an element of a body in the xy plane
y y

A A

Area: dA-cosO

0 To Gy To-0A o, 5A
oy 4 0,-0A-CoS0 <
v v
Tyy Ty 0A-COSO Area: SA
Txy T,y-0A-SING Area: 6A-sind
Oy G, 5A-5in0
Stress diagram Force diagram for unit thickness

IR
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Stress Analysis
y
o,-0A-c0s0-sinO 1
/’//k\

,,” \
GX'SA'COSO ﬁ,\
\\“ -

o,-8A-c0s°0

GQ'SA

T,,-0A-C0s0-sinO _ .
‘/

G, 0A-cos0

\
¥ 1,,-0A-c0s?0

Tyy OA-COSO )
Ty, OA-COSO Area: oA
> X
Area: 5A-sing
Tyy OA-SING
T, 0A-SIN?Q
c,-8A-sin’Q «” /,xk\
T,,-0A-SiNO ‘/T’\
* c,-6A-C0s0-sin@ Y >
\“/

c,-0A-sind Tyy-0A-C050-siN0
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Stress Analysis

(11) Equilibrium of the element
> F,, =040A—c,3Ac0s” 0 —c,8Asin? 0 —2t, 5Ac0s0sin® =0

> F,, =TedA+1,,8Asin? 61, 5Ac0s” 6+c,3Ac0s0sin0—c,3AcosOsin® =0

Gy =G, C0S° 0+, Sin’ 0+ 21, COSOsiNO

T = rxy(cos2 0 —sin? e)—(ox ~o, )cos Osin 6

o :%(GX +Gy)+%(ﬁx —Gy)C0326+’CXy sin20 | ...... (8)

Ty = —%(GX —oy)sin 20 + 1, C0s 20
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Stress Analysis

Example. Find the normal and shear stresses acting on the inclined plane in the figure.

10 MPa

A

2 MPa

30°

5 MPa 5> MPa

A 4

10 MPa

c= %(5+10)+%(5—10)00560°+ 2-sin 60°

=~ 7.98 (MPa)
T=2-c0s60° —%(5—10)sin 60°
=3.17 (MPa)

TP
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10 MPa

2 MPa €

30°

5 MPa 5> MPa

10 MPa

c= %(—5—10)+%(—5+10)cos 60° + (—2) - sin 60°

~ -7.98(MPa)
1 :
©=(-2) - cos 60° _E(_ 5+10)sin 60°
= -3.17 (MPa)
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Stress Analysis

(12) Normal stress o, and shear stress t,=f(0)
Finding the maximum and minimum,

% — (0, -0, )sin20+2t,,c0520=0 => .-.(9=%tan‘1 zer_xiy ...... (10)
\/(GX - Gy)z +4t,° sin20 =+ 2Ty
20 2oy \/ (6x—0yf +41,°
Gy —Oy 020 =+ Ox ~ %
\/(GX - Gy)z + 417Xy2
Then, Gy = %(Gx +Gy)i%\/(6x _Gy)2 +4Txy2 ...... (11)
Two principal stresses are Oy = Gppay = %(Gx n Gy)+%\/(0x _Gy)z +4Txy2 ...... (12)
1 1 2 2

G :GminZE(Gx+Gy)_§\/(Gx_Gy) +4Txy ...... (13)
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Stress Analysis

(13) At this 0, 1,=0. [Eq.(10)—Eq.(9)]

No shear stresses act on planes where the normal stresses are maximum and minimum.

(14) The maximum and minimum t, [From Eq.(9)]

%:—ery sin20—-(o, o, Joos26=0 =) 6:%tan‘1

(e

y O | (14)
21,

Trmax = %\/(GX _Gy)z +41:Xy2

Tmin = _%\/(Gx —Oy )2 +4TXy2
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Stress Analysis

Example. Find the principal stresses and the corresponding angles.

10 MPa ol=%(5+10)+%\/(5—10)2+4.22 ~10.7 (MPa)
a2
c, = %(5+10)—%\/(5—10)2 +4.2% 4.3 (MPa)
2 MPa =t
0=Lltan' 22 ~ 1930
2 5-10
Maximum or minimum?
5 MPa . . .
> MPa Plugging 6 =-19.3° into Eq.(8) gives
c, = 4.3 MPa=o,
< 2 MPa *3Mp,
v
10 MPa

IR
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Stress Analysis

Stress Transformation (Caution: Different Sign Convention)

G, =G, C0S 0L+ G, SiN% o+ T, COS 20t

sin 2a.
7, =(oy —GX)T+TXy COS 20

1 1
o, and o, ZE(GX +Gy)i\/rxy2 +Z(GX —Gy)z

o, points at a counterclockwise from x

27T
B= tan! ad

G, —GC

y
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()

200= if o, >0,

20=B+r if o, <oy andt,, >0

20=B-n if o, <o, andt,, <0
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Example

10 MPa

2 MPg =t

5 MPa

S

10 MPa
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2 MPa

Stress Analysis

5 MPa

o, =-5MPa
, =-10MPa
1,y =—2MPa

o, and o, =%(—5—10)J_r\/(—2)2 +%(—5+10)2

=-4.3 or —10.7 (MPa)

=-19.3°

= 20=0: 9=%=—19.3°

4
.3 Mpa
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Stress Analysis

Example. Find the maximum and minimum shear stresses and the corresponding angles.

1
L0 MPa T & To =i§J(5—10)2 +4.22 =32 or —3.2 (MPa)

A
0= ltan‘1£ ~ 25.7°
2 -2

2 MPa . . .
a Plugging 6 = 25.7° into Eq.(9) gives t = 3.2 MPa.

Tom = 3.2Mpa @ 0 = 25.7°

5 MPa c\pg  min = 3-2Mpa@ 0 =115.7°

S

2 MPa

10 MPa
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Stress Analysis

(15) Comparing Eq.(10) and Eq.(14), 26 = 90°
5 0= %tan‘lzt% ...... (10)
The plane of the maximum normal stress ox %
& the plane of the maximum shear stress 1 o, -0,
N 450 difference GZEtan_ W ...... (14)

(16) When he shear stress is the maximum, the normal stress [Eq.(14) — Eq.(8)]

O9 = Op+90° = 5 e (17)

(17) Eq.(12) - Eq.(13)

_ _ 2 2
Omax ~Omin =01~ 0> _\/(Gx _Gy) +4'Txy

Comparing this with Eq.(15)

G, =0,

T =
max
2

T.ax = (Difference of principal stresses) / 2 @ 45° from the principal planes
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Stress Analysis

Gy

**k*
Maximum and minimum normal stresses
(Principal stresses)
t=0

A

Maximum and minimum shear stresses
c#0,6=(o,*0y)/2
Trax — (Gl - 02) /2

Tmax

Trmin

0 +45°
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Stress Analysis

(18) Principal stress — stresses on an inclined plane

y
A
1 1 . 3
Gy =§(GX +Gy)+§(($x —G,)C0S20+1,, SIN20 ... (8)
_ 1 1
=0 Ty =—(o,+0,)+=(0, —0,)C0820 ... (18)
0 O 2 2
1 .
o, Tg = Tyy COS ZG—E(GX —-oy)sin20 )
Z—%(Gl—GZ)Sin 20 (19)

v
X

TR
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