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MPC - model predictive control

• Optimal controller is based on minimizing error from 
trajectory 

• Basic version uses linear model, but there are many 
possible models 

• Corrections for unmeasured disturbances, model errors are 
included 

• Treats multivariable control, feedforward control
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1st-order process

⌧
dy

dt
+ y(t) = Ku(t) general solution?
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Excel Implementation of MPC
3
dy

dt
+ y(t) = 3u(t)

Play with manual input and try the “solver” in Excel  
to compute the input profile
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In this lecture, we will discuss

• Process representation: step response model 

• Prediction (perfect model) 

• Incorporation of “feedback” 

• Optimization: unconstrained and constrained QP 

• Implementation
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Dynamic Matrix Control

• First appeared in the open literature in 1979 (Cutler 
and Ramaker; Prett and Gillette) 

- with notable success on several Shell processes for 
many years 

• Reformulation as a quadratic program by Garcia and 
Morshedi in 1986 - “Quadratic Dynamic Matrix Control” 

• AspenTech: DMCplus 

• Prototype of commercial algorithms presently used in 
the process industry
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Process representation

Dynamic 
System

unit step-response function: 

u

1

Ts

y

Ts

S0
S1

S2

Sn Sn+1

Sn Sn+1= Sn+2= S∞= =...

S0 0=

u

1

Ts

y

Ts

S0
S1

S2

Sn Sn+1

Sn Sn+1= Sn+2= S∞= =...

S0 0=

S = [S1, S2, S3, . . . , Sn]
T

Stable, SISO:

Complete description of the process requires n step response coefficients
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�u(0) �u(1)

�u(2)

+ +

u u u u

y

?
y(0)

y(1)

y(2)

y(3)
y(4)

y(5)

Principle of superposition

�u(k � i+ 1) = u(k � i+ 1)� u(k � i)

y(1) = y(0) + S1�u(0)

y(2) = y(0) + S1�u(1) + S2�u(0)

... =
...

y(k + 1) = y(0) +
n�1X

i=1

Si�u(k � i+ 1) + Sn {�u(k � n+ 1) +�u(k � n) + · · ·�u(0)}

= y(0) +
n�1X

i=1

Si�u(k � i+ 1) + Snu(k � n+ 1)
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Elements of DMC

target

FuturePast

k+1 k+m-1 k+pk

input
Horizon

∆u(k)
∆u(k+1)

y(k)~
y(k+1)~

y(k+2)~
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Predictions
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1. Prediction (stable, SISO)

ŷ(k + 1): prediction of y(k+1) made at time k

At time k: we know y(k) and need to compute ∆u(k), which we don’t know yet.

Assume y(0) = 0

ŷ(k + 1) =
n�1X

i=1

Si�u(k � i+ 1) + Snu(k � n+ 1)

Effect of current 
control action Effect of past control actions

Substitute k = k+1, and 

Effect of future 
control action

Effect of current 
control action Effect of past control actions

ŷ(k + 2) = S1�u(k + 1) + S2�u(k) +
n�1X

i=3

Si�u(k � i+ 2) + Snu(k � n+ 2)

ŷ(k + 1) = S1�u(k) +
n�1X

i=2

Si�u(k � i+ 1) + Snu(k � n+ 1)
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j-step ahead prediction

Effect of current and future 
control actions

Effect of past control actions

Let

This is referred to as “predicted unforced response” with past inputs only

U = [. . . , u(k � 2), u(k � 1), 0, 0, 0, . . .]T

ŷ(k + j) =
jX

i=1

Si�u(k + j � i) + ŷ0(k + j)

ŷ(k + j) =
jX

i=1

Si�u(k + j � i) +
n�1X

i=j+1

Si�u(k + j � i) + Snu(k + j � n)

ŷ0(k + j)
�
=

n�1X

i=j+1

Si�u(k + j � i) + Snu(k + j � n)

for j = 1
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Multiple predictions

Ŷ0(k + 1)
�
=

⇥
ŷ0(k + 1), ŷ0(k + 2), · · · , ŷ0(k + p)

⇤T

U(k)
�
= [�u(k), �u(k + 1), · · · , �u(k +m� 1)]T

p: prediction horizon, m: control horizon m  p  n+m

In a matrix form:

Ŷ(k + 1)
�
= [ŷ(k + 1), ŷ(k + 1), · · · , ŷ(k + p)]T

Ŷ(k + 1) = S�U(k) + Ŷ0(k + 1)

S �
=

2

66666666664

S1 0 0 · · · 0
S2 S1 0 · · · 0
S3 S2 S1 · · · 0
· · · · · · · · · · · · · · ·
Sm Sm�1 Sm�2 · · · S1

Sm+1 Sm Sm�1 · · · S2

· · · · · · · · · · · · · · ·
Sp Sp�1 Sp�2 · · · Sp�m+1

3

77777777775
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Output feedback and bias correction
So far, we have not utilized the latest observation, y(k). 

The fact is that there is no perfect model.

Corrected prediction by adding a constant bias term.

ỹ(k + j)
�
= ŷ(k + j) + b(k + j)

b(k + j) = y(k)� ŷ(k)

ŷ(k): one-step ahead prediction made at the previous time instance, k-1

ỹ(k + j) = ŷ(k + j) + [y(k)� ŷ(k)]

Ỹ(k + 1) = S�U(k) + Ŷ0(k + 1) + [y(k)� ŷ(k)]1

Ỹ(k + 1) = [ỹ(k + 1), ỹ(k + 2), · · · , ỹ(k + p)]T

1 = [1, 1, , · · · , 1]T
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Recursive update of unforced response

For stable models, one can update the predicted unforced response after  

           is computed.

or 

2

6664

ŷ0(k + 1)
ŷ0(k + 2)

...
ŷ0(k + p)

3

7775
=

2

6666664

0 1 0 · · · 0

0 0 1
. . . 0

...
...

...
. . . 0

0 0 · · · 0 1
0 0 · · · 0 1

3

7777775

2

6664

ŷ0(k)
ŷ0(k + 1)

...
ŷ0(k + p� 1)

3

7775
+

2

6664

S1

S2
...
Sp

3

7775
�u(k)

u(k) works like a state; hence you need “n”  not “p”

n n n

Ŷ0
n(k + 1) = MŶ0

n(k) + S⇤�u(k)
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Why??

• To achieve good control performance 

-                   should be close to the true open-loop 
output 

- This requires that n, the number of coefficient 
matrices in S* is chosen that Sn = Sn+1  (i.e., plant 
should be stable),  otherwise             will be in error. It 
also requires the feedback term stays approximately 
constant. (step disturbance)

Ỹ(k + 1)

MŶ0
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1. Prediction (stable, MIMO)
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2-by-2 system

ŷ1(k + 1) =
n�1X

i=1

S11,i�u1(k � i+ 1) + S11,nu1(k � n+ 1)

+
n�1X

i=1

S12,i�u2(k � i+ 1) + S12,nu2(k � n+ 1)

ŷ2(k + 1) =
n�1X

i=1

S21,i�u1(k � i+ 1) + S21,nu1(k � n+ 1)

+
n�1X

i=1

S22,i�u2(k � i+ 1) + S22,nu2(k � n+ 1)
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Vector notation

y =

2

6664

y1
y2
...
ym

3

7775
u =

2

6664

u1

u2
...
ur

3

7775
mp-by-1

Ỹ(k + 1) =

2

6664

ỹ(k + 1)
ỹ(k + 2)

...
ỹ(k + p)

3

7775
�U(k) =

2

6664

�u(k)
�u(k + 1)

...
�u(k +m� 1)

3

7775

S =

2

666666666664

S1 0 · · · 0

S2 S1 0
...

...
...

. . . 0
Sm Sm�1 · · · S1

Sm+1 Sm · · · S2
...

...
. . .

...
Sp Sp�1 · · · Sp�m+1

3

777777777775

Si =

2

6664

S11,i S12,i · · · S1r,i

S21,i · · · · · · S2r,i
...

...
...

...
Sm1,i · · · · · · Smr,i

3

7775

Ỹ(k + 1) = S�U(k) + Ŷ0(k + 1) + Ip [y(k)� ŷ(k)]

Ip =

2

64
I
...
I

3

75 pny-by-ny

Use up to p only out of n
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2

6664

ŷ0(k + 1)
ŷ0(k + 2)

...
ŷ0(k + p)

3

7775



Recursive update of unforced response

2

6664

ŷ0(k + 1)
ŷ0(k + 2)

...
ŷ0(k + p)

3

7775
=

2

6666664

0 Im 0 · · · 0

0 0 Im
. . . 0

...
...

...
. . . 0

0 0 · · · 0 Im
0 0 · · · 0 Im

3

7777775

2

6664

ŷ0(k)
ŷ0(k + 1)

...
ŷ0(k + p� 1)

3

7775
+

2

6664

S1

S2
...
Sp

3

7775
�u(k)

or

n n n

Ŷ0
n(k + 1) = MŶ0

n(k) + S⇤�u(k)
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Control calculations
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Objective function

At time k, minimize the predicted deviation of the output from the setpoint 
with some penalty on the input movement size measured in terms of the 
quadratic norm.

min
�U(k)

(
pX

i=1

(yr(k + i)� ỹ(k + i))T Q (yr(k + i)� ỹ(k + i))

+
m�1X

`=0

�uT (k + `)R�u(k + `)

)

Q,R : weighting matrices (diagonal)
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Constraints

ymax
target

FuturePast

umax

future input

t+1 t+m-1 t+pt

input

measurements

Horizon

projected output

Input magnitude

u
min

 u(k + `)  u
max

Input rate

|�u(k + `)|  �u
max

Output magnitude

ymin  ỹ(k + i)  ymin
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Solve: quadratic program 

A�U(k)  b

min
�U(k)

⇢
1

2
�UT (k)H�U(k) + fT�U(k)

�

H
f

A

b

�U(k)

: Hessian matrix

: gradient vector

: constraint matrix

: constraint vector

: decision variable

We need to convert the MPC objective and constraints to the standard QP form.
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Unconstrained problem
min

�U(k)

⇢
1

2
�UT (k)H�U(k) + fT�U(k)

�

Take the gradient w.r.t. the input:

H�U(k) + f = 0

�U(k) = �H�1f
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Objective function in quadratic form
min

�U(k)

(
pX

i=1

(yr(k + i)� ỹ(k + i))T Q (yr(k + i)� ỹ(k + i)) +
m�1X

`=0

�uT (k + `)R�u(k + `)

)

2

6664

yr(k + 1)� ỹ(k + 1)
yr(k + 2)� ỹ(k + 2)

...
yr(k + p)� ỹ(k + p)

3

7775

T 2

6664

Q
Q

. . .
Q

3

7775

2

6664

yr(k + 1)� ỹ(k + 1)
yr(k + 2)� ỹ(k + 2)

...
yr(k + p)� ỹ(k + p)

3

7775

+

2

6664

�u(k)
�u(k + 1)

...
�u(k +m� 1)

3

7775

T 2

6664

R
R

. . .
R

3

7775

2

6664

�u(k)
�u(k + 1)

...
�u(k +m� 1)

3

7775

⇣
Yr(k + 1)� Ỹ(k + 1)

⌘T
Q̄

⇣
Yr(k + 1)� Ỹ(k + 1)

⌘
+�UT (k)R̄�U(k)
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Not done yet!
⇣
Yr(k + 1)� Ỹ(k + 1)

⌘T
Q̄

⇣
Yr(k + 1)� Ỹ(k + 1)

⌘
+�UT (k)R̄�U(k)

Ỹ(k + 1) = S�U(k) + Ŷ0(k + 1) + Ip [y(k)� ŷ(k)]

This yields

"(k + 1) = Yr(k + 1)� Ŷ0(k + 1)� Ip [y(k)� ŷ(k)]

where

is a known term.

"T (k + 1)Q̄"(k + 1)�2"T (k + 1)Q̄S�U(k) +�UT (k)
�
ST Q̄S+ R̄

�
�U(k)

Hessian (a constant matrix): H = ST Q̄S+ R̄

gradient vector (must be updated at each time): fT = �"T (k + 1)Q̄S
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Constraints in linear inequality form

u
min

 u(k + `)  u
max

|�u(k + `)|  �u
max

ymin  ỹ(k + i)  ymin

A�U(k)  b

i = 1, · · · , p
` = 0, · · · ,m� 1
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Input magnitude constraint
u
min

 u(k + `)  u
max

, ` = 0, · · · , m� 1

�u(k � 1)�
X̀

i=0

�u(k + i)  u
min

u(k � 1) +
X̀

i=0

�u(k + i)  u
max

2

666666666666664

�

2

66664

I 0 · · · 0

I I 0
...

...
...

. . . 0
I I · · · I

3

77775

2

66664

I 0 · · · 0

I I 0
...

...
...

. . . 0
I I · · · I

3

77775

3

777777777777775

2

6664

�u(k)
�u(k + 1)

...
�u(k +m� 1)

3

7775


2

6666666666664

�

2

6664

u
min

� u(k � 1)
u
min

� u(k � 1)
...

u
min

� u(k � 1)

3

7775

2

6664

u
max

� u(k � 1)
u
max

� u(k � 1)
...

u
max

� u(k � 1)

3

7775

3

7777777777775

IL
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Input rate constraints
|�u(k + `)|  �u

max

` = 0, · · · ,m� 1

��u
max

 �u(k + `)  �u
max

�u(k + `)  �u
max

��u(k + `)  �u
max

2

666666666666664

2

66664

I 0 · · · 0

0 I 0
...

...
...

. . . 0
0 0 · · · I

3

77775

�

2

66664

I 0 · · · 0

0 I 0
...

...
...

. . . 0
0 0 · · · I

3

77775

3

777777777777775

2

6664

�u(k)
�u(k + 1)

...
�u(k +m� 1)

3

7775


2

6666666666664

2

6664

�u
max

�u
max

...
�u

max

3

7775

2

6664

�u
max

�u
max

...
�u

max

3

7775

3

7777777777775

I
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Output magnitude constraints
y
min

 ỹ(k + i)  y
max

, i = 1, · · · , p

ỹ(k + i)  y
max

�ỹ(k + i)  �y
min


S�U(k) + Ŷ0(k + 1) + Ip (y(k)� ŷ(k))

�S�U(k)� Ŷ0(k + 1)� Ip (y(k)� ŷ(k))

�



Y

max

�Y
min

�

Y
max

=

2

6664

y
max

y
max

...
y
max

3

7775
Ymin =

2

6664

ymin

ymin
...

ymin

3

7775


S
�S

�
�U(k) 


Y

max

� Ŷ0(k + 1)� Ip (y(k)� ŷ(k))
�Y

min

+ Ŷ0(k + 1) + Ip (y(k)� ŷ(k))

�
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In summary,

2

6666664

�IL
IL
�I
I
�S
S

3

7777775
�U(k) 

2

666666666666666666666666664

�

2

64
u
min

� u(k � 1)
...

u
min

� u(k � 1)

3

75

2

64
u
max

� u(k � 1)
...

u
max

� u(k � 1)

3

75

2

64
�u

max

...
�u

max

3

75

2

64
�u

max

...
�u

max

3

75


Y

max

� Ŷ0(k + 1)� Ip (y(k)� ŷ(k))
�Y

min

+ Ŷ0(k + 1) + Ip (y(k)� ŷ(k))

�

3

777777777777777777777777775

A�U(k)  b
29
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Solving QP

• Quadratic program: minimization of quadratic 
function subject to linear inequality constraints. 

• QPs are convex and therefore fundamentally tractable. 

• Off-the-shelf solvers (e.g., QPSOL, QUADPROG) are 
available but further customization is desirable (to 
exploit the structure in the Hessian and constraint 
matrices) 

• Complexity of a QP is a complex function of the 
dimension/structure of Hessian, as well as the number 
of constraints.
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• Active set method 

• Interior point method 

- Barrier function
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Real-time implementation
1. Initialization: Initialize the memory vector and the reference vector

and the reference vector. Set k = 0.

Ŷ0(k + 1) = MŶ0(k) + S⇤�u(k)2. Memory update:

Ŷ(0)

3. Reference vector update

4. Measurement intake: Take in new measurement y(k) �d(k)and

5. Calculation of the gradient vector and constraint vector

6. Solve QP

7. Implementation of input

8.Go back to step 2 after setting

u(k) = u(k � 1) +�u(k)
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458.604: Regression Methods 1

Linear Least-Squares Regression

Suppose we want to fit a line through some experimental data.

x y
1 5.5
7 22
4 14.2
1 5.0
4 13.8

1 2 3 4 5 6 7
4

6

8

10

12

14

16

18

20

22

x

y

We want to calculate the slope and offset of the line to maximize the accuracy of

the predictions.

• Prediction means: ŷ= f (x, β) when the true model is y= f (x,β)+ϵ.

• Prediction accuracy:

– many ways to measure

– most common objective is to minimize
∑n

i=1(yi − ŷi)2.

Least squares regression:

min
m, b

n∑
i=1

(yi − ŷi)2

subject to

ŷ1 = mx1 +b

ŷ2 = mx2 +b
... = ...

ŷn = mxn +b



458.604: Regression Methods 2

or in vector form:

min
β

(y− ŷ)T(y− ŷ)

subject to

ŷ=Xβ and y=Xβ+ϵ

where

y=


y1
...

yn

 , ŷ=


ŷ1
...

ŷn

 , β=
[

b
m

]
, X=


1 x1

1 x2
...

...

1 xn


To solve this problem:

1. Eliminate ŷ by substitution:

min
β

(y−Xβ)T(y−Xβ)

2. Take the derivative (gradient) and set to zero

∇β

{
(y−Xβ)T(y−Xβ)

}
= 0

yields

−2XT(y−Xβ)= 0

or

XTy=XTXβ

then,

β̂= (XTX)−1XTy

In our example,

β̂=
[

2.5476

2.8095

]
⇒ ŷ= 2.5476+2.8095x



458.604: Regression Methods 3

• How accurate are the estimates for the model predictions?

σ2
ϵ = var(y− ŷ)≈ 1

n− p

n∑
i=1

(yi − ŷi)2 = 1
n− p

(y− ŷ)T(y− ŷ)

• How accurate are the estimates of the model parameters?

cov(β̂)= (XTX)−1σ2
ϵ

Derivation:

Note that y= Xβ+ϵ and E(β̂)= (X T X )−1X TE(Xβ+ϵ)=β.

cov(β̂)= E

[{
(X T X )−1X T(Xβ+ϵ)−β

}{
(X T X )−1X T(Xβ+ϵ)−β

}T
]

= E

[{
(X T X )−1X Tϵ

}{
(X T X )−1X Tϵ

}T
]

= E
[
(X T X )−1X TϵϵT X (X T X )−1

]
∵ X T X is a symmetric matrix.

=σ2
ϵI(X T X )−1

where σ2
ϵI is the noise covariance matrix with the same variance term on the

diagonal locations.

Nonlinear Regression

• Fitting nonlinear models (nonlinear in the parameters)

• Models of the form:

y= f (x,β)+ϵ

where ϵ ∈N (0, σ2
ϵ ).

• no analytical solution: numerical optimization

• has the form of

min
β

(y− ŷ)T(y− ŷ)



458.604: Regression Methods 4

subject to

ŷ= f (X,β)

• requires nonlinear programming

– most common approach is Levenberg-Marquardt

– Matlab has several possibilities

* fmincon – SQP method

* lsqcurvefit

Example

The following rate data was collected to determine temperature dependence on ki-

netic rate constant.

k =αe−β/T = 8.5×109e−12000/T +ϵ

where ϵ ∈N (0,10000).

T (◦R) k
500 -18.3500
550 75.4229
650 22.7654
750 1174.9
800 2586.5
825 4107.8
850 6390.2
875 9411.4

500 550 600 650 700 750 800 850 900
2000

0

2000

4000

6000

8000

10000

Temperature

k

Actual Data
Model

Use lsqcurvefit:

T= [500; 550; 650; 750; 800; 825; 850; 875];

k = [-18.35; 75.4229; 22.7654; 1174.9; 2586.5; 4107.8; 6390.2; 9411.4];

xdata = T;

ydata = k;



458.604: Regression Methods 5

beta = lsqcurvefit(@kineticf, [0; 0], xdata, ydata);

%kineticf.m

function F= kineticf(beta, xdata)

F = beta(1)*10^9*exp(-beta(2)*1000./xdata);

Note that some “trick" is needed for a better convergence: make all parameters

(β(1), β(2)) about the same magnitude. Matlab will give the following answer:

k = 6.4569×109e−11758.8/T

σ̂ϵ
2 = 1

8−2

8∑
i=1

(y(i)− ŷ(i))2 = 8855.5

σ̂ϵ = 94.1

Common approach using linear regression – Is this valid?

For the same example, regress ln(k) vs. 1/T:

ln(k)= ln(α)−β

(
1
T

)
Then, [

lnα

β

]
=




1 1
T1

...
...

1 1
Tn


T 

1 1
T1

...
...

1 1
Tn



−1 

1 1
T1

...
...

1 1
Tn


T 

lnk1
...

lnkn


Note that we must throw away the 1st data point because k should be positive inside

the logarithm. The solution is

k = 9.0891×107e−8411.4/T

σ̂ϵ
2 = 1

7−2

8∑
i=2

(y(i)− ŷ(i))2 = 1.497×107

σ̂ϵ = 1730.3
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Figure 1: Comparison of LR and NLR for the nonlinear example

Comments

The problem is in transforming the rate equation. We have assumed that the model

is of the form:

lnk = lnα+ β

T
+ϵ

Inverting the transform gives

k = e[lnα−β/T+ϵ]

or

k =αe−β/T × eϵ

but we know the model has the form:

k =αe−β/T +ϵ

• Transforming to the linear form is fitting the wrong model.

• Fit the correct model.

• Why does it matter that transform + LLSR is technically incorrect if it gives

you a “good enough answer"?
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– quick and dirty

– gets into the ball park

– example shows that it was really good at low temperature.

• Here are the issues:

1. Inaccuracy was in the measurements.

– Objective was to discover the “true" relationship between the vari-

ables.

2. Wrong relationship gives poor designs.

3. Looks “accurate" enough over some rage.

– Can’t know where it will or won’t be accurate
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Fin

h1

h2

LT

Non-interacting two-tank system

A
dh1

dt
= F

in

� F
out,1 = F

in

� C
v1

p
h1

A
dh2

dt
= F

out,1 � F
out,2 = C

v1

p
h1 � C

v2

p
h2

h(k) = F [h(k � 1), Fin(k � 1)]

x(k) = F [x(k � 1), u(k � 1)]

measurement eqn: 

C = [0 1]

y(k) = Cx(k)



Linearization and discretization yield:

x

0(k + 1) = �x

0(k) + �u0(k)

y0(k) = Cx

0(k)

� =


�11 0
�21 �22

�
� =


�1

0

�
C = [0 1]

A : 0.25 [m2]

F̄in : 0.3 [m3/min]

h̄1 : 0.36 [m]

Cv1 : 0.5 [m2.5/min] Cv2 : 0.6 [m2.5/min]

h̄2 : 0.25 [m]

Ts = 0.1 [min]

ẋ

0 =


�1.67 0
1.67 �2.4

�
x

0 +


4
0

�
u0

y0 =
⇥
0 1

⇤
x

0

x

0(k + 1) =


0.8462 0
0.1363 0.7866

�
x

0(k) +


0.3684
0.0292

�
u0(k)

y0(k) =
⇥
0 1

⇤
x

0(k)



Fin

h1

h2

LT

Fin = F d
in + F s

in

In reality,...

x

0(k + 1) = �x

0(k) + �u0(k) + �w(k)

y0(k) = Cx

0(k) + ⌫(k)

random fluctuations in Fin

measurement noise in h2



W ⇠ N (µ,�2) =
1p
2⇡�2

e
�


(w�µ)2

2�2

�



V ⇠ N (µ0,�02) =
1p

2⇡�02
e
�


(⌫�µ0)2

2�02

�



{w} and {v}: white noise sequence with zero-mean Gaussian

E [w(k)] = 0

E [⌫(k)] = 0

cov [w(k)] = Q

cov [⌫(k)] = R

cov [w(k), w(j)] = 0; j 6= k

cov [⌫(k), ⌫(j)] = 0; j 6= k

cov [w(k), ⌫(j)] = 0



Probability density function of vectors


X
Y

�
= N (µ, P )

p(x, y) =

1

2⇡�

x

�

y

p
1� ⇢

2
exp


�1

2(1� ⇢

2
)

[z]

�

z =
(x� µ

x

)2

�

2
x

+
(y � µ

y

)2

�

2
y

� 2⇢(x� µ

x

)(y � µ

y

)

�

x

�

y

µ =


µ
x

µ
y

�
P =


�2
x

⇢�
x

�
y

⇢�
x

�
y

�2
y

�



Linear transformation
Z = TX

X =


x1

x2

�
⇠ N(µ, P ) P = E⇤ET

Z ⇠ N (Tµ, TPTT )

P =


100 40
40 80

�

P =


10 4
4 8

�

⇤ =


131.21 0

0 48.7

�

⇤ =


13.1 0
0 4.9

�

trace = 18 trace = 18



Drawing covariance ellipses

p(x) =
1

(2⇡)n/2|P|1/2
exp

⇢
�1

2

(x� µ
x

)

T

P

�1
(x� µ

x

)

�
n-dim. multivariate-normal dist.

A particularly useful contour is 1-σ bound: (x� µ
x

)TP�1(x� µ
x

) = 1

Assume zero-mean.
x

T
P

�1
x = 1

x

T (E⇤ET )�1
x = 1

x

TE⇤�1ET
x = 1

x

TE⇤�1/2⇤�1/2ET
x = 1

x

T
KK

T
x = 1

Orthonormality

K = E⇤�1/2

now for any point y = [x, y]T which is on the unit circle, yTy = 1 , so

x

T
KK

T
x = y

T
y

K

T
x = y

) x = E⇤1/2
y
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x(k + 1) =


0.8462 0
0.1363 0.7866

�
x(k) +


0.3684
0.0292

�
u(k) +w(k)

y(k) =
⇥
0 1

⇤
x(k) + ⌫(k)

Estimate of h1 
Filtered estimate of h2

Can we extract information about h1 
given only h2?



Observability
2

6664

C
C�
...

C�n�1

3

7775
rank of = n = state dimension

C =
⇥
0 1

⇤

� =


�11 0
�21 �22

�

C� =
⇥
�21 �22

⇤

Ob =


0 1

�21 �22

�

yes

C =
⇥
1 0

⇤

� =


�11 0
�21 �22

�

C� =
⇥
�11 0

⇤

Ob =


1 0

�11 0

�

no

Can we extract information about h2 
given only h1?

Can we extract information about h1 
given only h2?



Linear state estimation
x(k + 1) = Ax(k) +Bu(k) + w(k)

y(k) = Cx(k) + ⌫(k)

{w(k)} {⌫(k)}and are stationary random processes with known statistical properties.

Objective: To find the conditional probability density function of the state (or) 
                       posterior density of the state

p

⇥
x(k)|Y k

⇤

Y k : Set of all the available measurements up to time instant k



Non-linear state estimation

{w(k)} {⌫(k)}and are stationary random processes with known statistical properties.

Objective: To find the conditional probability density function of the state (or) 
                       posterior density of the state

p

⇥
x(k)|Y k

⇤

Y k : Set of all the available measurements up to time instant k

x(k + 1) = F [x(k), u(k)] + w(k)

y(k) = H(x(k)) + ⌫(k)



Sequential estimation problem

Posterior density is estimated in two stages:

P (H|D) =
P (H)⇥ P (D|H)

P (D)

H: hypothesis, D: data

p(Ht|Ht�1, Dt) : this is what we are doing

1. Prediction step: posterior density at previous time step is propagated into the 
next time step through the transition density

p

⇥
x(k)|Y k�1

⇤
=

Z
p[x(k)|x(k � 1)]p[x(k � 1)|Y k�1]dx(k � 1)

2. Update step: involves application of Bayes’ rule

p[x(k)|Y k] ⇡ p[y(k)|x(k)]⇥ p[x(k)|Y k�1]

likelihood prior



Optimal state estimate

• Minimum mean square error (MMSE)  

• aimed at finding the conditional mean of x 

• Maximum a posterior (MAP) 

• aimed at finding mode of posterior probability 
density function 

• Measure of accuracy of a state estimate 

• covariance



x(k + 1) = Ax(k) +Bu(k) + w(k)

y(k) = Cx(k) + ⌫(k)

p(w) = N (0, Rw) p(⌫) = N (0, R⌫)

p

⇥
x(k � 1)|Y k�1

⇤
= N [x̂(k � 1|k � 1), P (k � 1|k � 1)]

p

⇥
x(k)|Y k�1

⇤
= N [x̂(k|k � 1), P (k|k � 1)]

• initial state distribution is assumed to be normal

• prior

p

⇥
x(k)|Y k

⇤
= N [x̂(k|k), P (k|k)]

• posterior are Gaussian w/ system being linear and noise being Gaussian



p

⇥
x(k)|Y k

⇤
/ p[y(k)|x(k)]p

⇥
x(k)|Y k�1

⇤

p

⇥
x(k)|Y k�1

⇤
=

1

(2⇡)

n/2|P |1/2
exp


�1

2

{x(k)� x̂(k|k � 1)}T P (k|k � 1)

�1 {x(k)� x̂(k|k � 1)}
�

⇠(k)
�
= x(k)� x̂(k|k � 1)

p

⇥
x(k)|Y k�1

⇤
=

1

(2⇡)

n/2|P |1/2
exp


�1

2

⇠

T
(k)P (k|k � 1)

�1
⇠(k)

�

p [y(k)|x(k)] = 1

(2⇡)

n/2|R⌫ |1/2
exp


�1

2

{y(k)� Cx(k)}T R

�1
⌫ {y(k)� Cx(k)}

�

e(k)
�
= y(k)� Cx(k)

p [y(k)|x(k)] = 1

(2⇡)

n/2|R⌫ |1/2
exp


�1

2

e

T
(k)R

�1
⌫ e(k)

�

p

⇥
x(k)|Y k

⇤
/ exp


�1

2

�
e

T
(k)R

�1
⌫ e(k) + ⇠

T
(k)P (k|k � 1)

�1
⇠(k)

 �



min
x(k)

J = min
x(k)

1

2

⇥
eT (k)R�1

⌫

e(k) + ⇠T (k)P (k|k � 1)�1⇠(k)
⇤

⇠(k) = x(k)� x̂(k|k � 1)e(k) = y(k)� Cx(k)

@J

@x(k)
=

⇥
�C

T
R

�1
⌫ e(k) + P

�1
⇠(k)

⇤
= 0

⇥
�C

T
R

�1
⌫ {y(k)� Cx(k)}+ P

�1 {x(k)� x̂(k|k � 1)}
⇤
= 0

�C

T
R

�1
⌫ y + C

T
R

�1
⌫ Cx+ P

�1
x� P

�1
x̂ = 0

⇥
P

�1 + C

T
R

�1
⌫ C

⇤
x = P

�1
x̂+ C

T
R

�1
⌫ y

⇥
P

�1 + C

T
R

�1
⌫ C

⇤
x = P

�1
x̂+ C

T
R

�1
⌫ y � C

T
R

�1
⌫ Cx̂+ C

T
R

�1
⌫ Cx̂

⇥
P

�1 + C

T
R

�1
⌫ C

⇤
x =

⇥
P

�1 + C

T
R

�1
⌫ C

⇤
x̂+ C

T
R

�1
⌫ [y � Cx̂]

x = x̂+
⇥
P

�1 + C

T
R

�1
⌫ C

⇤�1
C

T
R

�1
⌫ [y � Cx̂]

x̂(k|k) = x̂(k|k � 1) +K {y � Cx̂(k|k � 1)}

K =
⇥
P�1 + CTR�1

⌫ C
⇤�1

CTR�1
⌫



K =
⇥
P�1 + CTR�1

⌫ C
⇤�1

CTR�1
⌫

[A+BCD]�1 = A�1 �A�1B
⇥
C�1 +DA�1B

⇤�1
DA�1

⇥
P�1 + CTR�1

⌫ C
⇤�1

= P � PCT
⇥
R⌫ + CPCT

⇤�1
CP

K =
h
P � PCT

⇥
R⌫ + CPCT

⇤�1
CP

i
CTR�1

⌫

K = P (k|k � 1)CT
⇥
CP (k|k � 1)CT +R⌫

⇤�1

second moment



Note z = �X X ⇠ N (µ, P ) z ⇠ N (�µ,�P�T )

x(k) = Ax(k � 1) +Bu(k � 1) + w(k)

) x̂(k|k � 1) = Ax̂(k � 1|k � 1) +Bu(k � 1) + 0

N (x̂(k � 1|k � 1), P (k � 1|k � 1))

Prediction:

Update: posterior ⋍ prior x likelihood

P (k|k � 1) = AP (k � 1|k � 1)AT +Rw



x(k + 1) = Ax(k) +Bu(k) + w(k)

y(k) = Cx(k) + ⌫(k)

p

⇥
x(k)|Y k�1

⇤
= N [x̂(k|k � 1), P (k|k � 1)]

E
⇥
x(k)|Y k�1

⇤
= x̂(k|k � 1)

= E
⇥
Ax(k � 1) +Bu(k � 1) + w(k � 1)|Y k�1

⇤

x̂(k|k � 1) = Ax̂(k � 1|k � 1) +Bu(k � 1)

P (k|k � 1) = cov [⇠(k|k � 1)] = E
⇥
⇠(k|k � 1)⇠(k|k � 1)

T
⇤

⇠(k|k � 1) = x(k)� x̂(k|k � 1)

= [Ax(k � 1) +Bu(k � 1) + w(k � 1)]� [Ax̂(k � 1|k � 1) +Bu(k � 1)]

= [A⇠(k � 1|k � 1) + w(k � 1)]



E
⇥
⇠(k|k � 1)⇠(k|k � 1)T

⇤
= E

h
{A⇠(k � 1|k � 1) + w(k � 1)} {A⇠(k � 1|k � 1) + w(k � 1)}T

i

= E
⇥
A⇠(k � 1|k � 1)⇠T (k � 1|k � 1)AT

⇤
+ E

⇥
w(k � 1)w(k � 1)T

⇤

P (k|k � 1) = AP (k � 1|k � 1)AT +Rw



Why is K a fcn of two covariance matrices?

E[y(k)|Y k�1] = ŷ(k|k � 1) = CAx̂(k � 1|k � 1) + CBu(k � 1)

e(k|k � 1) = y(k)� ŷ(k|k � 1)

= [CAx(k � 1) + CBu(k � 1) + Cw(k � 1) + ⌫(k)]� [CAx̂(k � 1|k � 1) + CBu(k � 1)]

e(k|k � 1) = [CA⇠(k � 1|k � 1) + Cw(k � 1) + ⌫(k)]

e(k|k � 1) = [C⇠(k|k � 1) + ⌫(k)]

cov [e(k|k � 1)] = E
h
{C⇠(k|k � 1) + ⌫(k)} {C⇠(k|k � 1) + ⌫(k)}T

i

= CP (k|k � 1)CT
+R⌫

cov

⇥
⇠(k|k � 1)eT (k|k � 1)

⇤
= E

h
⇠(k|k � 1) {C⇠(k|k � 1) + ⌫(k)}T

i

= P (k|k � 1)CT

K = cov

⇥
⇠(k|k � 1)eT (k|k � 1)

⇤
[e(k|k � 1)]

�1

= P (k|k � 1)CT
⇥
CP (k|k � 1)CT

+R⌫

⇤�1



p[x(k)|Y k] = N [x̂(k|k), P (k|k)]

x̂(k|k) = x̂(k|k � 1) +K [y(k)� Cx̂(k|k � 1)]

P (k|k) = cov [⇠(k|k)] = E
⇥
⇠(k|k)⇠(k|k)T

⇤

P (k|k) = E
⇥
⇠(k|k)⇠(k|k)T

⇤

= E
h
{⇠(k|k � 1)�Ke(k|k � 1)} {⇠(k|k � 1)�Ke(k|k � 1)}T

i

= P (k|k � 1) +Kcov [e(k|k � 1)]KT � PCTKT �KCP

= P (k|k � 1) + P (k|k � 1)CT
⇥
CP (k|k � 1)CT

+R⌫

⇤�1 ⇥
CP (k|k � 1)CT

+R⌫

⇤
KT

= P (k|k � 1)�KCP (k|k � 1) = [I �KC]P (k|k � 1)

�P (k|k � 1)CTKT �KCP (k|k � 1)

⇠(k|k) = x(k)� x̂(k|k)
= [Ax(k � 1) +Bu(k � 1) + w(k � 1)]� [Ax̂(k � 1|k � 1) +Bu(k � 1) +Ke(k|k � 1)]

= A⇠(k � 1|k � 1) + w(k � 1)�Ke(k|k � 1)

= ⇠(k|k � 1)�Ke(k|k � 1)



Kalman filter
Prediction step N [x̂(k|k � 1), P (k|k � 1)]

N [x̂(k|k), P (k|k)]

x̂(k|k � 1) = Ax̂(k � 1|k � 1) +Bu(k � 1)

x̂(k|k) = x̂(k|k � 1) +Ke(k|k � 1)

P (k|k) = [I �KC]P (k|k � 1)

K = P (k|k � 1)CT
⇥
CP (k|k � 1)CT +R⌫

⇤�1

Correction step

Kalman Gain Computation
e(k|k � 1) = [y(k)� Cx̂(k|k � 1)] ⇠(k) = x(k)� x̂(k|k � 1)

K(k) = P⇠,e [Pe,e(k)]
�1

(innovations) (estimation error)

(covariance matrices)

P (k|k � 1) = AP (k � 1|k � 1)AT +Rw



Simulation results



Issues in state estimation

• Generates the maximum likelihood (or minimum 
variance) estimates of the states when noises are 
Gaussian and the system is linear 

• Model accuracy is critical to state estimation 

• Noise model parameters: measurement and state 
noise covariance matrices (Q and R) are difficult to 
estimate. These matrices are typically used as tuning 
parameters



Difficulties with Kalman filter

• Linear perturbation model: range of applicability limited to a 
narrow region around an operating point 

• Cannot be used for  

- strongly nonlinear systems or operation over wide operating 
range 

- batch/semi-batch processes 

• State estimation using nonlinear dynamic model: 

- Extended Kalman filter (EKF) 

- Ensemble Kalman filter (EnKF) 

- Unscented Kalman filter (UKF)


