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MPC - model predictive control

- Optimal controller is based on minimizing error from
trajectory

- Basic version uses linear model, but there are many
possible models

- Corrections for unmeasured disturbances, model errors are
included

- Treats multivariable control, feedforward control



Ist-order process

F4 y(t) = Ku(t) general solution?



Excel Implementation of MPC

3% + y(t) = 3u(t)

Model Predictive Control Example: 1st order process

Problem Configuration

y0 0 t Au u y (model) Target abs(error) error*2
time step 0.2 0.0 0 0.0000 0.0000 0.0000 0.0000
| 0.2 0.00 0 0.0000 0.0000 0.0000 0.0000
Model Parameters 0.4 0.00 0 0.0000 0.0000 0.0000 0.0000
K 3 0.6 0.00 0 0.0000 0.0000 0.0000 0.0000
tau 3 0.8 0.00 0 0.0000 0.0000 0.0000 0.0000
theta 0 1.0 0.00 0 0.0000 0.0000 0.0000 0.0000
12 0.00 0 0.0000 0.0000 0.0000 0.0000
Target Trajectory Parameters 14 0.00 0 0.0000 0.0000 0.0000 0.0000
Final Target 5 16 0.00| 1.6593E-05 0.0000 0.0000 0.0000 0.0000
Time Constant (tau) 4 18 0.00| 1.6593E-05 0.0000 0.0000 0.0000 0.0000
Delay (theta) 2 20 0.00| 1.6593E-05 0.0000 0.0000 0.0000 0.0000
22 0.00| 1.6593E-05 0.0000 0.2439 0.2438 0.0595
24 0.00| 1.6593E-05 0.0000 0.4758 0.4758 0.2264
Minimize Either of These 26 0.00| 1.6593E-05 0.0000 0.6965 0.6964 0.4850
Sum of Squared Errors 124.04 28 0.00| 1.6593E-05 0.0000 0.9063 0.9063 0.8214
Sum of Absolute Errors 62.34 3.0 0.50 | 0.50001659 0.0968 11060 1.0092 1.0186
32 0.00 | 0.50001659 0.1873 1.2959 11086 1.2291

Play with manual input and try the “solver” in Excel
to compute the input profile
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In this lecture, we will discuss

Process representation: step response model

Prediction (perfect model)

Incorporation of “feedback”

Optimization: unconstrained and constrained QP

Implementation



Dynamic Matrix Control

o First appeared in the open literature in 1979 (Cutler
and Ramaker; Prett and Gillette)

- with notable success on several Shell processes for
many years

« Reformulation as a quadratic program by Garcia and
Morshedi in 1986 -“Quadratic Dynamic Matrix Control”

o AspenTech: DMCplus

» Prototype of commercial algorithms presently used in
the process industry



Process representation

Stable, SISO:
Sn = Sn+1 = Sn+2 == Soo
u Yy So =0
loeeoeeooo00 ] S”f”“
Dynamic .°°
System . ©
I Sy @
T, 5, ._S’l ®
TS
unit step-response function: § —= Sy, Sa, S3, ..., Sn]T

Complete description of the process requires n step response coefficients



Principle of superposition

u u u u
2
1 — 1 § + 1 § +
1) - S - Au(0) Au(1)
Au(2)
-3[2 [
Y e y(1) = y(0) + S1Au(0)
Y4 y(2) = y(0) + S1Au(1) + Sy Au(0)
»2) Oyf) -
y) @ n—1
0 o y(k+1) = y(0) + Y SiAu(k —i+1) + S, {Au(k —n+ 1) + Au(k —n) + - - Au(0)}
Yy i=1
! i n—1
? =[y(0)+ > Sidu(k —i+1)+ Spu(k —n+1)
=1

Aulk—i+1)=ulk—i+1)—ulk—1)



Elements of DMC
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Predictions



1. Prediction (stable, SISO)

At time k: we know y(k) and need to compute Au(k), which we don't know yet.
ij(k + 1): prediction of y(k+1) made at time %
Assume y(0) =0

n—1

gk +1)=> SiAu(k —i+1)+ Syu(k —n+1)

1=1

n—1
Gk +1) = S1Au(k) + > SiAu(k —i+1) + S,u(k —n+1)

Effect of current 1=2

control action Effect of past control actions
[
® Substitute k=k+1, and
[
n—1
ik +2) = S1Au(k + 1) + SoAu(k) + Y SiAu(k — i+ 2) + Syu(k — n + 2)
Effect of future Effect of current =3

control action control action Effect of past control actions



j-step ahead prediction

] n—1
gk+5) =Y Sidu(k+j—i)+ >  Sidu(k+j—i)+ Syu(k +j —n)

i=1 i=j+1

Effect of current and future Effect of past control actions

control actions

Let 1
P+ )2 Y Sidu(k+j— i)+ Spulk + j —n)
i=j+1

This is referred to as “predicted unforced response” with past inputs only

U=1[.., uk-2), uk—-1),0,0,0, ...]" forj=1

J
gk +5) =Y Sidu(k+j— i)+ 9°(k + j)

1=1




Multiple predictions

Y(k+1) =[Gk +1), glk+1), -, g(k+p)]"
YOk+1) 2 [1°k+1), 3°(k+2), -, °(k+p)]"
U(k) = [Au(k), Au(k+1), ---, Au(k+m—1)]"

p: prediction horizon, m: control horizon m < p <n-+m

In a matrix form:
Y(k+1)=SAU(k) + Yk +1)

S1 0 0 e 0
So Sh 0 e 0
S3 So S1 ce 0
A o o o o o o o o o o o o o o o
S=1 S0 Smi Sus Sy
Sm—i—l Sm Sm—l SQ

i Sp Sp—l Sp—2 Sp—m+1



Output feedback and bias correction

So far, we have not utilized the latest observation, y(k).
The fact is that there is no perfect model.
Corrected prediction by adding a constant bias term.

2 Gk + 4) + b(k + j)

y(k +7)
b(k +j) = y(k) — 9(k)
y(k): one-step ahead prediction made at the previous time instance, k-1

gk +7) =9k +3) + [y(k) — (k)]

v

Y(k+1)=SAUk) + Yk +1)+ [y(k) — g(k)] 1

Y(k+1) =[Gk +1), gk +2), -, gk +p)]"
1=[1,1,,---, 1"



Recursive update of unforced response

For stable models, one can update the predicted unforced response after

u(k) is computed. works like a state; hence you need “n” not“p”
YO(k+1)=MY%(k) 4+ S*Au(k)
or
) ) 0 1 0 0] _ _ ) )
7°(k +1) 00 ) J° (k) S1
~0 ~()
v’ (k + 2) g’ (k+1) S
: = 0 . + Au(k)
07, 0 0 0 1 ~0( .
g° (k + v (kg —1) S.
R L R H L SRS §




Why??

« To achieve good control performance

- Y(k +1) should be close to the true open-loop
output

- This requires that n, the number of coefficient

matrices in S¥ is chosen that S,, = S,+1 (i.e., plant
should be stable), otherwise MY? will be in error. It
also requires the feedback term stays approximately
constant. (step disturbance)




1. Prediction (stable, MIMO)

1 Overhead composition 2 Delta P 3 Lower T 4 Bottoms composition
0.4

4.0 2.0

lHeat bl o - e ]
input Kp =0.0072

2 Reflux
flow

3 Feed

flow K, =0.0016

-0.12 -0.003




2-by-2 system

n—1
gk +1) = SiiAui(k—i+1)+ Sipui(k —n+1)
1=1
n—1
+ Z Slz,@'AUQU{? — 1 + 1) -+ SlQ,nUQ(k —n 4+ 1)

1=1

n—1
a(k+1) = SoriAui(k —i+1) + Sorur(k —n+1)
1=1
n—1
+ Z SQQ,iAUQ(k — 1 -+ 1) -+ SQQ’nUQ(k’ —n + 1)

1=1



Vector notation

y:

~

Y(k+1) =

_ . -
Y2
. u =
L Ym
 y(k+1)
y(k+2)
 y(k+p)
S 0
So S
Sm Sm—l
Sm—l—l Sm
S, S,_:

Ip .
- |

U - -

pny-by-ny

(1%,

Y(k41)=SAUk) +Y°(k+ 1)+ 1, [y(k) — y(k)]

mp-by-1
vk +1) i Au(k) |
50
X y'(k + 2) Au(k +1)
YO(k+1) = . AU(k) = .
3 (k+p) Au(k+m—1) |
Use up to p only out of n
0
0 _ i
Sll,z SlZ,z Sl?“,’b
0 SQl,Z T S27“,z
S1 Si = : ;
S.2 i Sml ) S’mr,i
Sp—m+1 i




Recursive update of unforced response

YO(k+1)=MY?(k) + S*Au(k)

or
o I, O 0
yo(k+1) y° (k) S1
5Ok +2) 00 Inm 0 yO(k+1) S,
: : 0
0 o o --- 0 I 0
vy (k + m v (k+R—1)
\QZ 0O O 0 | I n ST’;




Control calculations



Objective function

At time &, minimize the predicted deviation of the output from the setpoint

with some penalty on the input movement size measured in terms of the
quadratic norm.

1=

Ar%i(r]lf){zl vk +i) =5k +i)" Q(y (k+1i) —y(k+1))

+ ul (k + O)RAu(k + z)}

(2, R : weighting matrices (diagonal)



Constraints

Past

measurements

® o ® projected output

input

Horizon

Input magnitude

Umin < u(k +4) < upax
Input rate

[Au(k + )] < Aupgs

Output magnitude

Ymin S S’(k‘—l—@) S Ymin



Solve: quadratic program

. | T
AI{IJI&) {iAU (KkYHAU (k) + £ AU(k)}

AAU(k) < b

: Hessian matrix
: gradient vector

: constraint matrix

T P -

: constraint vector

AU(k) :decision variable

N——

We need to convert the MPC objective and constraints to the standard QP form.



Unconstrained problem

. | T
AI{IJI&) {QAU (KkYHAU (k) + £ AU(k)}

Take the gradient w.r.t. the input:

HAU(k) + £ = 0

AU (k) = —H'f



Objective function in quadratic form

m—1

Ar%i&) {Z (vr(k+4) —y(k+i)" Q(yr(k+1i)—y(k+1i))+ Z Au’' (k + 0)RAu(k + ¢)

1=

- Q

v

Q

R_

£=0

Au(k)
Au(k +1)

- Au(k+m —1)

1 L yr(k+p) ;5'(k+p) |

> (Yr(k 1) - Y(k+ 1))T Q (Yr(k T1) —Y(k+ 1)) + AUT (K)RAU(k)




Not done yet!

(Yr(k F1) - Y(k+ 1))T Q (Yr(k 1) - Y (k+ 1)) + AUT (k)RAU(k)

\

Y(k+1)=SAUKk) + Yk + 1)+ 1, [y(k) — y(k)]
This yields

e (k+1)Qe(k+1)—2e" (k+1)QSAU(k) + AU (k) (S QS + R)AU(k)

where
e(k+1) =Y, (k+1) =Yk +1) — I, [y(k) — y(k)]

is a known term.

Hessian (a constant matrix): 4 = STQS + R

gradient vector (must be updated at each time): f' = —<?' (K +1)QS



Constraints in linear inequality form

Umin S Ll(]f + E) S Umax

Au(k + 0)] < Attmas —> AAU(k) <b

Ymin S Sf(k-FZ) S Ymin



Input magnitude constraint

< U.(k + 6) < Umax

Umin >

¢ =0,

o m—1

IA

WUmin

Umin

| Umin

umax _

—u(k—1)

umax

| Umax

—u(k —

—u(k—1

™

—_

~— —
]

k1)

u(k—1)

Cukn |




Input rate constraints

|Au(k + 0)| < Aupax

(=0, ,m—1

—Aumax < Au(k + 6) < Aumax

Au(k +£) < Aupax
—Au(k +¢) < Aupax

TI o 01
0 I :
S 0

L0 O I
I 0 0

o1 '
. 0
0 0 I

Au(k)
Au(k+1)

| Au(k+m—1) |

VAN

AU ax

AU ax

| Aupax

JAN | BN,
AU ax

| Aupax ||




Output magnitude constraints

Yimin <Yk +1) < Ymax, i =1,--+,p

y(k+1) < Ymax
_S’(k + 7/) S —Ymnmin

SAU(k) + YOk +1) + L, (y(k) — y(k))

A (1)) ] . [ Ynas ]
—SAU(k) = Y%k +1) -1, (y(k) —y(k)) | —Y nin
Ymax I Ymin
Ymax Ymin
Yma,x — . Ymin —
| Ymax | | Ymin |




In summary,

17
I,
—1I
hould !
should | g
be
S
swapped

AU(k)

INA

Ymax

AAU(K) < b

Umin

Umin

umax

| umax

—u(

—u(k—1

—u(k—1) |

o
|
H
~— —

—;l(k— 1)

AU ax

AU ax
AU ax

AU ax

= YOk +1) ~ 1, (y(k) — 9(k))
L Yo + YO0+ 1) + 1, (k) — 7(0)




Solving QP

e Quadratic program: minimization of quadratic
function subject to linear inequality constraints.

e QPs are convex and therefore fundamentally tractable.

o Off-the-shelf solvers (e.g., QPSOL, QUADPROG) are
available but further customization is desirable (to
exploit the structure in the Hessian and constraint
matrices)

o Complexity of a QP is a complex function of the
dimension/structure of Hessian, as well as the number
of constraints.



e Active set method

 Interior point method

- Barrier function



Real-time implementation

1. Initialization: Initialize the memory vector and the reference vector Y (0)

and the reference vector. Set k = 0.
2. Memory update: Y°(k 4+ 1) = MY(k) + S*Au(k)
3. Reference vector update

4. Measurement intake: Take in new measurement y(k) and Ad(k)

5. Calculation of the gradient vector and constraint vector

6. Solve QP

7. Implementation of input
u(k) =u(k —1)+ Au(k)

8.Go back to step 2 after setting
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Linear Least-Squares Regression
Suppose we want to fit a line through some experimental data.

22

x| y 18
1| 5.5 °f
7| 22 M 8
41| 14.2 27
1] 5.0 o1
4 |13.8 8

We want to calculate the slope and offset of the line to maximize the accuracy of

the predictions.
* Prediction means: y = f(x, f) when the true model is y = f(x, 8) + €.
* Prediction accuracy:

= many ways to measure

- most common objective is to minimize 37 ,(y; — $:)2.

Least squares regression:

n
min Y (y; - 1)
m, b i=1
subject to
5/1 = mxi+ b
5/2 = mxg+ b

Yo = mx,+b



458.604: Regression Methods

or in vector form:

subject to

where

A
Yn

To solve this problem:

mﬁin(y -9ly-9

y=Xp and

1. Eliminate y by substitution:

y=Xf+e¢
[ . ;
b 1 «x
[ ]’X: 2
m
1 x,

mgn(y -Xp) ' (y-Xp)

2. Take the derivative (gradient) and set to zero

yields

or

then,

In our example,

=

Vil -Xp y-Xp)} =0

—2XT(y-XB)=0

Xy =XTXp

ﬁA — (XTX)— ley

2.5476
2.8095

= y=2.5476+2.8095x
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* How accurate are the estimates for the model predictions?

1
n—p

n 1
o2 =var(y — 9) = Z(yi—ffi)zz—(y—i')T(y—S’)
i=1 n—p

* How accurate are the estimates of the model parameters?
cov(B) = XTX) 10?2

Derivation:

Note that y =X +¢ and E(f) = XTX) ' XTE(X B +¢) = B.
N [ T
cov(f) = E {(XTX)‘lXT(X,B +e)— ﬁ} {(XTX)‘lXT(X,B +e)— ﬁ} ]

~F r{(XTX)_lXTe} {(XTX)_IXTe}T]

=E (XTX)_IXTeeTX(XTX)_l] -XTX isa symmetric matrix.
=o21(xTx)™?

where 021 is the noise covariance matrix with the same variance term on the

diagonal locations.

Nonlinear Regression

* Fitting nonlinear models (nonlinear in the parameters)

e Models of the form:
y=fx,p)+e

where € € A0, 02).
* no analytical solution: numerical optimization

¢ has the form of

mﬁin(y—S')T(y—S')



458.604: Regression Methods

subject to

* requires nonlinear programming

- most common approach is Levenberg-Marquardt
— Matlab has several possibilities

* fmincon — SQP method

* lsqcurvefit

Example

y=rX,p

The following rate data was collected to determine temperature dependence on ki-

netic rate constant.

where € € A4(0,10000).

k=ae PT =85x10% 120007 1 ¢

T °R) k
500 | -18.3500
550 75.4229
650 22.7654
750 1174.9
800 2586.5
825 4107.8
850 6390.2
875 9411.4

Use 1sgcurvefit:

T= [500; 550; 650;

k = [-18.35;

xdata T;

ydata = k;

75.4229;

22.7654;

10000

8000 -

6000 -

=& 4000+

2000 -

[0 Actual Data
Model

-2000 . !
500 550 600

800; 825; 850;
1174.9;

650 700 750 800 850 900
Temperature

8751;
2586.5; 4107.8; 6390.2;

9411
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beta = lsqgcurvefit (@kineticf, [0; 0], xdata, ydata);

$kineticf.m
function F= kineticf (beta, xdata)
F = beta(l)*10"9+exp (-beta (2)+1000./xdata) ;

Note that some “trick" is needed for a better convergence: make all parameters

(B(1), B(2)) about the same magnitude. Matlab will give the following answer:

E = 6.4569 x 10%e 1175887
2 19 2
g = ——=) (y(@)-5(i))* =8855.5
8-2{5
de = 94.1

Common approach using linear regression - Is this valid?

For the same example, regress In(%) vs. 1/T":

In(k) =In(a)-p (%)

Then,
T -1 T
1 1 1
Ina 1 T_l 1 T_l 1 T_l lnk1
8 = Do o Do :
1 Tin 1 Tin 1 Tin Ink,

Note that we must throw away the 1st data point because £ should be positive inside

the logarithm. The solution is

B = 9.0891x107e 84114T

1 8
G2 = —=Y (y()-$5(1)? = 1.497 x 10"
T-2{5

ge = 1730.3
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10000

Actual Model
9000 e NLR
LR

8000
7000
6000 -
~¢ 5000+
4000 -
3000 -

2000 -

1000 /

500 550 600 650 700 750 800 850 900
Temperature

Figure 1: Comparison of LR and NLR for the nonlinear example

Comments

The problem is in transforming the rate equation. We have assumed that the model
is of the form:

lnk:lna+ﬁ+e
T

Inverting the transform gives
b = pllna—p/T+e]

or
E=ae PT x et
but we know the model has the form:
E=ae PT ¢

* Transforming to the linear form is fitting the wrong model.

¢ Fit the correct model.

* Why does it matter that transform + LLSR is technically incorrect if it gives

you a “good enough answer"?



458.604: Regression Methods 7

— quick and dirty
- gets into the ball park

- example shows that it was really good at low temperature.
* Here are the issues:

1. Inaccuracy was in the measurements.

— Objective was to discover the “true" relationship between the vari-

ables.
2. Wrong relationship gives poor designs.
3. Looks “accurate" enough over some rage.

— Can’t know where it will or won’t be accurate



Kalman Filter

Jong Min Lee
Chemical and Biological Engineering
Seoul National University



Non-interacting two-tank system

Fin
h1
)
hs
ok

dh
A~ = Fin = Foura = Fin = CnV/In

dh
A—2 — Fout,l — Fout,2 — Cvl V hl — C’U2 V h2

dt

measurement eqn:

y(k) = Cx(k)

C=10 1]



Linearization and discretization yield:

x'(k+1) = ®&x'(k) + T'u'(k)
y'(k) = Cx'(k)

@:[q)” U ] r:[n] C=1[0 1]

A:0.25 [m?] hi :0.36 [m] hy 1 0.25 [m]
Fy, 2 0.3 [m®/ min] Cyp1 : 0.5 [m?°/min]  Cuz : 0.6 [m?°/min]

[ -167 0 A : _fos462 0 T, 0.3684 |
/:[ 1.67 —2.4}"/*[0]“/ —  XEFD=1 04363 07866 | X * | 00202 | )

‘=0 1]% T, = 0.1 [min] y'(k)y=10 1]x'(k)



In reality,...

Fip, = F. + F5 x'(k+1) = ®x'(k) + Tu' (k) + Tw(k)

Fin

random fluctuations in Fi, l

h1

%—l y' (k) = CX' (k) + v(k)

measurement noise in A2

P

ZaN
5

ha




hletflowrate

14 T T T T T T T T T
12
10 \
8| i
6 1 1 1 1 1 1 1 1 1 1 ('LU _H)Q
0 100 200 300 400 500 600 700 300 300 1000 2 - 20_—2
Time ‘/‘/ NN(M,O' ) = ——€
A/ 2
250 , , , , : : 2o
200 4
150 | 4
100 | 4
50 4
| 99.7% between +3 s.d. |
07 10 1 14 | | . | |
Inlet flow rate |_1 95.4% between 12 s.d. =|
68.3% between +1 s.d.
4 T T T T T T T

T T
Only 3 points in 1000
2 will fall outside the area
3 standard deviations 5.d. = standard deviation
= 0 either side of the center iine.
. 34.1% 34.1%
2L

.4 1 1 1 1 1 1 1 1 1
0 100 200 300 400 .SUU 600 700 §00 900 1000 13.6% 136%
Time
300 ——f% M
' ' ! ' ' ' ! 3 -2 -1 Mean +1 +2 +3
s.d. s.d. s.d. s.d. s.d. s.d.







{w} and {v}: white noise sequence with zero-mean Gaussian

Sample Autocorrelation Function
T T

1
13 P S R A SN .
0 [ ] ' [ ] . [ ] !
-0.5 i 1 1 i ] | 1 1 i
0 2 4 [ [ 10 12 14 16 18 20
Lag
Sample Autocorrelation Function
1 T T
005 e ]
0 + ) T
_05 | I
0 2 4 [ 8 10 12 14 16 18 20

cov [w(k),w(j)

cov [v(k), v(j)]
cov [w(k), v(j)

Sample Cross Correlation Function

| =0;5#k
=0;7 #k
0




Probability density function of vectors

lglzﬁﬂmP)

2p(x — o) (Y — fy)
OO0y

= Lby p_ o2 PO 0y
PO 50y o,



Linear transformation

X1
L2

X

~ N(,LL,P)

Z ~ N(Tpu, TPTT)

100 40
40 80

10 4
4 8

trace=18

A

TX

P = FEAE"T

131.21 O
0 48.7

131 0
0 4.9

trace=18

%%
% Drawing covariance ellipse
P1 = [1e@ 40; 40 80];

P2 = [10 4; 4 8];
[E1l, L1] = eig(P1);
[E2, L2] = eig(P2);

theta = 2%pi%x[0:0.001:1];
for ii = 1:length(theta)
y(:, ii) = [cos(theta(ii)); sin(theta(ii))];

x1(:, ii) = Elssqrt(L1l)sy(:, ii);
x2(:, ii) = E2%sqrt(L2)=y(:, ii);
end
figure
plot(x1(1, :), x1(2, :), 'r]', 'Linewidth', 1);
hold on
plot(x2(1, :), x2(2, :), 'b', 'LineWidth', 1);




Drawing covariance ellipses

1 1
n-dim. multivariate-normal dist. p(x) = COREIRE exp {—§(x — 1) TP (x — ,ux)}
T)"

A particularly useful contour is 1-0 bound: (x — )" P~ (x — py) = 1

Assume zero-mean. x P lx =1 x'(EAET)'x =1

x'EATETx =1
Orthonormality T EA"Y2A-Y2ET —q
xTKK'x =1 K= EA1/2

now for any point ¥ = [x,y]" which is on the unitcircle, y'y =1, s0

xITKK'x =yly
Kix=y
= x = FAY?y



Fin

h1

[ (0.8462 0 x(k) + 0.3684
| 0.1363 0.7866 0.0292

0 1 |x(k)+v(k)

] u(k) + w(k)

Estimate of A1
Filtered estimate of As

hs

Can we extract information about h1

§.< > given only h2?




Observability

C
Co . .
rank of | = n = state dimension
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Linear state estimation

x(k+ 1) = Az (k) + Bu(k) + w(k)
y(k) = Cx(k) + v(k)

[{w(k)} and {v(k)} are stationary random processes with known statistical properties.]

Objective: To find the conditional probability density function of the state (or)
posterior density of the state

p [z(k)|[Y"]

Y'* : Set of all the available measurements up to time instant k



Non-linear state estimation

z(k+1)=Flx(k),ulk)] +w(k)
y(k) = H(z(k)) + v(k)

[{w(k)} and {v(k)} are stationary random processes with known statistical properties.]

Objective: To find the conditional probability density function of the state (or)
posterior density of the state

p [z(k)|[Y"]

Y'* : Set of all the available measurements up to time instant k



Sequential estimation problem

P(H) x P(D|H)

P(H|D) = ot

H: hypothesis, D: data

: this is what we are doing

Posterior density is estimated in two stages:

—> 1. Prediction step: posterior density at previous time step is propagated into the —
next time step through the transition density

p[eY*1) = [ pla(®lo(h ~ Dlpla(h ~ DY da(k - 1

2. Update step: involves application of Bayes' rule «—

pla(k)|Y*] ~ ply(k)| (k)] x pla(k) Y]
likelihood prior




Optimal state estimate

e Minimum mean square error (MMSE)
« aimed at finding the conditional mean of x
e Maximum a posterior (MAP)

« aimed at finding mode of posterior probability
density function

« Measure of accuracy of a state estimate

e cCovariance



p(w) :N(()? Rw) p(V) :N(Ov RV)

plek — DY =N [2(k — 1k — 1), P(k — 1]k — 1)]
« initial state distribution is assumed to be normal

p [z(R)[Y* ] = N [@(k|k — 1), P(k[k — 1)
+ prior

p [z(W)[Y*] = N [2(kl|k), P(k|k)]

« posterior are Gaussian w/ system being linear and noise being Gaussian



p [x(k)|Y"*] o< ply(k)|z(k)]p [x(k)[Y*]

P[] = G e [—% {e(k) — 2(k[k — 1)} P(klk — 1)~ {a(k) - a(k[k - 1)}]

E(k) = (k) — @ (klk — 1)

L)Y ] = s exp | 56T (PG~ 1) (0|

PRI = oy o [—% {y(k) — Ca(k))" Ry {y(k) - &c(k)}]

e(k) £ y(k) — Ca(k)

PN = ooy e |5 (DR ()|

D [a:(k)]Yk} X exp —% {eT(k)R,jle(k) + 8 (k)P(k|k — 1)_1§(k)}]



minJ = min = [’ (k)R "e(k) + &' (k) P(k|k — 1)~ '¢(k)]

z(k) z(k) 2 Y
e(k) =y(k) — Cx(k) {(k) = z(k) — 2(k|k — 1)
0J

P) ~ [—C"Re(k) + P~ ¢(k)] =0

—C"R; ' {y(k) — Cx(k)} + P~ {x(k) — 2(k|lk — 1)}] =0

~C'RJ'y+C'R'Cc+P 2 —P '2=0

([P‘l +C'R,'Cle =P '2 + CTR;lyj

(P'+C'"R'Cla =P "4+ C"R'y—C"R,'C: + C"R,'C3
(P '+ C'R'Cla=[P'+C"R;'Cl2+ C"R, ' [y — C3]
r=i+ [P +CTR;'C] " CTR, [y — Cd
2(k|k) = 2(k|k — 1)+ K {y — Ci(k|k — 1)}

K =[P '+CTR;'C]  C"R;!



K =[P '+C"R;'C]  C"R;’
[A+BCD| ™' = A™' —A7'B[C™'+ DA™'B] " DA™!
P~ +CTR;'C]” = P-PCT[R,+CPCT] "' CP

K =P~ PCT [R,+CPCT] " CP|CTR}!

K = P(klk — )CT [CP(klk — 1)CT + R,]

second moment




Note .=oXx X ~N(u, P) 2~ N(®p, PO

x(k) = Ax(k —1) + Bu(k — 1) + w(k)

\

N (@(k — 1|k —1), P(k — 1|k — 1))

Prediction:

-

#(klk —1) = A2(k — 1|k — 1) + Bu(k — 1) 40

P(klk —1) = AP(k — 1|k — 1)AT + R,,

Update: posterior = prior x likelihood



p[e(R)Y* 1] = N [(klk — 1), P(k[k — 1)

E [z(k)|Y" ] = 2(k|k — 1)
=E[Az(k — 1) + Bu(k — 1) + w(k — 1)| Y*7!]

#(klk — 1) = A#(k — 1|k — 1) + Bu(k — 1)

Pklk—1)=cov[{(k|lk—1)]=E [f(k]k — 1D)E&(k|k — l)T}

§(k|k—1)

2(k) — 2(k|k — 1)
[Az(k —1) + Bu(k — 1) +w(k — 1)] — [A@(k — 1|k — 1) + Bu(k — 1)]
[Ae(k — 1k — 1) + w(k — 1)]



E [¢(klk — 1)é(k|k — 1)T] =E [{Ag(k k= 1) +w(k — 1)} {AE(k — 1k — 1) + w(k — 1)}T]
=E [A¢(k — 1|k — 1)V (k — 1|k — 1)A"] + E [w(k — Dw(k — 1)"]

P(klk —1) = AP(k — 1|k — 1)AT + R,



Why is K a fcn of two covariance matrices?

Ely(k)|Y* 1 = g(klk — 1) = CAz(k — 1|k — 1) + CBu(k — 1)

e(klk —1) = y(k) — g(k|k — 1)
= |[CAz(k— 1)+ CBu(k—1)+ Cw(k —1)+v(k)] — [CAZ(k — 1|k — 1) + CBu(k — 1)]

e(klk —1) = [CAE(k — 1k — 1) + Cw(k — 1) + v(k)]

e(klk —1) = [CE(k|k — 1) + v(F)]

s )
covle(klk — 1) =E [{cg(k\k — 1) +v(k)}{C&(k[k — 1) + v(k)}T}

= CP(k|lk—1)CT + R,

cov [€(klk — 1)e” (klk = 1)] = E [&(klk — D) {CE(klk — 1) +v(k)} ]
= P(k|k —1)C*

N\ J

K = cov [¢(klk — 1)eT (k|k — )] [e(klk — 1)) "
= P(klk —1)CT [CP(k|k — 1)CT + R,] ™



pla(k)[Y*] = N [2(k|k), P(k|k)]
#(klk) = 2(klk — 1) + K [y(k) — C2(k|k — 1)

P(k|k) = cov [¢(k|k)] = E [£(k| k)& (k[k)" ]

{(k|k) = x(k) — z(k[k)
— [Ax(k — 1) + Bu(k — 1) + w(k —1)] — [A#(k — 1)k — 1) + Bu(k — 1) + Ke(k|k — 1)]
= Ac(k— 1k — 1) + w(k — 1) — Ke(k|k — 1)
= ¢(klk — 1) — Ke(k|k — 1)

P(klk) = E [¢(k|k)¢(K]F)]
€kl — 1) = Ke(klk — 1)} (klk — 1) — Ke(klk - 1)}"]

E
E
P(klk — 1) + Kcov [e(k|k —1)] KT — PCTKT — KCP
P
P

(klk — 1) + P(k|k — 1)C" [CP(k|k — 1)C" + R, ] - [CP(klk —1)CT + R,))| K™=P(k|k — 1)C" K" — KCP(k|k — 1)
(klk —1) = KCP(klk —1) = [I — KC|P(k|k — 1)



Kalman filter

Prediction step N [z(k|k — 1), P(k|k — 1)]
Z(k|lk —1) = A2(k — 1|k — 1) + Bu(k — 1)
P(klk —1) = AP(k — 1|k — 1)AT + R,
Correction step N [z(k|k), P(k|k)]

2(k|k) = 2(k|k — 1) + Ke(k|k — 1)

P(k|k) = [I — KC|P(k|k — 1)
K = P(klk — 1)CT [CP(k|k —1)CT + R,]
Kalman Gain Computation
e(klk —1) = [y(k) — Ci(k|k —1)] §(k) = x(k) — 2(klk — 1)

(innovations) (estimation error)
—1
K(k) = Pe e [Pe e (k)]

(covariance matrices)



Simulation results

0’07 T T T T T T T 1 L)
—a—h1[true)

——h1(KFest)
0.06 - -

T T T T L) 1
—oa—h2(true)

——h2(KFest)

0.05 | -

0.04 -

0.03 ¢ -

0.02 ¢ .

0.01 ¢

-0.01

10 20 30



Issues in state estimation

e Generates the maximum likelihood (or minimum
variance) estimates of the states when noises are
Gaussian and the system is linear

 Model accuracy is critical to state estimation

e Noise model parameters: measurement and state
noise covariance matrices (Q and R) are difficult to
estimate. These matrices are typically used as tuning
parameters



Difficulties with Kalman filter

 Linear perturbation model: range of applicability limited to a
narrow region around an operating point

e Cannot be used for

- strongly nonlinear systems or operation over wide operating
range

- batch/semi-batch processes

o State estimation using nonlinear dynamic model:
- Extended Kalman filter (EKF)
- Ensemble Kalman filter (EnKF)

- Unscented Kalman filter (UKF)



