Topics in Ship Structures

07 Linear Fracture Mechanics

—

Reference : Fracture Mechanics by T.L. Anderson
Lecture Note of Eindhoven University of Technology

2017. 10
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0. INTRODUCTION
Historical Overview 2

“Griffith theory for brittle material (1920's)

= “A crack in a component will propagate if the total energy of the
system is lowered with crack propagation.”

= " if the change in elastic strain energy due to crack extension > the
energy required to create new crack surfaces, crack propagation will
occur”

“*Irwin (1940's) extended the theory for ductile materials.

= " the energy due to plastic deformation must be added to the surface
energy associated with creation of new crack surfaces”

= “Jocal stresses near the crack tip are of the general form”
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0. Introduction
Minimum total potential energy principle

» Fundamental concept used in physics, chemistry, biology, and engineering.

= |t dictates that a structure or body shall deform or displace to a position
that (locally) minimizes the total potential energy, with the lost potential
energy being converted into kinetic energy (specifically heat).

= The potential energy of an elastic body, M, is defined as follows:
II=U-—-F
Here, U : strain enerqy stored in the body
F : the work done by external loads

= Examples
v" A rolling ball will end up stationary at the bottom of a hill, the point of
minimum potential energy. It rolls downward under the influence of gravity,
friction produced by its motion transfers energy in the form of heat of the
surroundings with an attendant increase in entropy.
v Deformation of spring under gravity stretches and vibrates and finally stops
due to the structural damping.
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0. Introduction
Minimum total potential energy principle

= This energy is at a stationary position when an infinitesimal variation from
such position involves no change in energy.
O8I =6(U—F)
= The principle of minimum total potential energy may be derived as a special

case of the virtual work principle for elastic systems subject to conservative
forces.

» The equality between external and internal virtual work (due to virtual
displacements) is:

fst sul TdS + fst su' fdv=[, Se" odV

u = vector of displacements
T = vector of distributed forces acting on the part of the surface
f = vector of body forces

= |n the special case of elastic bodies

6U = [, 8e" odV,6F = [ su” TdS + [, su” fav
~ 06U = 6F
— The basis for developing the finite element method.
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1. An Atomic View of Fracture

An atomic view of fracture
e

“*Physical meaning of fracture
= A material fractures when sufficient stress

and work are applied at the atomic level to
break the bonds that hold atoms together.

» The bond strength is supplied by the
attractive forces between atoms.

= A tensile force is required to increase the
separation distance from the equilibrium
value, this force must exceed the cohesive
force to sever the bond.

= The bond energy is given by

By :J Pdx

v’ X, : the equilibrium spacing
v P : the applied force

I
|
|
|
|
|
|

“ohesive
Force
Energy A
* \
A
X 4 \ 'l Distance

E, :J‘ Pdx

Distance

Eh\
(i)
%
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1. An Atomic View of Fracture
Calculation of cohesive stress 6

_

Idealizing the interatomic force-displacement relationshio as a sine wave.

|
(nx " -/
P—P:,sm[lJ : ! i
For small displacements, Applied : \ .
P=p(Z) :>k=11(7;) (P = kx) ¢ -
ey P= P sin (7)

Assume n atomics within unit area A(=1), nk — stiffness

nkx
Leftside ———-=E Rightside kX, (fj:g(m%j = O :E_’l
A(=1) A=D1 LA ° mx
(6=£—>P=E6, k=E—>E=E)
EA L L A

When A is assumed to be equal to the atomic spacing

T

ol

2=
e
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1. An Atomic View of Fracture

Surface energy 7
- - - )
= Surface energy g
1 Jt/l . (n_x) Tension
=—| o sin|— |dx=0.=
e 2Jo ¢ A ‘r
-( Applied
force per unit area distance Force
= Cohesive stress in férms of surface energy
X 'Ey_ v
GCZE, ZZGCEXO 752002_ » 0= £
ﬂ'-xo E E \.‘ XO

ys - the surface energy per unit area,
= one-half of the fracture energy

v’ because tension should be applied two atoms in opposite direction
and surface energy of 2y, is required to split the atoms.

pale. Y
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2. Stress Concentration Effect of Flaws

Stress concentration effect of flaws

__eeee———
»Effect of flaws

The theoretical cohesive strength of a material is approximately ¢ =E/x

Experimental fracture strengths for brittle materials are typically three
or four orders of magnitude below this value.

The discrepancy between the actual strengths of brittle materials and
theoretical estimates was due to flaws.

Fracture occurs when the stress at the atomic level > cohesive strength
of material.

Flaws lower the global strength by magnifying the stress locally.

The first quantitative evidence for the stress concentration effect of flaws
was provided by Inglis
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2. Stress Concentration Effect of Flaws

Stress concentration effect of flaws

%+ Stress concentration
= The hole is not influenced by the plate B.C.
= j.e. plate width >> 2a, plate height >>2b

o —G(1+2a)
4 b

= Where the ratio o,/c is defined as stress concentration factor k.. When
a=Db, the hole is circular and k=3.0.

= As the major axis a1, relative to b, the elliptical hole - a sharp crack.

2
Inglis = GAZG[1+2\/;) p:b_
p
d
a

a
When a>>b, GA=61+2\/; = 0,=20 5
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2. Stress Concentration Effect of Flaws
Calculation of global strength 10

————
% Calculation of remote stress at failure (by Inglis)

= An infinite stress at the tip of an infinitely sharp crack, where p =0.

Paradox: A material containing a sharp crack should theoretically fail
upon the application of an infinitesimal(=2-2) load.

= this paradox of a sharp crack motivated Griffith to develop a
fracture theory based on energy rather than local stress.

Metals deform plastically, which causes an initially sharp crack to blunt.

In the absence of plastic deformation, the minimum radius a crack tip
can have is on the order of atomic radius = p =X,

Local stress concentration at the tip of an atomically sharp crack:

a . E
Stress at A: 0, 220\/)6— Cohesive stress : 6= |~ s
0 X
= Crack/fracture occurs when
—— 1/2
\E Ey.
O-A — i — GC — :‘ }/S — O-f — (—ys )
., \ % ' da




3. The Griffith Energy Balance
The Griffith energy balance "

_

<+ Griffith’s idea

First law of thermodynamics : when a system goes from a non
equilibrium state to equilibrium, there is a net decrease in energy.

The crack is formed by the sudden annihilation (2=&) of the tractions
acting on its surface.

The new state is not under equilibrium, then by the theorem of
minimum potential energy, the potential energy is reduced by the
attainment of equilibrium.

A crack can form only if the process causes the total energy to
decrease or remain constant.

The critical conditions for fracture can be defined as the point where
crack growth occurs under equilibrium conditions, with no net change

in total energy. T
dw Traction
dE _dIL  dW, _ I
dA dA dA e
l e
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3. The Griffith Energy Balance
The griffith energy balance .

_

<+ Griffith’s idea

! .

Traction Crack odcurs
l
™~
| T
Potential energy I1; Potential energy I1,

Then where the energy : AIl=II, - I1, (I1, > I1, )gone?

= The reduced potential energy is used to create new crack
surfaces.

"*a

(2eel}
2,

)%A.
&

ré-“-
B8/
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3. The Griffith Energy Balance
The griffith energy balance .

e ———————————————————————
“The Griffith energy balance for an incremental increase in the crack

area dA, o;mm% l?\\xw
w_dTl aw_, _dTl_aw / =
dA  dA  dA dA  dA / B //O/ _ ra?
whe;e A 7/
. = total energy MARAARARAAAN AN

IT = potential energy supplied by the internal strain energy and external forces
W, = work required to create new surfaces

ro’a’B

dIT dadll = d (A de__l(de:ﬁaza
» dA  dA da dA\ 2B )\ da 2B\ da E

W, =4aBy, my aw, 1 (dWS):zys

dA 2B\ da

2 12
7o a _9 » f :(ZE%] A through-thickness crack in an
E Vs za infinitely wide plate subjected to
a remote tensile stress 25
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3. The Griffith Energy Balance
Comparison of two approaches :

_

= |nglis's approach - _(Ey_\)“z
7\ 4a

1/2
2B
o (222)
’ wTa

» When crack-tip radius is equaling to atomic space order, these two
approaches are consistent with one another, at least in the sharp
crack in an ideally brittle solid.

= Griffith’ approach

= But, when the crack-tip radius (p)is significantly greater than the
atomic space, there is an apparent contradiction between two
approaches. However,

242
B
=11, - 222

v Griffith model is insensitive to the notch radius as long as a>>b

v According to the Inglis stress analysis, in order for . to be attained at
the tip of notch, s; must vary with (1/p)'2. Ey

o,= |—=%
c \“ Xo
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3. The Griffith Energy Balance

Comparison of two approach 0

“*Inglis’s approach v.s. Griffith’ approach

Example:

Consider a crack with p = 5 x 10°m. Such a crack would appear sharp
under a light microscope, but p would be four orders of magnitude larger
than the atomic spacing in a typical crystalline solid. Thus the local stress
approach would predict a global fracture strength 100 times larger than
the Griffith equation. The actual material behavior is somewhere between
these extremes; fracture stress does depend on notch root radius, but
not to the extent implied by the Inglis stress analysis.

T 1/2
a 'E Ev.
GAZZG\/% = p =X O-A: i — O-c:\,: ys — Gf:(4ys)
b} | X, ~ a
1/2
_ [Enp]
o=
4ax, G50
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3. The Griffith Energy Balance : Lecture Note of Eindhoven University of Technology
Energy balance

16

|

|

]

|
/‘- —

|
v,

“ Energy types

E : total energy

IT : potential energy supplied by the internal strain
energy and external forces

w_ - work required to create new free surfaces

Plate with a line crack of length a.

. kinetic energy resulted from material velocity

C

U, : dissipated energy due to friction and plastic
deformation

0

O

O

Energy balance in terms of time

[] []
E=T1+W,+U,+U, derivative
d, y dad_ . “d Tran from time derivative to
—()="—()=a—() - —
dt dt da da state variable derivative

dE dIT dw, dU, du,
=—+ + +

Energy balance in terms of derivative

da da da

da

da

of state variable, a

pola. Y
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3. The Griffith Energy Balance : Lecture Note of Eindhoven University of Technology

Griffith energy balance .
“ Energy types
o E : total ener
- / B gy
’ ) IT : potential energy supplied by the internal strain
T~ ~— l - energy and external forces
*; - \ w_: work required to create new free surfaces
) .
u/: kinetic energy resulted from material velocity
Plate with a line crack of 0 :
length a. ud/: dissipated energy due to friction and plastic

deformation

% Energy balance equation with all energy terms
dE  dIT dW Ldug dyy

a da " /da Assumption for Griffith energy balance @
dg’ dIT _ dW Assumption for Griffith energy balance @
/da da da
. Grlfﬂth energy balance equation
_air_ dw, et
da da R
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3. The Griffith Energy Balance : Lecture Note of Eindhoven University of Technology
Griffith energy balance

_

_dm_dw,
da da

1 dI1

B da

Left side

Lo

.

=

A plate loaded in tension and fixed at its edges

W

"

energy da

Tl | g

I1

energy release rate

1
B

[

Griffith energy balance equation

dw,
da

J

Right side :
crack resistance force

18
w=4aBy, | | W _4py,
‘ ‘ da
B dIT rola
dA E

Crack growth criterion by the relation of a with

critical crack length a,

a<a, [

a

a

a>a

C

C

dIT
——<

da

dW,
da

_d_dw,
da da

dW,
da

dIT
-——>
da

j : no crack growth

: unstable crack growth

: critical crack length

= For a crack increase in size, sufficient potential energy
must be available in the plate to overcome the surface
energy

Surface and internal energy vs.

crack length
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3. The Griffith Energy Balance
Modified Griffith equation e

“Original Griffith equation 2Ey )
= This equation is valid only for ideally brittle solids. % _( ]

/
= A good agreement is obtained between the equation and the
experimental fracture strength of glass.

= However, severely underestimates the fracture strength of metals.

Ta

“*Modified Griffith equation

= |Irwin and Orowan independently modified the Griffith equation to
account for materials that are capable of plastic flow.

_ (2Em + m)‘”

0
# Ta

= y, : plastic work per unit area of surface created.
= . :the total energy of broken bonds in a unit area
(ideally brittle solid)

"= >
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3. The Griffith Energy Balance
Modified Griffith equation

A Generalized Griffith model
= Account for any type of energy dissipation
= W; : Fracture energy which could include plastic, viscoelastic,

viscoplastic effects, crack meandering and branching (which increase

the surface area), etc.

Crack Propagation Plastic Deformation

(Zwa )1/2 >
O,= '

wa

()

guasi-brittle elastic-plastic material

True Area

(©

We= Yo W, =Y, =
s A (PrOJected Area)

: : : brittle material with crack meandering (T+=
ideally brittle material 723 Z)and branching

OPen INteractive Structural
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3. The Griffith Energy Balance
Modified Griffith equation

A Caution of applying Griffith equation
= The Griffith model only could apply to linear elastic material behavior.
= The global behavior of structure must be elastic.

» Nonlinear effects such as plasticity, must be confined to a small region
near the crack tip

ro’a’B

= W; is assumed as constant, however, in many ductile materials fracture
energy increases with crack growth.

12
o (2wa)
o |
: d
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4. Energy Release Rate
Modified Griffith equation

“*Energy release rate (by Irwin)
= a measure of the energy available for an increment of crack

extension
_ 4l
7 dA

the rate of change in potential energy with the crack area (Not
with time).

crack extension force or the crack driving force
The potential energy of an elastic body, I, is defined as follows:

Mm=U-F
U : strain energy stored in the body
F : the work done by external loads

OPen INteractive Structural
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4. Energy Release Rate
Cracked Plate at a fixed load P

oad

R T e —

/ ‘ dF = PdA
/ “J
/ \\‘

a+tda

A
AN

Displacement

F=PA uv-—

M=U-F="2_pp-_FPA
2 2

—>I1=-U

G

__i(d_ﬂj _i(d_Uj _i(d_Aj
B\da/; Bl\da), 2B\ da)

23

Crack extension da results in a net increase in strain energy

From TI1 __PFa

2

PdA
@y =——5~

(dU), = dF +dIT

(dU), = PdA— PdA _ PdA
2 2 .

e. I1

From left figure

(dF), =PdA
P(A+dA) PA PdA
(dU)p — ( )_ _
2 2 2
@i, =P8 _pgy - PdA
2 2
:P(A+dA)_P(A dA):_%_izA
i
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4. Energy Release Rate

Cracked Plate at a fixed displacement A “
: PA
7 F=0 =
7 U==
PA PA
i M=U-F="--0=—>T1=U
> 2 2

o H(E) () ae)
jEeeeee l - Blda), Blda), 2Blda),

Crack extension da results in a net decrease in strain
energy since dP<0

PA From left figure
From II=— )
dP 2 (dF), =0
A _dPA
(@), ==~ (@), - (P+dPA_PA_ade g
2 2 2
(dU), =dF +dII ), = AP _o_AdP
2 2
AdP  AdP
(dU), =0+—= o o A(P+dP) PA  AdP
A _ A 2 2 1.6. > > + > P

i oY
Displacement OPen INteractive Structural ﬁ;’iﬁ



4. Energy Release Rate
Cracked Plate at a fixed load P

= The absolute values of these energies differ by the amount dPd4/2

PdA

(dU), = (dU), =

PdA (AdP d j

2 T2 2

Load

Load

AdP

B (dU),=—(dv),

|
|
|
I
(
I
l
I
|
I
I
I
|
; A

Displacement

.

Displacement

OPen INteractive Structural .o
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4. Energy Release Rate
Comparison of two approaches

e ——————————————————
% introduce the compliance, which is the inverse of the plate stiffness

c-2
P

Fixed Load

Fixed Displacement

Energy Release rate

P (dA
% :E(El

A (dP
%—‘E(EJA

A=PC —>dA=PdC

2
pi-leap-—FPgc
A A

G.=G =

g

_ptdc
2B da

Strain Energy

(dU), :%60)

(@V), =52 (<0

~(dU), =(du),

"X SHYES Z= StS2 M=ol BlEHSta, CrackO] X[ EHA

Fd0| HX|= H| 20 H|2|tct
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4. Energy Release Rate
Calculation of energy release rate from experiment 21

% Calculation of energy release rate by Load-displacement curve obtained
from a experiment

P C ) dC _:
lo — ;
/ P da
> 1dC 5
\ o °

= Step 1: Load — displacement curves are plotted with increasing crack
length a (1)

= Step 2 : Calculate compliance ¢ = % for different a.

= Step 3 : Plot compliance ¢ versus crack length a. (2)

= Step 4 : Calculate % by differentiating compliance curve c in terms of a (3).
= Step 5 : For specific load P and crack length a, calculate energy release.

_pP*dC
2B da
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4. Energy Release Rate

EX 2.2 : Beam with a central crack loaded in Mode |

28

Determine the energy release rate for a double cantilever beam (DCB)
specimen

P

= From Beam theory: A _ Pa’ | _ Bh®
2 3El 12

» Compliance ~_A _ 8a’ dC  24a’

P EBh’ da EBh’

= Energy Release Rate

G - P*dC P’ 24a® 12P%°
2B da 2B EBh® EB°h’
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5. Instability and the R Curve

Calculation of energy release rate from experiment 2
_

Driving force curve : ¢ vs. crack size

Resistance curve : R vs. crack size.

d¢ dR

Stable condition : ¢= R and da < &
Unstable crack growth : ¢ > drR
da da

Aflat R curve : the material resistance is constant with crack growth.
= Fracture occurs when the stress reaches o,. Unstable propagation.
Arising R curve : for larger o,, the plate is unstable with further crack growth.

G.R

Gl-= = =

Stable
O

ol

a a.  a.
o [ &

Crack Size Crack Size

Rising R curve J; (Aeh Y
Flat R curve g en INteractive Structural \i-""sg




5. Instability and the R Curve
Reasons for the R Curve Shape 30

_

» The shape of the R curve depends on the
material behavior and, to a lesser extent, on the
configuration of the cracked structure.

= |deally brittle material : flat R curve because the
surface energy is an invariant material property.

=  Nonlinear material behavior ;: R curve can take
on a variety of shapes.

Crack Size

v" ex) ductile fracture in metals : rising R curve
< a plastic zone at the tip of the crack Flat R curve
Increases in size as the crack grows. The
driving force must increase to maintain the A &
crack growth. G.R 2

v If the cracked body is infinite (i.e., if the Gl — - - % g
plastic zone is small compared to the body) |
the plastic zone size and R eventually reach / i
steady-state values = flat with further |
growth. - — >

Crack Size
Rising R curve ,,,’,‘:
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5. Instability and the R Curve
Reasons for the R Curve Shape .

_

Ideally, the R curve, as well as other measures of fracture toughness,
should be a property only of the material and not depend on the size or
shape of the cracked body.

Much of fracture mechanics is predicated on the assumption that fracture
toughness is a material property.

However, the size and geometry of the cracked structure can exert some
influence on the shape of the R curve.

A crack in a thin sheet = a steeper R curve than a crack in a thick plate
because of a low degree of stress triaxiality (3%) at the crack tip in the thin
sheet, while the material near the tip of the crack in the thick plate may be in
plane strain.

The R curve can also be affected if the growing crack approaches a free
boundary in the structure. A wide plate may exhibit a somewhat different
crack growth resistance behavior than a narrow plate of the same material.

OPen INteractive Structural \f‘iﬁ



5. Instability and the R Curve
Load control vs. Displacement Control .

_

The stability of crack growth depends on the rate of change ini.e., the
second derivative of potential energy. Although the driving force @ is the
same for both load control and displacement control, the rate of change of
the driving force curve depends on how the structure is loaded.

Displacement control tends to be more stable than load control. The driving
force actually decreases with crack growth in displacement control.

Ex) A cracked structure subjected to a load A
P, and a displacement A,.

Load controlled, it is at the point of
instability where the driving force curve is ﬂ
tangent to the R curve. .

Displacement control : the structure is
stable because the driving force decreases
with crack growth; the displacement must
be increased for further crack growth.

Instability in
g‘ R Load Control

Crack Size

Driving force/R curve diagram for
load(P) and displacement control (A)

%'N
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5. Instability and the R Curve

Load control vs. Displacement Control

33

_

Ex 2.3) Evaluate the relative stability of a DCB specimen in load control and
displacement control.

P> dC P? 24a* 12P%a° c_A_ 8a® | |dC _ 242’
Sol) g = 2B da 2B EBh® EB?h® P _EBh’| da EBh

= Load Control : the slope of the driving force is given by (Ex.2.2)
g_i(d_Aj _ P 6Pa®  P%’ dQ\ 2Pa 20 A Pa’ | Bh®
2B\ da /, 2B 3El  BEI da P_ BEI a4 2  3E|’ 12

express ¢ in terms of A and a.

aG
da

(

Displacement control :

3AEI
2a*

A _ 9A’EI

~ 4Ba' |

)

_9AET _ 4G
Ba’

)

d Double cantilever beam (DCB)

specimen.

W
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5. Instability and the R Curve

Structures with Finite Compliance .

= Most real structures are subject to conditions between load control
and pure displacement control.

= Pure displacement control : infinite spring, C,, = 0.
= Load control : an infinitely soft spring, C,, =x.
= At the moment of instability.

|
() o
da ﬁr_ da a

5).%) ) 3)

T

A cracked structure with finite
compliance, represented
schematically by a spring in
series.

>,
<«

Wl

Dl
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6. Stress Analysis of Cracks
35

Introduction
For certain cracked configurations subjected to external forces, it is possible
to derive closed-form expressions for the stresses in the body, assuming

isotropic linear elastic material behavior
the stress field in any linear elastic cracked body is given by

m=0
leading term high order term Y | T?\-y
[ o 2
where “
- ; zfrx

Ojj - stress tensor

K : constant

Jf;; - dimensionless function of & e
Crack

A, : amplitude
g;™ * dimensionless function of @ for the m™ term

k
. .\II.'.I ?‘ .

_ _ _ Definition of the coordinate axis
= Stress near the crack tip varies with 1/+/r ahead of a crack tip. The z

— Stress singularity direction is normal to the page.
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6. Stress Analysis of Cracks
The Stress Intensity Factor

% Stress intensity factor : K,, K, K,

Mode |
(Opening)

Mode II
(In-Plane Shear)

Mode III
(Out-of-Plane Shear)

-

36

The stress fields ahead of a crack tip i(n
an isotropic linear elastic material are

K
NJZ;TF

r—0

hma(ﬂ): KU f(U)(H)
i N,"z Py if

r—0 7
limG(IH): K[H f(UIJ(Q)
NG

Stress Fields Ahead of a Crack Tip(Linear Elastic, Isotropic Material)

Mode |

g, KL u:ros{E l—sin(g]sin(
-\-'2?4'.?‘ 2 2

g, .K—"a::os(E 1+sin[g]sin(£)
\."'271?‘ 2 2 2

- —L_cos|{ — |sin| — |cos| —

0 (Plane stress)

0 (Plane stress)

vio, +o,) (Plane strain) Vo, +0,,)

r.v:' rl: 0 D

Note: v is Poisson’s ratio.

Mode 11

EH — ,Ki sin(EJ{E + cos(gjcos(ﬁﬂ KIH . ( e ]
2 N 2mr 2 2 2 T_= ——F————8In
N 27 2

Mode 111

Xz

aiin(g)en(3 ) T)
——SIN| — |COS| — |[CO8) —

T = 1L cos(g)
¥z ‘jzm 2

K, [9 . [9). [39J N
. cos| — | 1—sin| — |sin| —

(Plane strain)

!
&

i
Rl
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6. Stress Analysis of Cracks
The Stress Intensity Factor

_

|
present), the individual contributions to a given stress component
are additive from the principle of linear superposition.
(total) _ —(I) (D) (1)
Oy =0; *0; T0;
Mode | Mode I Mode Il
K i 9 ; ol B 1 g " = -
u z—llll\lzl—nu)s‘(j)[h‘—l+2.\'|n“(?)d %\2’—”sin(%)[i{+l+2cos‘(%ﬂ uzz%\}l'zf_ﬂsin(
K, [r . (6 (6] I
u, ?111\.2’_71'5“](?)[’\.4-]_2COS_(?) —%‘I\;—”cos(%)[h‘—l—Zs'in:(%)]

In a mixed-mode problem (i.e., when more than one loading mode is

Note: u is the shear modulus. k= 3 — 4v (plane strain) and k= (3 — v)/(1 + V) (plane stress).

Crack-Tip Displacement Fields (Linear Elastic, Isotropic Material)

OPen INteractive Structural
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6. Stress Analysis of Cracks

The Stress Intensity Factor

= Consider the Mode | singular field on the crack plane, where 6 = 0.
K

. I
«f:l?f?’

38

0.~ O-J-’}" o

» The shear stress is zero, which means that the crack plane is a principal
plane for pure Mode | loading.

= Near the crack tip, where the singularity dominates the stress field.
= Stresses far from the crack tip are governed by the remote boundary

conditions.
5 A = K is known, it is possible to solve for all
i =0 components of stress, strain, and
displacement as a function of r and 6.
\
L% - » This single-parameter description of
TN 4| B crack tip conditions turns out to be one
- of the most important concepts in
o .
fracture mechanics
Singularity Dominated
Zone
. ‘L@‘-\s{‘?
Stress normal to the crack plane in Mode | ..*g,
OPen INteractive Structural Yy




6. Stress Analysis of Cracks
Relationship between K and Global Behavior 39

= The crack-tip stresses must be proportional to the remote stress = K, e« ¢ .
= Stress intensity has units of stress,/length. K,

o =0_=
= K = O(O' ‘aa)

xx vy

] \ 27r

= This means, the amplitude of the crack-tip singularity for this configuration is
proportional to the remote stress and the square root of the crack size.

= Through Crack

= The edge crack

K,=1.120+/ra

» The edge crack opens more because it
IS less restrained than the through
crack.

o .‘;t,
o Edge crack of V shape. ‘%-;.s%




6. Stress Analysis of Cracks
Relationship between K and Global Behavior 40

_

A through crack in an infinite plate where the normal to the crack plane is
oriented at an angle B with the stress axis.

Redefine the coordinate axis to coincide with the crack orientation, the
applied stress can be resolved into normal and shear components.

By using Mohr’s circle and
formulas of trigonometric
function

1+cos 260 05?0

sin28 = 2sin@cosé

KI: a. _.'x-":.?l'ﬂ

Through crack in an infinite plate for the general case K.=7T_..+Ta

where the principal stress is not perpendicular to the
crack plane.

= o sin(f3)cos(f3 Wa

(2
»A

o 9

k
A

N
28
S

%
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6. Stress Analysis of Cracks

Relationship between K and Global Behavior
e —————————————————————

The penny-shaped crack in an infinite medium

A penny-shaped crack

Elliptical cracks

Embedded Crack:

AN\

K, =0 —f(9)
o’

1.65
0= 1+1.464(")
C

A = [1 13— 0.09(3)}[1 +0.1(1—sin)?]
C

Semielliptical cracks

Surface Crack:
A A Aoh 4 A
TT1

™ f(9)

K,=iA0
e

OPen INteractive Structural .o
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6. Stress Analysis of Cracks
Effect of Finite Size .

_

» The crack dimensions are small compared to the size of the plate;
the crack-tip conditions are not influenced by external boundaries.

= As the crack size increases, or as the plate dimensions decrease,
the outer boundaries begin to exert an influence on the crack tip.

A A A ? a

||
l 2W »

i ¢ ¢ * vV # * * Y Collinear cracks in an infinite plate
Stress concentration effects infinite plate
and finite plate

oY 4 ( Ta )]”1 As a/W — 0, K, > o+ za (Infinite plate)
2w

K,=0.Ta “” tan PINS
‘ a As a/W -1 K, > a%
OPen INteractive Structural Lol GEE



6. Stress Analysis of Cracks
Effect of Finite Size

_

43

More accurate solutions for a through crack in a finite plate from
finite-element analysis and fit to a polynomial expression.

1/2 2 4
Kj:g,\,"}m[sec[ﬂ) ][1—0.025(i_) +o,{:}6[i]] (2.46)
2w W W

B

—— Eq. (2.45)
-=— Eq. (2.46)
—eo — Secant Term in Eq. (2.46)

\

¥ —o EH’P Ta "
,=0./Ta E cm(ﬁ) (2_45)

0 P INY R S [N U S TN NI N SN S S

| S I

0 0.2 0.4 0.6
alW

0.8

112 2 4
K,= a..\,-'m[sec[ﬂ) ]l] —0.025 [i) +0.06 [i] ]
2w w w

£ D
oY,
%E..
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6. Stress Analysis of Cracks
Effect of Finite Size

_

= K,Solutions for Common Test Specimens

P
:}:K

I

GEOMETRY

Single Edge Notched Tension (SENT)

;N

“a
i

)

) where B is the specimen thickness.

[ wa
2tan——
- W L a 0.752+2.02f —
cos—— w
2w
may
+0.37£175in—) }
2w
Single Edge Notched Bend (SE(B)) e
P .S la

v

S | P/2
V

!

”f

'

I

7

3—
W

7\ w |—] 9 a

99
3 W
2(l+21)(1—i] L ’
v N w
(1 ”_){2,153.93(”%2,7(”]}]
" w W

Center Cracked Tension (CCT)

Al
|

JE p
|

sec ﬁ) 170,025[1')
2W W

44
Center Cracked Tension (CCT) 2
na na | a
. —_wcc[—_) ]—()_()23(—.]
\ 4 2W W
T P
- Ly 2a 3 a '
l k) +().()h[—_] ]
W
Double Edge Notched Tension (DENT) za
L E p \2W [I.l22—()56]((—"]—(),2(15(£_)
a w w
- o = -2
l o
| L
cosr(-2) oo 2) }
w W
Compact Specimen a
24— z
Ar — t3.336+4.64[i_]-13.32[‘—’_)
(1 PRYE I "
[©)
tat— (| —»| 3 4
1.25 W + |4.7z(i] —s.on(i)
ey —— l W w
LD
W
o

pale. Y
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6. Stress Analysis of Cracks
Effect of Finite Size 45

» Plot of stress intensity solutions

— ]
< ; SENT Single Edge Notched Tension (SENT)
= Compact | = 2
s - v i -
S ConpcSpcincn
N— i -+
l 0 i 25 W
W —
ot
: / er oy DENT
9 I 7 ,
- Ly f{ -
l Center Cracked Tension (CCT)
L JE P
Cc'r -+ 2 B
0 L
0 0.2 04 0.6 0.8 1

alW

)%A
&

B
2=
Ze g
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6. Stress Analysis of Cracks
Effect of Finite Size 46

K can always be related to the through crack with an appropriate correction

factor. K

(1,11,1IT) =Yo \ wa

EX. 2.4) Show that the KI solution for the single edge notched tensile panel
reduces to K; = 1.120+/ma when a << W.

a sk
GEOMETRY f( W)

Single Edge Notched Tension (SENT)

- a
12 tan——
a P W _ a
- W - =" 10.752+2.02 ?

l CDS")—W

4

. Ta }
+0.37(1—51[1WJ :l
P f( a ) P /( ) W, —
— === 11— JTta = Yo\ [ma o (a) W
B\W “\w) BW \w/\a ¥ :f{—) [—

w )\ ra

lim f( ] %(0.75%0.37)

a/w—0
lim ¥ =1.12 .
a/Ww—0 . %,
OPen INteractive Structural S
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6. Stress Analysis of Cracks
Principle of Superposition 4

_

» For linear elastic materials, individual components of stress, strain, and
displacement are additive.

» Stress intensity factors are additive as long as the mode of loading is
consistent.
(total) __ (A4) (B) (C)
K" =K"+K,” +K, K

(total)

=K, +K,+K,,

= EX) An edge-cracked panel subject to combined membrane (axial) loading
P, and three-point bending P,.

a o
total membrane bending /(*)
KJ(T ) — KJ(T ) + K} g) GEOMETRY W
Single Edge Notched Tension (SENT) i H
'L p \‘2lanq—”‘_
= W - - 27 [0.75-2+2.02(%H
| P a L p a T
B B W ”’“f"” W bj’;’ w +0 w[l—gmﬁr
N R T
Single Edge Notched Bend (SE(B)) s Ta
P2y s { P2 3= =
" V W\ w . [] 994
a ay ' w
N IE {257
+ " (]—i) 2.1573.93([—’)”,7(1]‘
F 4 W w
eI D
Fle%
(P Y

OPen INteractive Structural AM.&%



6. Stress Analysis of Cracks
Principle of Superposition

_

48

s EX. 2.5) Determine the stress intensity factor for a semielliptical
surface crack subjected to an internal pressure p.

(a) _ pr(b) _ prlo)
K9 =K» - K!

td Ta
=Ap —fld)—-0=Ap — f(
5 p --',IIII;- Q Lf ¢ ) 5 p _..Illllrll. Q f ¢ )

y2

4

7 \ K, = 0 because the crack faces
K, = %G\/ Ef(d)) close, and the plate behaves

as if the crack were not

K, for a semielliptical surface crack under

of superposition.

internal pressure p by means of the principle

present

pale. Y
OPen INteractive Structural ‘%-;.:%



6. Stress Analysis of Cracks
Principle of Superposition

_

iiisaibitiivai iliiiaibitiivii

Stresses acting on the boundary (i.e., tractions) can

be replaced with tractions that act on the crack face.

Mode | is assumed and no shear stresses act on
Plane A-B.

(a) _ g~(b) (c) _ pr(b) S (e) _
K@ =KP+K?=K" (sinceKl” =0)

P(x) P(x)

px) -p(x)

- +

(a) (b) ()

K, = 0 because the crack faces
close, and the plate behaves

as if the crack were not
present

OPen INteractive Structural

Uncracked body subject to
an arbitrary boundary
traction P(x), which results
In a normal stress
distribution p(x) acting on
Plane A-B.




7. Relationship between K and ¢
Relationship between K and ¢ 50

N e———————————
= @ :the energy release rate, the net change in potential energy that
accompanies an increment of crack extension.

» K : quantity characterizes the stresses, strains, and displacements
near the crack tip.

= For athrough crack

o a
G= K,=o+na

E

2

o-Ki

E

= For plane strain conditions, E must be replaced by £/(1 — v?).
E’=E for plane stress E' = : £ ~  for plane strain
—y°

K2
G=-—1
J T

OPen INteractive Structural AM.:"



7. Relationship between K and ¢
Relationship between K and ¢ 51

_
» |s it general relationship that applies to all configurations?

= The work required to close the crack at the tip is related to the energy
release rate.

q”:]im(éb) ST . e o
fixed load

Aa—O0\ Ag

= AU is the work of crack closure, which is equal to the
sum of contributions to work from x = 0 to x = Aa.

x=Aa
AU:J. dU(x)

x=0

dU(x)=2X %ﬁ,(x)u},(x) =0, (¥)u, (x)dx

_ _ Application of closure stresses
= The factor of 2 on the work is required because both| which shorten a crack by Aa

crack faces are displaced an absolute distance u,(x).

_(k+DK (a+Aa) |Aa—x —

Hy 2‘u ’\Ill 2 - u, %\121_7: cos(g)[lc —142sin® (%J]

K, [r . (8 (8
u, EY|ESIII[5)|:K+1 2cos (5H o L“"*B.\?
&
OPen INteractive Structural \f‘iﬁ




7. Relationship between K and ¢
Relationship between K and ¢

_

The normal stress required to close the crack is related to K, for the

O=rn
shortened crack.
Mode |
K (g} (K'-l-l)K (G-l-ﬁé?} ‘Aa—x 0 (eN. (30
— _I U = I o_ —L_cos 1—sin} — [sin| —
6.1-‘3»’ e ¥ U N 21 2mr (z)[ (2) (2)]
' o X cos & +sin 9 sin £
7 N (2][1 (2) [2)}
_ lim (x + DK, (a)K,(a+ Aa) [ I:Aa—xdx
Aa—0 druAa 0 \'l X |
(k+DK] _(x+DK?  4@Q-VK?  Kf  KP eo(3-ay), ﬂ:G:mE )
- - = = = p +V
Su H 8 E z E
21+v)  (1-v?)
= Energy release rate, like energy, is a scalar quantity.
2 2 2
g — KI + KII + KIH
E’ £’ 2U
3
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7. Crack-Tip Plasticity
Relationship between K and ¢ 53

_

Linear elastic stress analysis of sharp cracks predicts
Infinite stresses at the crack tip.

In real materials, however, stresses at the crack tip are finite
because the crack-tip radius must be finite.

The elastic stress analysis becomes increasingly inaccurate
as the inelastic region at the crack tip grows.

Simple corrections to linear elastic fracture mechanics
(LEFM) are available when moderate crack-tip yielding
occurs.

The size of the crack-tip-yielding zone can be estimated by
two methods:

v' the Irwin approach, where the elastic stress analysis is
used to estimate the elastic-plastic boundary,

v' the strip-yield model.

T

e

2=
e

OPen INteractive Structural P



7. Crack-Tip Plasticity

The Irwin Approach o
= On the crack plane (6 = 0), the normal stress c,, in a linear elastic material
IS given by
Mode |
. 6 (6. (36
T, \E COS (?)[1 — sm[—)sm (?) K
- 0 0,=0,=—"~
o 2; : cos(?)[lJrsin[E)sin(T) *\.-""2 Vi

’ sl 3f(3)
xl —L_cos| — [sin| — |cos| —
27 2 2 2

= the boundary between elastic and plastic behavior is assumed to occur
when the stresses satisfy a yield criterion, o, =cys.

First-order and second-order
estimates of plastic zone size
OPel ™7



7. Crack-Tip Plasticity
The Irwin Approach

The simple analysis in the preceding paragraph is
not strictly correct because it was based on an
elastic crack-tip solution. When yielding occurs,
stresses must redistribute in order to satisfy
equilibrium.

The cross-hatched region represents forces that
would be present in an elastic material but cannot
be carried in the elastic-plastic material because th

55

stress cannot exceed the yield.
The plastic zone must increase in size in order to

First-order and second-order

estimates of plastic zone size

accommodate these forces. A simple force balance leads
to a second-order estimate of the plastic zone size I,

F., r

}.- }.‘ K
A — A — I 2l

_1K/

0 {2%?
_ Kl K, K, 1K
J2r 0 oz J2r \/27T(7Ys
2
PR .53
2 O-Y.S‘

=

-
-

’l

7T Oq



7. Crack-Tip Plasticity

The Irwin Approach o
» effective crack length that is slightly longer than the actual crack size
=a-—+r
yp=d 7,
* For plane stress For plane strain
2 2
e : 1(K]
T\ Oys ’ 67 Oyq
= The effective stress intensity cre=\%[(crl—oz)2+(ol—og>2+<og—ogf]‘”

K o = Y(a qﬁﬂ)(}'.x,-'fraqﬁ,

» Since the effective crack size is taken into account in the geometry
correction factor Y, an iterative solution is usually required to solve

for K.
! : |
1 (K _ ,.
Keg B r=—|-L| m dy=a+tr, s K _= Y(a,z)o. ma,,
27[ O-YS ] dss’_;‘g

oY
OPen INteractive Structural ‘%-;.:%



8 Crack-Tip Plasticity
The Irwin Approach o

In certain cases, this iterative procedure is unnecessary because a closed-form
solution is possible. For example, the effective Mode | stress intensity factor for a
through crack in an infinite plate in plane stress is given by

—_—

O f\“,"ll Ta

eff || W2
- f o
,Ml 2} o

Elliptical and semielliptical flaws also have an approximate closed-form plastic zone
correction, provided the flaw is small compared to the plate dimensions.

In the case of the embedded elliptical flaw, K. is given by Elliptical cracks

1/4 Embedded Crack:
|

— 2 2
_ (mal. o (aV o ot
KQﬁ' - O-ﬂl'qll Qgﬁ' |:Sln ((Iﬁl) +(C) - ((P}:| Qﬂﬁ. ) Q_ 0'2 ] 2(—J T | | |

Effective compliance

oA | omate

— 2
eff p
‘L’ﬁﬂﬁ’vl)

OPen INteracti




8 Crack-Tip Plasticity
The Irwin Approach o

» |t should be noted that the author does not recommend using the
Irwin plastic zone adjustment for practical applications.

» |t was presented here primarily to provide a historical context to the
development of both linear and nonlinear fracture mechanics.

/
/! /A
Load PRSP A 41)

/ / I
/ |// |
/ |
/ //I I
/ / 1 |
V. / 1 |

¥E ——
// | I
/ | I
/ ! |
/ ' |

/
y, ( ” 1 | *
f, 1 |
/ | I
a IAI :AZ

Displacement

Definition of the effective compliance to
account for crack-tip plasticity
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8 Crack-Tip Plasticity
The Stl‘ip-YiEld MOdEl, Dugdale [24] and Barenblatt [25] >

A long, slender plastic zone at the crack tip is assumed in a nonhardening material in
plane stress.

The strip-yield plastic zone is modeled by assuming a crack of length 2a + 2p, where
p is the length of the plastic zone, with a closure stress equal to o, applied at each
crack tip.

The strip-yield model.

Plastic Zone

This model approximates elastic-plastic behavior by superimposing two elastic
solutions: a through crack under remote tension and a through crack with closure
stresses at the tip.

Since the stresses are finite in the strip-yield zone, there cannot be a stress
singularity at the crack tip. 0

k S g 5
%=(__-r ij(e)-i-ZAmr-gy‘ (6)
' m=0

The plastic zone length p must be chosen such that the stress intensity factors from
the remote tension and closure stress cancel one another.

OPen INteractive Structural AMX



8 Crack-Tip Plasticity
The Stl‘ip-YiEld MOdEl, Dugdale [24] and Barenblatt [25] o0

The stress intensity due to the closure stress can be estimated by considering a
normal force P applied to the crack at a distance x from the centerline of the crack.

The stress intensities for the two crack tips are given by assuming the plate is of unit

|A 2(!
AP

.

thickness.
[ X >
|
P la+x L _ P la-x < : —
K1(+a) Y H-a) ~ 4l : Y
Jma\a—x yra \a+x _ _
Crack-opening force applied at a
distance x from the center-line.

The closure force at a point within the strip-yield zone is equal to

P=-0,dx
= The total stress intensity at each crack tip resulting from the closure stresses is
obtained by replacing a with a + p in Equation
P la+x P la-x
a+ | I KI(JFH) = [ |'I KI(—a) =7
UYS J P I|a+p+x+ lla_]_p_x d \;'ﬁa\a—x \JTQ' \’ICL-I-X
= [————— | ————— dX
closure f\lflllfr(a + p) a |I o + p — X \ll ) + p + X
| atp a+ a
= _ZGYS |III P J " dxz 2 » Kclosure = _20-}’5*-*.. P COS](
’\I T a ,\Iln'(a + p) —X \ T _a +




8 Crack-Tip Plasticity
The Stl‘ip-YiEld MOdEl, Dugdale [24] and Barenblatt [25]

= The stress intensity from the remote tensile stress K = cn,h;";r(a +p)

must balance with K.
_ atp o _a
Kclosure 20.?'3 ‘ T cos [ a+p
a a o
= COS
a+p 20 4

la+p .
K, +Kypeure =0 B o7(a+p) =20y —*cos 1(a+p

p approaches infinity as c— oy. Let us explore the strip-yield model further
by performing a Taylor series expansion.
2 4 6
a || mo 1 [ no || mo
=1-— +— -— +
a+p 21 204 4 204 o\ 20

= Neglecting all but the first two terms and solving for the plastic zone size
gives. the Irwin and strip-yield approaches predict similar plastic zone sizes.

Irwin approach

) >
mlc’a x{&) . 1| K,
o\ oy

—0.392 1 =0318
n OPen INteractive Structural
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8 Crack-Tip Plasticity
The Strip-YieId MOdEl, Dugdale [24] and Barenblatt [25] o

One way to estimate the effective stress intensity with the strip-yield model is to set

equal to a + p.
: J
a no . o
a+p—cos(2GmJ —»(a+p)_asec[26YS]

- ’ T
Rgﬁ =0 Tasec [

||: E{T ]

IS

It tends to overestimate K., the actual a4 is somewnhat less than a + p because the
strip-yield zone is loaded to oys.
Burdekin and Stone [26] obtained a more realistic estimate of K. for the strip-yield
model.

12
.- 8 o
K _ =o0.. ./ mal—Insec| ——

¥s

K = o-.q,w.-";r(a + g)

III:

> A
OPen INteractive Structural ‘%-;.:%



8 Crack-Tip Plasticity

Comparison of Plastic Zone Corrections ”
= Apure LEFM )
K,=o+ra Ay |
. ! : Oys\N7td
= The Irwin correction for plane stress 5 L i
o\ ma i i
K@ﬁ": | 2 :
1 1 O 1 =1
2\ Oy '
= The strip-yield correction on stress intens =T — 3
I ——— Irwin Correction
[ o i —e— Strip Yield Correction
Kgﬁ:g_l:=}msec[ J ot LI LT VT I T L]]
\ 207y 0 0.2 0.4 0.6 0.8 1
olo
S

= Both the Irwin and strip-yield corrections
deviate from the LEFM theory at stresses
greater than 0.56ys.

= The two plasticity corrections agree with
each other up to approximately 0.85c,s.

Comparison of plastic zone corrections
for a through crack in plane strain.

)%A
&

B
2=
Ze g
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8 Crack-Tip Plasticity
Plastic Zone Shape

_

= The estimates of plastic zone size that have been presented so far consider only the
crack plane 6 =0.

1 2 2 22
o,= “5[(61_62) +(0,—0,) +(c72—o'3)]
"\‘.'l

= For plane stress, Setting o, = Oyg

03 =0 Crack tip stress by principal stress
01= K

(01—02)% + (02)* + (01)*=20ys
7o c0s (5) (1 +sin (5

< oD \/%cos ( ) {1 —sin (z)}

03 =0 for plane stress

Lo () o () + -2
2mr, €9 \2 {bsin”(3) + 2}=20ys :\Z/Z_;cos(z) for plane strain

ry:Z:iZ,S cos? (g) {3sin? ( ) + 1}— in%(0)]

HW #2 : Prove this.
7] 1 0 6 1
cos? (—) = 5{1 + cos(6)}, cos? (E) sin? (E) = —sin?(0)

2 4
OPen INteractive Structural
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8 Crack-Tip Plasticity
Plastic Zone Shape ”

= For plane strain, Setting g, = oy

| 172
0,= 15 [(0'1 ~0,) +(0,~0,) +(0, - 0'3)2]
'\:

03=V(01+03)
(V2 —v + 1)(0¢2 + 0,%)+(2v? — 2v — 1) 0,0,=20%

' < Crack tip stress by principal stress
2 0 — K[ Q . 2
(V2 —v+1) Ki cos? <9> {2 + 2sin? <—>} T (2) {1+ sin (2)}
21y, 2 2

+ (2vi —2v—1) %cos2 (g) {2 — 2sin? (g)}: 204 | 02 :\/I;— ( ){1 — sin (9)}

2 03 =0 for plane stress
L cos? (9) [651’112 (9) +2(1 — 217)2]:2035
21, 2 2 20K, ( ) . ,
o =="cos |3 for plane strain
vy —[(1 — 2V)%{1 + cos(8)} + = sz (6)}

0 1 0 0 1 :
cos? <§> = 5{1 + cos(8)}, cos? <§> sin? (E) = Zsin2 (9) HW #2 : Prove this.

58,4

LEIND
125
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8 Crack-Tip Plasticity
Plastic Zone Shape ”

_

00

% Crack-tip plastic zone shapes estimated from the elastic solutions.
= Not strictly correct because they are based on a purely elastic analysis.

= The Irwin plasticity correction, which accounts for stress redistribution by
means of an effective crack length, is also simplistic and not totally correct.

0.7

- [hiodet |

Plane Stress u Plane StreSS
2

1= B 11+ cos(8) + %Sinz(e)]

AT Oy g

Plane Strain

= Plane strain

0-355 Ty:4:j€/s [(1 —2v)%{1 + cos(8)} + %Sin2 (0)}
().7LJ """""""""""""""""
" [ Mosen ? :
r,o 1t
[k, T &
aloc)



8 Crack-Tip Plasticity
Plastic Zone Shape o

—

= The latter, which was published by Dodds et al. [27], assumed a material with the
following uniaxial stress-strain relationship:

n

£ © o
— = ta|
E O o

o 0 o

= The definition of the elastic-plastic boundary is somewhat arbitrary, since materials
that can be described by the above Eq do not have a definite yield point. ¢, = oy (the
0.2% offset yield strength).

0.0 Plane Strain 035
’} 04 L n=30 i 0.25 +
2 L
0.15
L[&] 02| (& T
| O ] I L
Ys 7| 0y 0.05
0
0.05
02F 0.15
0.4 0.25 |
0.6 0.35
Contours of constant effective stress Effect of strain-hardening on the
in Mode |, obtained from finite element Mode | plastic zone; n =5 : a high strain @
analysis, n=50 hardening, n = 50 : very low hardening




9. K-CONTROLLED FRACTURE
Introduction

_

The stresses near the crack tip in a linear
elastic material vary as 1/7; the stress intensity
factor defines the amplitude of the singularity.

If K> K,;; , cack extension must occur.

K¢t - @ measure of fracture toughness, is a
material constant that is independent of the size
and geometry of the cracked body

¢ also provides a single-parameter description
of crack-tip conditions, and Gc is an alternative
measure of toughness.

Under certain conditions, K still uniquely
characterizes crack-tip conditions when a
plastic zone is present. In such cases, K, IS a
geometry-independent material constant.

Assume that the plastic zone is small compared
to all the length dimensions in the structure and
test specimen.

K, characterizes crack-tip conditions. As the
load is increased, both configurations
(specimen and structure) will fail at the same
critical stress intensity, provided the plastic zone
remains small in each case.

68

!
Oy

Specnmen

>@
Q
I

Schematic test specimen and structure
loaded to the same stress intensity. The
crack-tip conditions should be identical in
both configurations as long as the plastic
zone is small compared to all relevant
dimensions. Thus, both will fail at the
same critical K value. {
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Introduction 59

_

The NASA data exhibited an apparent effect of specimen thickness on
the critical stress intensity for fracture, K_;;.

The explanation that was originally offered was that thin specimens
are subject to plane stress loading at the crack tip, while thick
specimens experience plane strain conditions.

The biaxial stress state associated with plane stress results in a higher
measured toughness than is observed in the same material when
subject to a triaxial stress state.

This section presents an updated perspective on the interrelationship
between specimen dimensions, crack-tip triaxiality, and fracture
toughness.

RN |
—7
W
: : - : : ;;g*—:.?
Plastic crack tip zone for a thin and a thick plate (5h)
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10. Plane strain fracture : Fact vs. Fiction
Crack-Tip Triaxiality 70
-

= |f there was no crack, the plate would be in a state of plane stress. Regions of the
plate that are sufficiently far from the crack tip must also be loaded in plane stress.

» Because of the large stress normal to the crack plane, the crack-tip material tries to
contract in the x and z directions, but is prevented from doing so by the surrounding
material. This constraint causes a triaxial state of stress near the crack-tip.

= |nthe interior of the plate, the z stress, and therefore the level of triaxiality is high.
= The central region : plane strain.

= Near the free surface : low stress triaxiality.

» The free surface : pure plane stress.

< High Triaxiality >:4 »:

(Plane Strain) .
0z ' Low Triaxiality
)

x<<B

Plane
Stress

Three-dimensional deformation at the tip of a crack. Schematic variation of transverse stress and
strain through the thickness Y
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10. Plane strain fracture : Fact vs. Fiction
Crack-Tip Triaxiality "
_
= These results were obtained from a three-dimensional elastic-plastic finite element
analysis performed by Narasimhan and Rosakis
= Under plane strain loading, the quantity c,, /(c,, + ,,) is equal to Poisson’s ratio for
elastic material behavior and is equal to 0.5 for incompressible plastic deformation.

= Material near the crack tip experiences high triaxiality, but o,, = 0 when x is a
significant fraction of the plate thickness.

= Consider a point on the crack plane (6
= 0) just ahead of the crack-tip.

o, 08[ T T ‘
c +o. [ {:—} =0.968 *1 ™ Oy = 0y under linear elastic conditions.
”0.6 B =0 B 9 K
" ] .
- B - = =
| x/B: 0.005 = & o \ ] Uxx U;.j.' A2
04 \ 7]
i 0.025 3 a ]
| = Plane stress :c,,=0
0.065 - «— s )
02 gpp5 .1 = Planestrain: c,,=2vo,, (v =0.3)
- 0.205 i - ; —
0305 2 ' " 1 HW #2 : Prove this.
or 0425 o . . - . -
. . L . ) (plane stress)
o, (atyield)=4_ " .
0 0.1 0.2 0.3 0.4 0.5 3‘5"( yreld) {2-50}3 (plane strain)
z/B
' 1 112
Tran§verse s_tress through the thlckljess as a g,= —r—[(ﬂ'l _g, ) +(0, —'3"3)2 +(0, - '3"3)2] ;\‘2
function of distance from the crack tip V2 - .
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Effect of thickens on Apparent Fracture toughness 72

= The measured K_;; values decrease with specimen thickness until a plateau
IS reached.

» This apparent asymptote in the toughness vs. thickness trend is designated
by the symbol K., and is referred to as “plane strain fracture toughness”.

» Adecrease in apparent toughness with specimen thickness, generally
correspond to materials in which the crack propagation is ductile.

240 s — : —_— 70

7075-T6 Aluminum

1/2

., ksi-in,

crit

ksi-in.

K
K
crit

80 |

40

0 0.2 0.4 0.6 0.8 1 1.2

b i Specimen Thickness, in.

Specimen Thickness, in.

Variation of measured fracture toughness with Variation of measured fracture toughness with

specimen thickness for an unspecified alloy specimen thickness for 7075-T6 Aluminum %:mgg
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10. Plane strain fracture : Fact vs. Fiction
Effect of thickens on Apparent Fracture toughness "

» In such tests, the crack “tunnels” through the center of the specimen.

» The crack grows preferentially in the region of high triaxiality. Crack growth
on the outer regions of the specimen lags behind, and occurs at a 45° angle
to the applied load. The resulting fracture surface exhibits a flat region in the
central region and 45° shear lips on the edges.

» Fracture toughness tests on very thin plates or sheets typically result in a
45° shear fracture. At larger thicknesses, there is generally some mixture of
shear fracture and flat fracture. The thickness effect on the apparent
fracture toughness is due to the relative portions of flat and shear fracture.

= |n the limit of a very thick specimen, the flat fracture mechanism dominates,
and further increases in thickness have relatively little effect on the
measured toughness.

Shear
Fracture

N y

Flat
Fracture

P
B

Increasing Specimen Thickness

>

Effect of specimen thickness on fracture surface
morphology for materials that exhibit ductile crack growth.
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Effect of thickens on Apparent Fracture toughness "

For very thin sections, plane strain conditions do not exist at x = x.. As the thickness
increases, the size of the plane strain zone increases relative to the low triaxiality
zone near the free surfaces.

This trend are not indicative of a transition from “plane stress fracture” to “plane
strain fracture.”

Rather, this trend reflects the differing relative contributions of two distinct fracture
mechanisms.

In fact, there is no such thing as “plane stress fracture” except perhaps in very thin
foil. There is nearly always some level of triaxiality along the crack front.

.1:=x‘,
| X
Fracture Process Thickness
Zone \\\ \ -
Fracture process zone at the tip of a z

crack tip Effect of thickness on stress—the crack-tip
stress state in the fracture process zone.
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10. Plane strain fracture : Fact vs. Fiction
Plastic Zone Effects E

_
= 3D elastic plastic finite element analyses of fracture toughness specimens = a high
degree of triaxiality near the crack tip exists even when the entire cross-section has
yielded.

= Although K is not valid as a characterizing parameter under fully plastic conditions, a
single-parameter description of fracture toughness is still possible using the J integral,
or cracktip-opening displacement.

= The evolution of the Mode | plastic zone at mid-thickness in a plate containing an
edge crack. The plastic zone boundary is defined at o, = Oys.

= As the quantity increases relative to plate thickness B, the plastic zone size increases.

= Atlow K, values, the plastic zone has a typical plane strain shape, but evolves into a
plane stress shape at higher K, values.

0.5 T I S o B e
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Plane Stress L o
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Plane Strain I
02 |

0.1

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
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07 Effect of K|, relative to thickness, of the %
plastic zone size and shape.

IIIII]IIIIII'!III|I|IIIIlll




10. Plane strain fracture : Fact vs. Fiction
Plastic Zone Effects E

_

Although the stress state at the plastic zone boundary is plane stress, the material
close to the crack tip is subject to a triaxial stress state. The figure depicts a plastic
zone in the center of an edge-cracked plate.

Because the plastic zone size is of the same order of magnitude as the plate
thickness, the plastic zone has a plane stress shape.

At the crack tip, however, there is a zone of high triaxiality. As stated above, the zone
of high triaxiality at the crack tip can persist even in the presence of large-scale
plasticity.

When performing laboratory K, tests on standard specimens, the following size
requirements have been adopted.

y

a.B.(W—-a)= 2.5[i]
Oys

Recall that the quantity (K,./ovs)?is proportional
to the plastic zone size.

The minimum requirements on the crack length
and ligament length (W — a) are designed to
ensure that the plastic zone is sufficiently small
for fracture to be K-controlled. => ensure plane
strain conditions along the crack front.

Cracked plate in which the plastic zone
size is of the same order of magnitude as |«ep®
the plate thickness




