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ABSTRACT

Smart materials have created new paradigms for structural
design by infroducing new concepts for vibration, damage, and
structural contrel. Shape memory alloy reinforced composites
are some of the newest and most versatile of this category of
novel materials. They have shown tremendous versatility to

1aptively and actively tailor mechanical and physical proper-

4% of structures and fo perform shape and damage control,
‘Moreaver, they have generated new concepts for acoustic and
vibration control. However, the unigue behavior of the shape
memory alloy fibers used as active elements within the com-
posite also poses some difficult and interesting problems for
describing the mechanical behavior of SMA reinforced struc-
tures. This paper will describe the farmulation of a general-
ized laminate shell theory that incorporates embedded
distributed actuators, ie., shape memory alloy fibers or
piezoelectric tilms. The theocries consider the nonlinear
strain-temperature-stress coupling for shape memory alloy
actuators and the simplifications for analyzing piezoelectric
actuators, Some of the computational difficulties of predicting
the behavior of SMA reinforced shells will be discussed.

NOTATION
A}, AF first fundamental magnitudes.
E™ Young's modulus.
Fy. Fp Fy external forces.
h thickness of the shell.
Moy My, My resultant moments.
Mo Mg Ny resultant forces.
R, Ay radii of curvatures.
R position vector of an arbitrary point in the
shall.
r position vector of & point in the reference
surface,
Uy, Up W displacements of a point in the shell,
M, uf, w displacements of 3 point in the relerence

surface.

v, voluma fraction of the SMA fiber.
nz normal coordinate direction. and valus.
2, 5 curvilinear coordinates in the shell

coordinate systam

thickness of ith layer.

elecinic field or lemperature induced

strains.

e strains of the referance surface in the
curvilingar coordinate

£ strains of shall in the curvilinear
coordinates.

] shaar straing in shall coordinate systam.
e, recovery siress of the SMA fibers.
Il denaty.
[eT stiffnesa matrix of the laminate.
[T transfer matrix from principal 1o shell
global coordinate system.
einciric fisld or temperaturs relaied
quantities.
actuator related quantities.

suparscriph|”)
subscript (a)

Other notation will be sxplained in the text or will be self-sxplanatory.

INTRODUCTION

Shell structures are frequently ancountered in engineering
practice. Their complex, curved geomeltry makes them more
difficult to deal with than plates. Even more difficult is analyz-
ing shell structures with various embedded actuators, In this
papar, the characteristics of embedded distributed actuators
such as shape memory alloy (SMA) fibers and piezoelectric
films are incorporated into general thin laminated shell theory.
Following the description of the model formulation is a dis-
cussion of the solution to this complex nonlinear problem and
the new problems that result. This model establishes the first
step toward reliable design and behavior prediction of SMA
reinforced shells.




Shape Memory Alloys

in 1955[1] Buehler and Wiley received a United States Pat-
ent on a series of engineering alloys thatl possess a unique
mechanical (shape) "memory.” The shape-memory eflect
(SME) can be described basically as follows: an object in the
low-temperature marensitic condition, when plastically de-
formed and the external stresses removed, will regain its ori-
ginal {memory) shape when heated. The process, or
phenomenan, is the result of 8 martensitic transformation dur-
ing heating. Although the exact mechanism by which the
shape recovery takes place is a subject of controversy, a great
deal has been learned in the past twenty years [2-4] about 1he
unigue properties of this class of materials. Clearly, however,
the process of regaining the original shape is associated with
a reverse transformation of the deformed martensitic phase to
the higher temperature austenite phase.

Nickeltitanium alloys [Nitinol, NiTi) of proper compasition
exhibit unigue mechanical "memory” or restoration force
characteristics. The name is derived from Ni (Nickel} = Ti
(Titanium)} - NOL {Naval Ordinance Laboratory)., The shape
recovery performance of Nitinol is phenomenal. The matarial
can be plastically deformed in its low-temperature martensile
phase and then restored to the original configuration ar shape
by heating it above the characteristic transition temperature,
This unusual behavier is limited to NiTi alloys having near-
equiatamic compasition. Plastic strains of typically six to eight
percent may be completely recovered by heating the material
%o as to transform it to its austenite phase. Restraining the
material from regaining its memory shape can yield stresses
of 100,000 psi {the yield strength of martensitic Nitinol is ag-
praximately 12,000 psi).

For some applicalions, creating large internal farces within
the material or structure is not needed or desired. Shape
memory alloys have the unique ability to change their material
properties reversibly, and this characteristic can be exploited
without embedding plastically deformed SMA “fibers” or cre-
ating large forces and deformaticns of the structure, This ca-
pability is exploited in the concept termed “Active Modal
Modification” and will be further explained below.

Substantial progress has been made in understanding the
nature of the “shape memory effect™ (SME). A great deal of
literature has been published over the past twenty years pre-
senting delailed thermal, electrical, magnetic, and mechanical
characterizations of this unusual alloy [2-4]. However, there is
still much to be learned about the influence of residual stress
and high temperatures that may be used in composite fabri-
cation and processing,; abouf the extent, duration and repeat-
ability of SME; and about the dynamic actuation and sensing
charactenistics of Nitinol.

hape Memory Alloy Rainfi amposites

The class of the material referred to as SMA composites in
this paper is simply a composite material that contains shape
memory alloy fibers (or films) such that the structure’s
stiffness can be controlled by the addition of heat {i.e., a cur-
rent applied through the fibers). SME recovery lorces can be
applied in the same way[5,6].

Shape Memory Alloy (SMA) reinforced composites have
tremandous polential for creating new paradigms for material-
structures interaction [6]. The list of scientific areas that can
be influenced by novel approaches possible with SMA rein-
forced composites is quite large. For example, vibration can-
trol can be accomplished by using the distributed force
actuator capabilities similar to the common piezoelectric sys-
tems. Howewver, two unique approaches to active control are
possible with a material that can change s stifiness and
physical properties and, in the second case, apply large dis-

fributed loads throughout the structure: i) Active Strain Energy
Tuning and i) Active Modal Maodification. Simulation results
showing the potential for SMA reinforced composites 1o vary
the modal response of a composite plate will be presented
below,

Applications for SMA reinforced composites extend far be-
yand vibration control tasks, Active buckling contrel or, more
generically, active structural modification schemes can be im-
agined in which SMA fibers are stiffened within a composite to
alter the critical buckling load of the structure. SMA compos-
ites that are used for various vibration control tasks could also
be wsed for motion or shape control, allowing a structure to
maintain a given shape or orientation for an extended period
of time. Motion and shape control will, in all likelihood, involve
the simultanecus use of force actuators (SMA) and stifiness
actuators (the technique in which the SMA is heated to change
its modulus of elasticity) to create a structure that behaves
much like a machanical muscle.

Transient and steady-state vibration control can be accom-
plished with SMA reinforced composites using several tech-
nigues. Transient vibration control is defined here as the
ability to suppress or damp structural vibration by applying
forces (distributed and/or point) to the structure in such a way
as to dissipate the energy within the structure. This is ac-
complished generally by applying point transverse loads 1o the
structure or applying an “actuator film™ to the surface of the
structure. The approach with SMA reinforced composites is
simply to embed the actuators {shape memory alloys) in the
structure so that when actuated correctly, they exert agonist-
antagonist forces off the neutral axis, thereby reducing vi-
brations [5].

Motion and shape control can be accomplished using the
same lechmique as described above for fransient vibration
control except that the structure is expected to maintain a
given shape or orientation for an extended period of time. The
physical, thermal, and controller design will be much more
Eritical than in the transient vibration control scenario. An-
other possible design approach is to actuate single fibers with
pulse-lype signals, much like the all-or-nothing actuation af the
individual muscle fibers in the human muscle.

Active Control Concepts

Steady-state vibration control, which may alse be used for
structural acoustic contral, can be accomplished with SMA re-
inforced composites using 8 novel technique termed “Active
Modal Modification” [7]. The modal response of a structure or
mechanical component (i.e., plate or beam) can be tuned ar
medified by simply heating the SMA fibers or laminae to
change the stiffness of all or portions of the structure. When
Mitinol is heated to cause the material transformation from the
martensitic phase to the austenite phase, the Young's modulus
changes by a factor of approximately four.  MNot only is the
stifiness increased by a factor of four, bul aiso the yieid
strength is increased by a factor of ten. This change in the
material properties cccurs becauge of a phase transformation
and dees not result in any appreciable force. Nor does it need
to be initiated by any plastic deformation.

In “&ctive Strain Energy Tuning” [7] the shape memaory alloy
fibers are placed in or on the structure in such a way that when
activated there is no resulting deflections, but instead, the
structure is placed in a state of “residual” strain, The resulting
slared strain energy (tension or compression) changes the
energy balance of the structure and medifies the modal re-
sponse in the same way tuning a guitar string does.

BEHAVIOR OF SHAPE MEMORY ALLOY FIBERS[8]

Flastically elongated shape memory alloy fibers will tend to




refurn to their ariginal shape when activated by incraasing
their temperature fo a certain degree T, bul the amount of
shape change gr resloring strain depends on the activation
temperature and the initial plastic defermation, ¢, The signif-
icant dimensignal change is only in the fiber direction because
tha shape memeory phenomenan is due fa the crystal structure
change (twinming). which will not result in a large volume
change represantative of diffugion phase changes and there.
fare will not affect the dimension in directions other than -
fiper direction beyond Poisson contractians. Figure 1 shows
the typical nonlingar coupling that sxists between the recoye
ering siress, initial plastic strain, and the activation temper-
ature.

Im the shape memary alley reinforced composites explained
above, shape memary alloy fibars or actuators with an initial
piastic strain, g, are embedded in a2 "matrix.* Recall that the
‘matrix” referred to in this discussion may be a composite
material itself, such as graphite-epoxy. The entire material
systam may then be strained, £, which s “added” ta the initial
piastic strain, £, The induced global strain, ¢ | may be the ra-
sult of external machanical loading or of contraction of the
material system resulting from activatian of the shape mamary
diloy fibers or actuators., Therefare, the total strain of the
actuater, e,, will be

By ™y 1

The resulting stress in tha SMA fibers upon activatian is
therafore alse a nonlinear function of initial plastic strain and
of the activation temperature of the fibers. This relationship is
expressed simply as

dy=HKT. 1, 12y

When the SMA actuators are employed in our concepts for
active dynamic tuning, shape control, structural (i.e., buckling)
contrel. etc., the incremental strain, ¢, will ba small. In this
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Fig. 1 Stress-Strain-Activaiion Tempersturs Coupling of Mitine

paper, we assume this strain is within elastic limit of the shape
memary alloy fibers, even though the fibers have been plas-
tically elongated first, Figure 2 illustrates the operatianal
range of the actuators being considered and also the individyal
strain components as defined above, Confining the strain to
this linear-elastic range simplifies the development and results
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Fig. 2 Plastic and Elastic Strains of SMA Actuator.

in the following quasi-linear expression relating the actuater
stress and strain:

7a=Ep+an 13
where
E, = E[T, (4]
and
o= dT ey + €] 15

The superscript {*) denotes variables that are activation tem-
perature dependent and typically highly nonlinear.

In mquation (3], E] is the elastic modulus of the SMA fibars
at a given activation temperature, 7. The recovery stress of
the SMA fibers at a specified strain and activation temperature
is denoted as #;. Figure 3 shows the relationshig between E;
and a; .

Rewriting Eq. (3) to salve for the resulting elastic strain in
the actuater as a funetion of initial strain and activation tem-
perature yields

7, =
=—=— {8}
R

To solve for the strain, ¢, in Eg. (6), an iterative method must
be used as o] is a function of strain, (£ + £). The iterative form
of Eq. {B) can be written as

i
ﬂ"i?' "_""'—’{ ?‘MJ

T
5 5 {7

TWO DIMENSIONAL MODEL

The two-dimensional model is a natural extension of the
one-dimensional model. The general two-dimensional model
essentially involves incorporating the tensor transformations
appropriate for describing the planar stress-strain behavier of
transversely isctropic laminaa, However, the maost fundamean-
tal two-dimensional refationship simply describes the stress-
strain behavior in the principal coordinate system. Unlike
conventional materials, be they linear-elastic or elastic-plastic
or possessing other nonlinear behavior, SMA reinforced com-
posites have a characteristic or tenser quantity that must ba
incorporated into the basic stress-strain relationship — the
shape recovery stress temser. In the section above, a one-
dimensional siress-strain relationship was derived that con-
tained a shape recovery stress term that added vectorially to
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Fig. 1 Stiffness-Strain- Activation Tempersturs Coupling of MRinol

the classical rule-of-mixtures “linear-elastic™ constitutive re-
lationship. Using the resulting temperature-strain laminae
properties, the following two-dimensional relationship for a
transvaersely isotropic lamina can be expressed in the principal
coordinates as

BHEgE-0 .

Extending Eq. (8) to describe the mechanical behavior of
laminae in the general coordinate system involves performing
the well known tenser transformations and yields,

Ghert iy -
el -

¥
Equation (10) is the stress-strain relationship for a single
layer, or lamina, of a SMA reinforced composite. Each lamina
aof a laminate will therefore have a different eflective stifiness
and resulling stress-strain relationship depending on the
fiberfactuator orientation, the actuator volume fraction, and the
activation temperature of each lamina. For laminate analysis,
each lamina must be first evaluated as described above and
then dencted by using the superscript (k) to identify individual
plys. ®

Piezoslectric

Another actuation element often used in smart structures is
the piezoelectric ceramic and polymer film actuator[3].

- b @

L]

Piezoelectric materials can generate an electrical charge in
response to mechanical deformation or, conversely, provide a
mechanical strain when an electric field is applied across
them. The charge generated by the mechanical deformation
can be used for distributed sensing, However, only the
actuator effect of mechanical strain induced by the electric
field will be considered in this formulation,

The electric-strain coupling of the piezoelectric material is
similar to the coupling between temperature and the thermal
strain of most engineering materials. Therefore, the
constitutive relation for a piezoelectric layer has the same
form as a SMA reinforced layer:

28

a, s '“'-
ay r = [CT 4 &y r + 40, (1)
T Fay, a
where g, the electric field induced stran, and
F: =Et,
:r:. = Eanty

For the piezoelectric layers, the superscript © is used to denote
either electric field induced guantities, ¢,. or the properties af-
ter the electric field is applied such as [C]. Without the non-
linear recovery stress and the highly temperature dependent
mechanical properties, the piezoelectric structures are more
easily dealt with than the SMA reinforced layers. The following
discussion will therefore concentrate on SMA reinforced
structures as they represent the most general case; however,
the discussion uses the theory presented below to account for
embedded piezoelectric layers.

THEORY OF MULTI-LAYERED THIN ORTHOTROPIC
SMA SHELLS

EI#HH“IEEN“IS

* The shells covered in this paper will be confined to the
class of thin shell. A thin ghell has a thickness consider-
ably less than either of the ather two dimensions.

* A line originally normal to the shell reference will remain
normal 1o the deformed reference surface.

#  Shell deflections are assumed to be small.

#  The SMA composite shell is composed of a number of thin,
orthotropic laminae, each of which may have a different
thickness 4, . However, the radii of curvature of the shell,
R, and R,, are much greater than the thickness of each
layer, ie, R, >> ‘5:- The interfaces of the layers are par-
allel to each other.

* The strains in the shell are smaller than the initial plastic
strains of the SMA.

ination

The middie surface of the shell is chosen as the reference
surface. In this surface we establish an orthogonal curvilinear .
coordinate system which coincides with the orthogonal lines
of the principal curvature of the surface. Then, in the thickness
direction, the normal of the reference is chosen as the third
coordinate direction. This constitutes a shell coordinate sys-
tem. Thus. to an arbitrary point within the shell, a position
vector can be defined in this coordinate system as (see Figs.
4.5)

E(t,.u,.zjt?f:,.:,b-i- 0y ag) (12}

where__F is the position vector to a point on the reference sur-
face, n is the unit vector normal to the reference surface, and
z a coordinate measured from the reference surface, through
the thickness, along nla, a;). The a, and =z, are bounded by
some values that define the shell boundaries.

Define Lame's Constants:

1 & dr
s da, = da, 13
and
ar  ér 14
Ay = galy - (4
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Fig- 4 Reference Surface and the Shell Coordinate System,

Fig. 5 A Shell Difterential Elerment
(Note that ds, and da, are functions of z and the curvatures)

Ther the magnitude of a differential length element is glven

by

i)’ = 6R *aR = (dF + 2dn + dzn )s(ar + 20 + dz7) =
= a1 + 2R Pidw, ) + AJ1 + 2iRy) dey)? + (g} i15)
The verification of this equation is shown in ref. [10],

From Fig. 5, and the definition of (ds)F, it is clear that if a
shell element of thickness dz at an altitude z from the middle
surface is isalated, the lengths of the edges of the element are
given by

ds,(z) = A1 + 2[R, )(da,) {16}
dglz) = Ayl + zjRyhidey) {17}
and the correspanding area elements of the faces are
dZ,iz) = A,(1 + 2R, W=, )dz) [18)
dZ(z) = Agll + z/RyHeu,)idz) (19)

Constitutive Relation in Shell Coordination

Equation [10) is the stress-strain relation in the cartesian
coordinate system, In the orthogonal curvilinear coardinates,
1. and &, , the relationship is given by

‘?;ll
{::;} = [‘:J{::;‘ll + ‘15";32} 1200
LT y12 \‘,;\2

Strain-Displacement Relations

The fermulation begins with first defining a displacement
vector in the shell coordinate system:

Gl 35 2) = Ufay, 2y 2, + U, 2y, m?z + Wyla, 5 207 121
where U, and U, are the magnitudes of the projections an the
unit fangent vectors of the displacement of a paint P,

Mow in an orthogonal curvilinear system, the normal and
shearing components of strain are
)

L, dg, U
=,=ail e T i S/ i22)
L RAng) 0, o e
Am1
i 4, U u,
b= I:%E"'. ,-.}+gj.iqT| 23)
~ag, (RRYS ¢ g

where iorj = 1, 2, 3, and the sum is shawn explicitly. Tha
entities are correspendent ta the guantities in the sheil theory
as

=y dy=may =2 U=l Uisl, =W, 24)
g = Af{1 + 2R . g = Af{1 + R gym 1,
Then it follows that

1 - au, Uy G4 AW
PoyREONEEN PN it Il el B Ll

5 fan A1 + zjR )} ! duy = Ay duy = Ry }
1 auy U, a4y AW

TR e T Ay B T

oW
tyy = I

L ARy g Uy
T A+ 2R day | Al + 2jAg)

Ayl + iR} a2 L,
Al + 2/Ry) day | A1 +2/R))

{25}

1 W+ A1 +2iR,) ai;[

SR, (S |, 1 RS A
“ = A0+ R, du, AT+ 2jR))

co gl T af__u
far ™ AT+ 2Ry day T !+ 2R 5 [ 1+ 2Ry ]

MNote that within the framework of infinitesimal elasticity,
these relations are exact,

The displacement distribution Is assumed to be linear in the
thickness direction:
Uilay. &g 2) = uf{ay, ag) + 2f,(a;, 55)
Uy, ap 2) = uglin,, 2 + 2850, =5) i26)

Wia,, 25, 2) = wis,, a3)




Substituting for U, U, W from Eq. (28] into the |ast twa
equations of Eq. (25) yields:
1™ i g . SOV
e T A + ZiR,) da,

u i, ]ﬂ

£
+ A1 + z]R,} s [ ST +* AT+ 2Ry

PR 1 filad
L Az + 2Ry deg

ul 2,
+ 3 =0
Al + 2Ryl T AT + 2R

+ Agll + z(Ry) ‘.;;z[

sa that we ablain

-]
s, 1 dw
el T e an
! u, 1 4
fp==l- W i28)
L TRy TA; day
Far the convenience of manipulation, an operator matrix is
i used to refate #'s and u's and w
(=]
oy &
Gy Yay
w =081 0 i29)
Xy
ﬂ1 w
P
whera
1 0 ]
1] 1 Q
a a 1
1 19
WIS e e
1 y B
[1] P— ——
Ry Ay dagy

Substitution of the displacemeant assumption Eqs.(26} in the
exact strain-displacement relations yields:
1

a
‘o™ T B W+ 00 )
1 @
= — 1
| Lagy T+ 21fy) 1": + Ixgh 131}
|
a—1_ O L . W — a3
S I TR TR et el b eyl R
b=y, = |¢r,,=l:| 133
whare
dul a
s 1 u uy A4 w
B I P R ¥ R > (34)
2
du? ul
L Mol J L w 35)

o —_———i (28]
T T —_ﬂal = _._-4|Aj- __ﬂa; [E1]]
R Tl ol
To express the strains in terms of the mid-surface dis-

placement, we have the following expression involving a dif-
ferential operator:

wy (=[0) 7 {42}

Definition of [Q] is given in the APPENDIX,

However, we can express Eqs, (30-32) in matrix ferm,

r&“
&
I.E
LT iy
tyzz | = [A]] w;y (43)
f - Ky
L
7
T
where
& 0 0 0 0o oo
[A]= Ulﬁgﬂﬂ-!’ﬁzuﬂ
00 & @, 0 Dzﬂ.mz
and
&y = !
14 ==
1
i
By = 7
1+—§:

After doing this, the stress-strain relation, Eg. (20], can be
rewritlen in terms of the strains of the reference surface:

r:“
-]
£ .
o . wy| [Tan
J_:'” =[CI1[A] :.) + afu )
L J:;I-. Taiz
T
Tz

For conciseness we can name
[FI'=[c1[a] 45)

ﬂ':n
- {a;“} [45]

Taiy

Then



Stress Resultants

The stress and strain resultants are defined as follows:

LI
My M= I "i:l.” + 2R, iz
..

=-h2

To further simplify, we defing
(¢1=[¥T[alle] i)
which is an 8 x 3 differantial operator matrix,

Egquations of Motion

Under the assumptions we made above, the equations of
motion of a shell can be writtan as

Gl A AN AL aA, 44
" _I_._-J"‘_':_.'_"L‘"H-z'?_—ﬂz;l_i
i dmy fag day -F)
18433 Masj k,[ Faaal 1+ 2(R )1, 2z 2
- +A.A2T+ A ALF, = A Agahul 150)
nt N GAL BiNA) iy .. A,
T e et _— §
IN'ZM'JI:J‘ Tl + R0, riar dag Bag T Ga, " fay
-fi2 qE'.I [
) +2-¢|.A?R—2-r A.Af;-.ﬂ..lzghu!z [51)
LA
Ny My =J’ alii + 2fR T, Z)dz __elo'_ﬁ'ﬂz:' + ___E!DHA':' — Ay M _.HH y
-ni2 3y day R TR,
Note that although 7= ay, , from the equations above we sea + A A m A A ke 152)
that N, =N, and M, = M. Substituting En. 48 into the above
defimtion of the resultants, ang Bxpressing the force and mo- where Quand Q, are defined by
ment resultanis in the matrix farm yields:
[ B ARl B4 da 2
- g = Ay 214 Nz 2
s IIIII:I DA, de, * day e a2y Maz fay )
Nl_ Fay NZZ‘
e Cag| | M My IMA, a4 2a,
AL ary e O:q.ﬂ,.ﬂ;:'——z+'—‘—+ M:"'-_?_M”_d_._ (54)
mzl =(¥ Tomg 4|70 {d7] dar dag fa, iy
M"‘ oy My,
i *z My The N's and M's can be expressed in terms of the dis-
My, ,1' [T placements of the referance surface plus a nonlinear recovery
A force term induced by the activation of the SMa actuatar
|_ S Therafore, we have three equations and three unknowns, and
the recavery force terms make the equations of meotion non-
The definition of [¥ ] is in the APPENDIX, and forcing finear,

terms are
i3
i, ) = I a1 + ZiRy(1, 2idz
—h/2
LT
(M. M3) = j Ta (1 + ZIR, 1, 24z
il

LT
NG, M) = J c:ﬂ:’u + z{R1, Didz
-ai2

2
(N3, M3} = I Tap (1 + 2IR,)1, 1)z

Substitution of Eqgs. (47, 48) into Eqs.(48-52) yizids the final
farm of the equations of motion in terms of the reference Sur-
face displacements:

Ay, * Mgy, + Aigw + 1y = A A Uy 155}
Aplig, + Aggi) + Apw + fyg = Asha il (58}
Mg + Asgii, + Apgw + g = Aydshg w (57)

where A, are diffarential operatars, and f, are forcing func-
tions, including both the recovery farce and external force.
Their definitions are

a ®
i A|-M+M+¢ _ni-l_r_%_ﬂ.ﬂ_z_'_
i d g de, Vi, dar
Substituting Eq.(29) into Eq.(42), then the result into Eq. (47),
we have the force and moment resuftants expressed in tarms 1, Ak Ay A 24, ” 34,
of the displacement; % L i 58)
] A A A am,  ga,
" k TR T TR R s
Ll e
Nay ;. 1 A didgA a4 a4,
v @] [a AR~ L M (se)
2 | = B 2
:” [¥Y (al[e] ;Et + M (48) e
Mz Mzz ﬂw'—luﬂ:{'f-i-?”-ﬁ
gy M. 1 )
M3,

khl



B 1 DA Ay B4, B,
day { Ay day day + % dagy _‘h“'-i:”“-
Bl AsBy) au L] P4
o A 2FT) Mt 24
B, VA ey, T dag 'I"f du:, v, ) 0
HAMNL) AN . A
fy= 3*1 ﬂn:. 12 Ju:z _'NZ! ?I"'

U HAMLY BANG) L B4, 34
G o "'””a- =Mag, )+ AAS,  (E1)

BUANIG) | BIA MG o B . A

fa = du:, day N ag, 2 i dag *
1 HAMI Bl Moz} . Ay . dA,
TR e el U ey bl T
t My MNp
r,,_—A,A,;R—I'-uT’JH

&1 BAML)  HAMYL) . A, . A4y

an11‘” [—a‘l +_i'_ﬁ‘¢2 + M= T =My — g I+
g1 HAML) | #HAM 343 _ e 34
s | -"z{—lawh + s + M, i =My . 11+ AyaFy (B3)

DISCUSSION

Embedding SMA fiber actuators within compesite structures
such as shells creates several new possibilities for active
cantral. The nature of the contrel may be to reduce vibration;
stiffen or otherwise change the mechanical behavior: modily
the structural acoustic behavior; prevent, reduce or arrest
damage; or possibly change the geometric configuration of the
structure.  All of the control scenarios can be accomplished
by the two actuation technigues briefly described above in
reference to active modal modification and active strain energy
tuning. The SMA fiber actuators can be used simply to change
the material stiffness, [C], without inducing and restoring
stress, o, . The actuator fibers may alsc be plastically de-
formed and embedded prior to consolidation of the laminate,
resulting in both a change of stiffness and a distributed trans-
verse load throughout the structure. These control parame-
ters, although wery useful, are highly nonlinear and further
complicate an already fairly complex shell theory.

I the above formulation, we see that the forcing functions,
fe fy @andfy, , are functions of the actuation forces and mo-
ments, N's and M"s . Theoretically, £, I, andf, can be con-
frolled in an open loop manner; however, as can be seen in
Fige. 1 and 3, the explicit behavior and electro-therme-
mechanical coupling is very complex and not yet fully under-
stood. Various active/adaptive control strategies show much
promise in controlling the behaviar and response of SMA
composites. By centrolling the forcing functions, the dis-
placements, natural frequencies, mode shapes, stiflness,
strength, and many physical properties can be tuned by 1)
varying the electrical power (or more precisely the temper-
ature) used to activate the SMA fibaerg, 2} varying the quantity
of SMA fibers activated, and 3) selecting the location and ori-
entation of the actuator fibers, SMA composites are axtrarr*n Y
versdtile for performing active contral,

There is a cos! associated with this versatility of control
scenarios. One of the costs is the result of the actuator’s
highly nonlinear behavior, which greatly complicales the anal-
yEi5 and synthesis of SMA composite structures, To fully un-
derstand the complexity of the problem, the behavior of the
SMA actuator must be understood first. Figure 1 shows the
FeCavery siress vs. initial plastic strain under various acti-

vation temperatures. MNotice that the initial plastic strains may
often be in the range of 1%-10% with an 8% strain resulting
in the highest restoring stress. Howewver, for general elastic
engineering materials we normally limit our analysis to the
linear-elastic range, which is typically less than 0.2% strain,
Even though the model presented above involves first plas-
tically deforming the fipers by up to B% sirain, because the
elastic portion of the strain is recovered before embedding in
a composite structure, as shown in Fig. 2. it is assumed tha!
the strain induced in the actuator fibers will not further plas-
tically deform the structure. This assumption, that the actuator
fibers will always remain in the elastic range, is the only linear
relationship that is assumed in the model. One of the nonlin-
ear aspecis of this problem is illustrated in Fig. 6. A vertica
line a-b is drawn in Fig. & to show that when the fibers are ac-
tuated, the restoring stress creates a relatively small change
in the actuator strains, resulting in a change in the restoring
stress. |l is also obvious that if the elastic strains are smal
compared to the initial strains in the SMA fiber. any deforma-
tion of the shell will cause a small recovery strain change ir
‘e actuators.

Figure 7 is the recovery stress vs. strain for a fixed tem
perature. The initial plastic strain of the actualor simply dis
places the origin of the stress-strain curve and does no
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change the Young's modulus a significant amount. [If the
problem described above 15 restricted to small strains, say
less than 0.2% as is common in lingar-elasticity, then the re-
covery stress vs. strain relationship can be linearized. This
linearization allows for a constant “stiffness”™ or recovery
stress to strain constant to be used in Eq. 5, greatly simplifying
the prablem,

To summarize, we can say that if we confine the problem
to small strains, we can use a fixed recovery stress and
stiffness for the SMA fiber actuators at a constant activation
temperature.

CONCLUSIONS

Im this paper, the farmulation of 8 SMA reinforced laminated
shell theory has been presented. The model of SMA fiber
actuators may also be simplified to model embedded
piezoelectric actuators. Including SMA actuators in the lami-
nated shell theory creates a nonlinear problem, Reducing the
computational effort needed to evaluate the nonlinear re-
sponse of the laminate by restricting the use of the model to
canditians that allow for some linearization of the material re-
sponse will allow this model to be implemented in a finite el-
ement code. Cnce the model has been validated, the model
will be invaluable for predicting the structural response of
shells to force, acoustic, and displacement inputs and will al-
low various control techniques to be investigated o control or
madify the past-buckling behavior of laminated plates.
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APPENDIX
Definition of the matrix [2],
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