CHAPTER 5. SERIES SOLUTIONS OF

ODEs.
SPECIAL FUNCTIONS
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Introduction

= |n the previous chapters, linear ODEs with constant coefficients (&/==7/=)
can be solved by algebraic methods (==& Q! 8t&), and that their
solutions are elementary functions (=& & =) known from calculus (0| & &).

= For ODEs with variable coefficients ( 2/ =_4/=) the situation is more
complicated, and their solutions may be nonelementary functions.

= |n this chapter, the three main topics are Legendre polynomials, Bessel

functions, and hypergeometric functions (Z= 7|5} =).

= Legendre’s ODE and Legendre polynomials are obtained by the power series

method (HSHB 24 L= B34 ofw). (1-X°)y"-2xy+n(n+1)y=0

= Bessel’s ODE and Bessel functions are obtained by the Frobenius method,

an extension of the power series method.  y?y"; xy'+(x2 _Vz)y:o

* Elementary functions ( . , , R
* Hypergeometric functions (X7|8l8t%): HEME 22
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5.1 Power Series Method (HSHIS24+0l'H, HEZ0lH)

% The power series method is the standard method for solving linear
ODEs with variable coefficients.

< Power Series (HSM&): Za X=X )" =8+ (X=X )+, (X=%) +:+-
= Coefficients: ay, a,; , a,, ...
= Center: x,

= Power Series in powers of x if x,=0: > a x" =a;+aX+a,x* +--

m=0
. . 1 > : i
M Ex 1 Maclaurin series —— — D X" =14 X+ X e (|x| <1, geometric serles)
1=x & SH|Z4
T
© Xm 2 3
=) —=1+X+—+—
Z | |
m=0
m
COS X = =1-—+——
= (2m)! 21 41
© (_1)m X2m+1 3 5
sinx = =X——+—-
= (2m+1)! 31 5l
Ey‘ 56‘01'1/
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5.1 Power Series Method
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5.1 Power Series Method

“ ldea of the Power Series Method
ODE y"+p(x)y+q(x)y=0
= We represent p(x) and q(x) by power series in powers of x.

= We assume a solution in the form of a power series with unknown
coefficients.

y=> a,X" =a,+aXx+a,X* +ax’ +---
m=0

= Series obtained by termwise differentiation

y'=> ma,x"" =a, +2a,X+3a,X* +---
m=1

y'=> m(m-2a,x"? =2a, +3-2a,x+4-3a,X* + -
m=2

Insert the series into the ODE.

(S
i
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5.1 Power Series Method

M Ex.2 Solve the following ODE by power series.

y'=y=0

0

Y= a,X" =8, +AX+ X" + 84X+ e Y= ) M, X" = 8, +28,X+38,X7

m=0 m=1

Insert the series into the ODE = (a1+2a2x+3a,3x2 +---)—(aO +a,X+a,x’ +---)= 0

We collect like powers of x.

(a,—a,)+(2a, —a,)x+(3a,—a,)x* +---=0

(a,—a,)=0, (2a,-2a,)=0, (33;—a,)x=0,-

a a a a
'.a1:a0’ azzi:_o, a3:_2:_0, 4:$:_0,
2 21 3 3! 4 4]
General solution: Maclaurin series for e

2 3

a x> X

y:a0+a0x+—°x2+3x3+---:aO I+ X+—+—+-- |=a,e"
2! 3! 2! 3!
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5.1 Power Series Method

M Ex.3 A Special Legendre Equation

(L1-x?)y"=2xy'+2y =0 0
y=> a X" =8y +aX+a,X’ +a,X 4+ e— =) ma, X" =a, +2a,X+38,X + -
m=0 m=1
— =Y m(M-1)a, X" =28, +3-2a,X+4-38,X" + -

m=2

Insert the series into the ODE.
y" = 2a, +6a,x+12a,x” + 20a;x’ +30a,x" + -
—X°y" = —2a,x° —6a,x’ —12a,x" +---
—2xy' = —2ax-4a,x* —6a;x> — 8a,x*—--
2y =2a, +2a,x+2a,x* +2a,x> + 2a,x*+---
General solution:

Sum Power Equations
[0] [x°] az = —dg |:> y:a1x+ao(1—x2—lx“—lxﬁ—---)
[1] [x] a3 =0 3 5
2] [x] 1204 = daz,  ay = 153 = —3do
[3] [x3] as =0 since  ag = 0
M [x*] 30ag = 1844, @ = 3044 = 35(—3)a0 = —5do

b E )-f Seoul
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5.1 Power Series Method

% Theory of the Power Series Method

iam(x—xo)m =8, +8, (X=X, ) +a, (X=%) +-
m=0

= nth Partial Sum: Sn(X>:a0+ai(X—XO>+a2<X—XO)2+"'+an(X—X0)n

. 1 2
= Remainder: R (X)=a,,(X-%) +a,,(X-%) +-
= For example,
T+ X+ X4+ X" e
2 3
So =1, R, =X+ X"+ X" +---,
s, =1+X, R =X+x*+x*+--,

s, =1+x+x°, R, =x’+x"+x°+--, etc

%
]
b Sy
2L
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5.1 Power Series Method

A . So =1,
< Convergent (==&): If this sequence converges at x=x,, say, 6 —1ix
1~ '
. _ 2
!\I_)rgsn(xl)zs(xl) s, =1+ X+X",
S, =1+X+---+X"

— the series called convergent at x=x,, s(x,): convergent value or sum

s(x,) = Z:;)am (X, — %)™ s, (X) =8y +a, (X=X ) +a,(x=%) +-+a, (x=x%,)'

< Divergent (& 4&H): If this sequence diverges at x=x,, say,

For example, oy N
e = =l X+ +--
~— m! 2!
1 00
—— =) X" =1 X+ X
1-X m=0

> omIX™ =1+ X+2X2 +--

m=0

) " Seoul
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5.1 Power Series Method

s(6) = a, (% — %)

In the case of convergence,
— for every n, S(Xl) =S, (Xl) + Rn (Xl) Sn(x):ao-|-ai(x_x0).|_a2(x_xo)2_|_..._|_an(x_xo)n

R, (X) =8, (X~ X) +an+2(x—x0)”+2+...

If all s,(x,) withn> N lie between s(x,) — e and s(X;) + € — s(X;) = S,(X,),

m
m

R, (x)|=[s(x)—s,(x)| <& for alln > N

S{xlj - s(x,) s{xlj +e
= And at x=x,, s (X,)=a, — the series converges at X,.

= If there are other values of x for which the series converges besides X,
there values form an interval — “convergence interval (==& +2t)”

= The series converges for all x in the interval:
Divergence =——Convergence ———{ Divergence

X—%,| <R o
The series diverges for all x: | || |
X—X%,| >R xo-R %, x,+R
10
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5.1 Power Series Method

AL

< Convergence Interval (=& -Z}). Radius of Convergence (&YX &)

sn(x):ao+a1(x—x0)+a2(x—x0)2+---+an(x—x0)”

Case 1. (useless) The series always converges at the center at x = X,, S (X,) = a,.

Case 2. (usual) If there are further values of x for which the series converges, these
values form an interval, called the convergence interval.

— . converges
jim [P X i (Bl o
m | 10T - L>1 : diverges
m—o | g (X — XO) mow | g
— L =1 :inconclusive
Radius of convergence of the series (R): | x-X,| <R
4 \% R
‘X — XO‘ ||m am+1 < 1 ‘X _ XO‘ < 1 Divergence ~==——Convergence ——— Divergence
m—o0 ¥ | B
an . a |
lim |
m-—>o0 am ! ! !
\ / x,— R X x,+ R
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5.1 Power Series Method

% Convergence Interval. Radius of Convergence

Case 3. (best) The convergence interval may sometimes be infinite, that is, the
series converges for all x.

X=X

)

— 0

<1

m—oo am
N

I:> X =%o| < 5

R=w

1

_:w
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5.1 Power Series Method

For example,

m 2
=\ X 1/(m+1)! 1
e =Y ——=l+X+—+ By | LM+ —0,R=w
o m! a, 1/ m! m+1
m+1
: .1/ (m+1)! : 1 :
lim | =|x|lim gz\x\llm—zo, for all x, the series converges — R = o
mow | g X m- 1/ m! m— M +1
1 - 1
—:me:1+x+x2+ h:—=1 , R=1
. la_x™ 1 :
lim — | =|x|lim 1= x| = only for|x|<1, theseries converges - R =1
m-—o0 amX m-—o0
< a m+1)!
D omIx™ =14 X+2x" 4.0 | MDY s R=0
e a, m!
. la_x™ . (m+D)! . .
lim |—2=—|=|x| lim Qz\x\ lim(m +1) = oo, forany x, the series diverge - R =0
m-—o0 amX m—oo m m—oo
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5.1 Power Series Method

Example

i (_]l:r?m X2m
m=0 k

E*“‘ Seoul 14
Nation.
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5.1 Power Series Method

<+ Theorem 1 Existence of Power Series Solutions

If p, g, and rin y"(x)+p(X)y"+q(x)y = r(x) are analytic at x = x,, (power series representations)

then every solution is analytic and can thus be represented by a power series in powers of

X- X, with radius of convergence R > 0.

*

[ok

b= 2o M siMAoI2tE A2 O F oMol HYe 71 +=35t= A 22 2|0
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5.2 Legendre’s Equation. Legendre Polynomials P (x)

< Legendre’s equation: (1-x°)y"-2xy'+n(n+1)y=0
Substituting Y =).a,x" and its derivatives
m=0

s (1— xz)i m(m-1)a,x"" —2xm§;mamx”“1 +n(n +1)m2amxm =0

m=2

The first expression as two separate series.

’ im(m ~Da_x""?|- im(m —Da x" —iZmamxm + in(n +1)a x"|=0
m=2 m=2 ) —

Set m—2 =sin the first series

and simply write s instead of min the other three series.

— Z(;(s+ 2)(s+Da,,,x*-D_s(s—Da,x* - > 2sa,x’ +Z(;n(n +1)ax* 0

Engineering Math, 5. Series Solutions of ODEs. Special Functions el i,



5.2 Legendre’s Equation. Legendre Polynomials P (x)

= The sum of the coefficients of each power of x on the left must be zero.

i(s+ 2)(s+Da,,,x* — y s(s—-Da.x’ —iZsasxS +in(n +1)ax* =0

50 s=2 = 50

x: 2-1-ax’+n(n+)a,x’=0=a, =- n(n;l) a,

x': 3-2-a,+[-2+n(n+1D]Ja, =0= a, :_(n—1)§'n+2)

X1 (s+2)(s+1)a,,, +[-s(s-1)-2s+n(n+1)Ja,=0=a,, = (n(;i)g](::r)l) a,

= Recurrence relation (& 3t2Hl):

~ (n=s)(n+s+1) -
a2 =" sro) sy & 870L)

(2ad]
L
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5.2 Legendre’s Equation. Legendre Polynomials P (x)

= We express successively except for a, and a;.

a2:_

4

n(n+1)
21 %

(n—2)(n+3)

4.3

2

(n—2)n(n+1)(n+3)

4]

&

= General solution:

0

y=2

m=0

y(x)

m

a X

m

3 (X)+a,Y, (X)

(3:0’11...)

(n=3)(n-1)(n+2)(n+4)

4 - (n—s)(n+s+1)a
s42 — /3-1-2\/3-1-)
~ (n=1)(n+2) S
a; =— 3 a
(n-3)(n+4)
5 a,
5.4

o!

&

= converge for |x|<1
= y, andy, are independent
= x=11 — no longer analytic

X+

n(n+1) , (n-2)n(n+1)(n+3) ,

X" —+

2!

41

(1-%*)y"=2xy'+n(n+1)y=0

X

_|_

(n-1)(n+2) , (n=-3)(n-1)(n+2)(n+4) .

X __|_...

o!
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5.2 Legendre’s Equation. Legendre Polynomials

(1-x*)y"=2xy'+n(n+1)y =0

% Legendre Polynomials

The reduction of power series (¥ =2, 2:X", m— o)
m=0
to polynomials (m is finite) is a great advantage

because then we have solutions for all x, without convergence restrictions.
n(n+1) , (n-2)n(n+1)(n+3) _,

Ag,p =— S '
n-1)(n+2 n-3)(n-1)(n+2)(n+4
(s+2)(s+1) yZ(X):X_( )(n+2) o (n=8)(n-1(n+2)(n+4) s
3! 51
If s=n
an+2 = O’ a‘n+4 — O’ an+6 = O’
If nis even
Vi =lrax+axt +-+a x"2+ax +a)%2 /—> Polynomials (finite terms)
If nis odd “Legendre polynomials”
V,=axt+ax+ora X"t an+1xn+1+a%4 / —=p Polynomials (finite terms)
Engineering Math, 5. Series Solutions of ODEs. Special Functions Lﬂj; Z%?Zo"a ,,,,,,, 19




5.2 Legendre’s Equation. Legendre Polynomials

(1-x*)y"=2xy'+n(n+1)y =0

% Legendre Polynomials

The reduction of power series (¥ =2.2:X", m — )
m=0
to polynomials (m is finite) is a great advantage

because then we have solutions for all x, without convergence restrictions.
n(n+1) , (n-2)n(n+1)(n+3) _,

Ag,p =— S '
n-1)(n+2 n-3)(n-1)(n+2)(n+4
(s+2)(s+1) yZ(X):X_( )(n+2) o (n=8)(n-1(n+2)(n+4) s
3! 51
If s=n
an+2 = O’ a‘n+4 — O’ an+6 = O’
If nis even
Vi =lrax+axt +-+a x"2+ax +a)%2 /—> Polynomials (finite terms)
If nis odd “Legendre polynomials”
V,=axt+ax+ora X"t an+1xn+1+a%4 / —=p Polynomials (finite terms)
Engineering Math, 5. Series Solutions of ODEs. Special Functions Lﬂj; Z%?Zo"a ,,,,,,, 2 0




5.2 Legendre’s Equation. Legendre Polynomials

< Legendre Polynomials

We choose the coefficient a, of the highest power x" as

() 1 forn=0

: ;=11-3-5.--(2n-1)
2" (n!) : PR
n! for n #0, n is a positive integer

We solved for a, in terms of a_,,

—_— (s+2)(s+1) cn . :_(n—s)(n+s+1)al S—01...
& nognesa e O Be=—moey d (5200

The choice of fa, makes p,(1) =1foreveryn

S=n-2

n(n-1) _ __n(n-1 (2n)! _ qg<§ﬂ/4ﬁ§&;fﬁén—a!

a,, 22n-1) " 2(2n-1) 2”(n!)2/( 1) 2" (n—1)In(n<T)(n—2)!
. ___ (n-2)
"2 2"(n=D(n-2)!

(2ad]
L
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5.2 Legendre’s Equation. Legendre Polynomials

< Legendre Polynomials

. __ (2n-2)
"2 2" (n-1)!(n-2)! s=n-4
/\

- (n=2)(n-3)_ (2n-4)! _ (s+2)(s+1) s
=T aon-3) T Tame i d | (-s)(nesed) (s<n-2)
When n-2m >0

(2n—2m)!

n-2m>0, a,,,=(-1)"

2"'ml(n—m)!(n—2m)!

M m 2n—-2m)! o n _n-1 i : .
Pn(X)=r§(—1) 2”m!(£1—m)!(n)—2m)!x 2 (M =5 or TJ whichever is an integer

_ (2n)! o (2n-2)! T
2"(n)?  2"(n-1)Y(n-2)!

(50
]

b i
>4
N
N
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5.2 Legendre’s Equation. Legendre Polynomials

“» Examples of the Legendre Polynomials

1-x*)y"=2xy'+n(n+1)y =0
(n+1)

M (2n—2m)! . ( n n_1j
=3 (-1 M =— or =
() mzzo( ) 2“m!(n—m)!(n—2m)!x 2 I 2
_ (2n)! o (2n-2)! 12
2"(nh> 2"I(n-1)!(n-2)!
o, I | A
PO (X) B WX Pl(x) - 21(l|)2 X=X I',\
Q: Derive P,(x) and prove it satisfies the ODE.| | o~
X
I | |la“f'| 3| |;f|. Ly
Y\

Engineering Math, 5. Series Solutions of ODEs. Special Functions




5.3 Extended Power Series Method: Frobenius Method

< Indicial Equation (A% 4]), Indicating the Form of Solutions

Multiply x?
y"+My'+ C(i() y=0  m— Xy xb(X)y+C(X)y=0

= We expand b(x) and c(x) in power series (b(X)=b, +bx+b,x* -, ¢(X)=¢,+CX+C,X +-)
= We differentiate Y(X)=x"Y.a,x" =) a x" =x"(a,+ax+a,X’+-) term by term
m=0 m=0

y'(X) = i(m +r)a x™" =x""[ra, + (r +a,x+..]

m=0

V') =S M+ r)M+1—1)a x™2 = x2[r(r —1)a, +(r +1)rax+..]

m=0] doesn't change!

— X[ r(r-1)a, +---]+(b_0+blx+---)xr [rag +]+(c, +ox++)x" (8 +ax+--) =0

= The equation corresponding to the power X' is [r(r —1)+byr + Co]aO =0.

= By assumption a, # 0, Indicial Equation: r(r —1)+b;r+c, =0

ISE3d
N
i

155y v,
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5.3 Extended Power Series Method: Frobenius Method

*» Theorem 2 Frobenius Method. Basis of Solutions. Three Cases

(5 29| X}7F 47t OfHl M2 CHE 2 E)

— =

Case 1. Distinct Roots Not Differing by an Integer. A basis is
Y, (%)= X" (8 +ax+a,x" +--) and y, (x) = x* (A + AX+AX" +---)

O|3L

Case 2. Double Root (r, =r,=r). A basis is

(7 =2 A7t 2 M2 LHE 25

Case 3. Roots Differing by an Integer. A basis is

where the roots are so denoted that r; - r, > 0.

the roots of the indicial equation. Then we have the following three cases.

yl(X)=Xr(ao +a,X+8,X’ +) and y,(x)= yl(x)lnx+xr(Alx+A2x2+---)

Suppose that the ODE satisfies the assumptions in Theorem 1. Let r, and r, be

yl(X):Xrl(aO +a,X+a,X +) and 'y, (x)=ky, (x)Inx+x" (AO +A1X+A2X2+---)

Engineering Math, 5. Series Solutions of ODEs. Special Functions
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5.3 Extended Power Series Method: Frobenius Method

M Ex.2 lllustration of Case 2 (Double Root)

Solve the ODE X(x-1)y"+(3x-1)y'+y=0, .

Inserting y(x)= eramxm =X (ao +a,X+a,x’ +) and its derivatives into the ODE.

m=0

i m+r)(m+r-1)a,x™" =) (m+r)(m+r-1)a,x™"*
ri

N

+3> (m+r)a,x™ => (m+r)a,x™ ™ +> a x™" =0
m=0 m=0 m=0
Coefficients of the smallest power x'*: [—r r—1 —r]aO =0 = .. r=0 (double root)

If we take x", a; =0. (not allowed)
= First Solution. We insert r = 0.

> m(m-Da,x"-> m(m-Da,x" " +3> ma x"-> ma,x""+> a x" =0
m=0 m=0 m=0 m=0 m

rona.
Engineering Math, 5. Series Solutions of ODEs. Special Functions Lj\ iv.



5.3 Extended Power Series Method: Frobenius Method

M Ex.2 lllustration of Case 2 (Double Root)
Solve the ODE x(x—-1)y"+(3x-1)y'+y=0, .

0

> m(m-Da,x" - > mm-Da,x"*+3> ma,x"-> ma,x""+> a x"=0
m=0 m=0 m=0 m=0

m=0

Coefficients of the power of x* (Let m =5s)

s(s-la, —(s+1sa,,,+3sa,—(s+1a,, +a, =0

= (s°-2s+1a, —(s°-2s+Da,,=0= (s-1)°(a,—a,,)=0
a,, =a y(x):xriamxm=(1+x+x2+---)
S+ S —
l = 3 m = 2 Y 1 1
Choose a,=1. E_%X =1+x+x2+--- (|]x/ <1, geometric series)
= 1
LY (X) =X =T (Ix <1)
m=0 — X

e
sy
33

N
N
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5.3 Extended Power Series Method: Frobenius Method

= Second Solution. Apply the method of reduction of order y, = uy;

x(x=1)y"+(3x-1)y'+y=0

)= (<)

3x-1 2 1
—— —jpdx:—jX(X_l)dx:—j(ﬁ+gjdx:—2m(x—l)—lnx:InX(X_1)2
2
B jpdx: (X—].) :1 oy B InX
i e G (R

These functions are linearly independent and thus form a basis on

the interval 0 <x <1 (as well as on 1 < x < 0), y
4 - |
31|
Reduction of order (At 2 H) 2t |
o
y"+p(x)y+a(x)y=0 — A i | | |
-2 0l .1 ? =T X
, 1 —[pax _ _‘}2L~ -
U=u =—2e '[p , Y, =uy, = ylj.UdX 1 J,,’xl ,-"-}{1/‘
Y1 -2 H : f
-3 : |I
-4 I
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[Reference] Ch. 2 Reduction of Order

< Find a Basis if One Solution Is Known. Reduction of Order (At 4 )

Apply reduction of order to the homogeneous linear ODE y"+ p(X)y+q(x)y=0.

y =Y, =Uy; (Substitute) (Y=Y, =u'y,+uy, y"=y,"=u"y, +2u'y, "+uy,")

u.w:o (-~ "+ Py '+ @y, =0)
1

)U =0 (Separation of variables and integration)

= u"y,+ u'(2y,+py)+u(y "+ py+ay)=0 = u'+

Y1

U=u, U'=u" = U+ (Zy—1+p

au __ ( yyl+p]dx & Inju|==2Inly[-[pdx = - uz%e‘jp"x, Y, =uy, = ¥ [Udx
1 1

M Ex. 7 Find a basis of solution of the ODE (x2 —x)y"— xy'+y=0

One solution:y, = x
X 1 L e _ 1 [ 1 1

Apply reduction of order: p =— = ~  U=— _
X —x  x-1 y,? X? X X

= y,= y1Jde:x(In|x|+§j: xIn|x|+1

] E 7 Seoul

Lj Nationa 29

. Univ.
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5.4 Bessel’'s Equation. Bessel Functions J (x)

< Bessel’s equation: X’y"+Xxy'+ (x2 —y? ) y =0, where v>0
Apply the Frobenius method

——> Substitute the series y=),a,X™" with undetermined

m=0

coefficients and its derivatives.

—p i(m+r)(m+r 1)a i m+r)a,x™" Zamxm*”z—vziolamxm+r =0
m=0 m= m=0 m=0

= r(r-1)a,+ra,-v'a, =0 — (s=0)
(r+l)ra,+(r+1)a,-v'a =0 (s=1)
(s+r)(s+r-1)a,+(s+r)a, +a, ,—va, =0 (=23, )

Indicial equation: (r+v)(r-v)=0<

L=V =V

Engineering Math, 5. Series Solutions of ODEs. Special Functions
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5.4 Bessel’'s Equation. Bessel Functions J (x)

r(r-1)a, +ra,—v’a, =0 (s=0)
(r+l)ra, +(r+1)a, -v’a =0 (s=1)
(s+r)(s+r-1)a,+(s+r)a,+a,_,-va =0 (=23, )
< Coefficient Recursion (A== B2} forr=r,=v
(2v+1)a, =0 = a=0(.v>0)
(s+2v)sa,+a,,=0 = g =a,=-=0
1
Fors=2m, (2m+2v)2ma,,+a,,,=0 = aZm:—sz(erV)aZm2 m=1 2
1
~ TR

a,—-—r g - L

t2%2(v+2) 2_2“2!(v+1)(v+2)a°

LA, = (-1) a m=1 2, .-

" 2°"ml(v+1)(v+2)---(v+m) o’

%
[ERa]
b i
2L
w
-k
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5.4 Bessel’'s Equation. Bessel Functions J (x)

% Bessel Functions J (x) for Integer v=n

Xy "+ >Q/'+(x2 —vz)y=0

' 2 PR

- =
1 =

27 m\(v+1) (v+2)--{ v+m)

0 — amxm+r
& =2

m=1 2, -

e a = )
NNl 2™ mi(n+m)!

Choose a,=

Bessel function of the first kind of order n: |; (x) _ Xni (—1)m X"

2™ "m!(n+m)!

(r=n.a,=a,=a,=..=0)

(nXt X 15 Bessel &)

Engineering Math, 5. Series Solutions of ODEs. Special Functions



5.4 Bessel’'s Equation. Bessel Functions J (x)

’

2
y'+ L@y =0
X X

M Ex.1 Bessel Functions J,(x) and J;(x)
Bessel function of order 0 (n =0)

(-1)" x" X’ X x° S
— — e J =
309=2, Sy - 2ay ey rey T M e
Bessel function of order 1 (n=1)
o0 ( 1)mX2m+1 X X3 X5 X7
J, (X =—- + -
(%)= Z22”‘+1m|(m +DF 2 2% 2°2131 27314

For large X yrr _|_7yZ'_ (1_%/)%)/ =0 — yll +y= 0
/X

damping term

T T L Jo: Not completely regularly spz.ice.d and the height
J n (X) ~,|—CO§ X——/———— A of the “waves” decreases with increasing x
X 4 C N\
0.5} p o
0»:’ | LN ] ! L | | L=l | |
N AN ; 10- x

atl
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5.4 Bessel’'s Equation. Bessel Functions J (x)

b b
fudvz[uv]ﬁ—[ v du

Gamma function: T'(v j e't"dt  (v>0) [ F00g'(0dx =F ()9 ()~ [ F/()g(x)dx

<+ Bessel Functions J (x) for any v> 0. Gamma Function.

Integration by part: C(v+1) = J'Oootve“dt =—t'e™ ‘: + vj'oootv‘le“dt =0+VvI'(V)

s ["(v+1)=vI"(v) (Ingeneral, /(n+1)=n!, n=0,1,:)

Start withv=1 T(@)=[e'dt=1  @=Urd=1
° I'(3)=2r(2) =2!

I'(n+1) =n!

The gamma function generalizes the factorial function to arbitrary positive v, v =n.
1

_ 1 ——- ao = v

a0_2”n| 2'T(v+1)
(-’ I AP
azm:22”‘+”m!(n+m)!’ m=l 2 - T P 22m*vm!F(v+m+1)’ s
0 _l)m X2m . ™ 2m
J (x)=x" ( — _ (-1) X
n( ) mZ:022m+nm!(n+m)! JV(X)—X mz_()22m+vm!r(v+m+1)
NI =15 X [ e ST Seoul
Engineering r\(/llzth, |;> S::,I-lrie;l SolutEnGSSoSf%LEls:Is?nglal Functions (V |- X-” 1 Bessel = T) 5 Ej\ ZZ:IVME ,,,,,,, 3 4




5.4 Bessel’'s Equation. Bessel Functions J (x)

% Discovery of Properties From Series

% Theorem 3 Derivatives, Recursions

The derivative of J (x) with respect to x can be expressed by J,,(x) and J,,(X)
by the formulas ,
[XVJV(X)} =x"J,4(x)

[X_VJV (x)]l =—x"J,..(X)

Furthermore, J,(x) and its derivative satisfy the recurrence relations.

2V

J,a(X)+d,.(x)= TJV (x)

J,.(X)=3,.(x)=23,(x)

. . . . . . £ tiona
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5.4 Bessel’'s Equation. Bessel Functions J (x)

% Proof
(@) We multiply by x¥ and take x? under the summation sign.

V ) (_1)m sz ( 1)m 2m+2v
J, (x)= — X
V(X) X rT;)22m+vm!1-*(v_|_m_|_:]_) X (X) Z 22m+VmIF(V‘|‘m+1)

Pull x?-1 and use the functional relationship 7 (v+m+1)=(v+m) I (v+m).

(X ; ) Z( 1)m 2(m+V)X2m+2v—1 - Xva—li ( 1)m 2m

2°"mIT(v+m+1) 22" mIT (v + m)

= ‘Jv—l(x)

S (xNJ,) =x"d,,(X)

. . . . . . Ljy Nationa
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5.4 Bessel’'s Equation. Bessel Functions J (x)

(b) We multiply by xvVand use m!=m (m-1)!.

] (X):Xvi (_1)m X" — V] (X) = i (=1)"x "

) 2 mIT (v +m+1) < 2" mIC(v+m+1)
o , o 2m( 1)mx2m—1 o0 (_1)mx2m—1

S _mZZZm”m(m DIT(v+m+1) mZ; 22" T (m=-DIT(v+m+1)

( 1)s+1 25+1

il &S=m-1,
27 SIT(V+ s+ 2)

I
w
i gt T

Q?

— _X_V‘Jv+1 (X)

S (x7,) ==x1d,..(X)

. . . . . . Lj Nationa
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5.4 Bessel’'s Equation. Bessel Functions J (x)

(c) We perform the differentiation.

(x'3,) =%, (X)) — XTI+ XTI =X%"T,(X)
Divided by xV
v, +J3/ =3 (X))

(x™J,) ==x"J,. (X)) —= X", +x"Jy =—x"J, 1 (X)
Divided by x
_Vx_l‘Jv + ‘J\; = _‘Jv+1(x) (2)

2V
@W-@: | J,,(x)+J,,(X)= - J.(s)

W+@: |J,,(X)=J,,,(X)=2J/(s)

. €0 3
. . . . . . [ Nationa 38
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5.4 Bessel’'s Equation. Bessel Functions J (x)

% Theorem 4 Elementary J (x) for Half-Integer Order v

3 5

2
can be expressed by finitely many cosines and sines and powers of Xx.

2 . 2
J%(x)_\/%smx, J%(x)_\/%cosx

In particular,

Bessel functions J, of orders J_r%, +=, J_rE, ... are elementary (=S & %); they

[ok

* Elementary functions (S84 Chet 314, 2 34, X4 4, A2 8149} 0|5 30| SN B45S 24

Engineering Math, 5. Series Solutions of ODEs. Special Functions
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5.5 Bessel Functions Y (x). General Solutions

—Xzyﬂ-xy#(ﬁ —vz)y:O

% Bessel Functions of the Second Kind Y,(x) withv=n=0: y o
Y"+;+(1—7)y:0

Bessel’s equation: Xy"+y'+xy=0

Indicial equation: (r+v)(r-v)=0 = r’ =0 = doubleroot r =0 X7y "+ xy'+(x2 —vz)y:O
(r+v)(r-v)=0

First solution: y1(X) = Jy(X)

m . 2m

on: 3, (X)In X+ A X . (-
Second solution: Y, () o(X)nX+;AnX 3 ()=xS (-1)" x

2" "m!(n+m)!

Substitute y, and its derivatives into ODE.

oy = Jo ZmAnXml Xy'+y+xy=0
X —

Jy <& "
= 30X 2+ mA X y
Yo g doinxpe St 2, mA, E><Xv;’=2J5—i+Zm(m-1)AnXml

X ma

205 Iy &
23 INX+—2—=24% m(m-1)A x"? N m-+
Vg dsinxp =2 5+ 2 mm-DA, L Xy, =2 A

.........

xJoInx+JgInx+xJ,Inx=0, | (xJ;+J;+xJ,)Inx=0, - J, issolution of ODE

2J, +Zm m-1) A, m1+ZmAnxm1 ZAﬂxm“:o
m=1

m=1

Engineering Math, 5. Series Solutions of ODEs. Special Functions . Univ.



5.5 Bessel Functions Y (x). General Solutions

e © 0 0 (_l)mXZm
2J, '+Zm(m—/1{Aﬂxm‘l +. ryf“xm—l +> AX™ =0 Jo(x) = Z:,) 22 (m1)?
m=1 m=1 m=1
P T o VA S (DT md o p g
b (X)_;sz‘lm!(m—l)! - ;22m-2m!(m—1)! +sz A +;A“X =0

» Sum of the coefficients of even powers x? should be 0.
v" X% it occurs in the second series, A;, — A, = 0.
v x?: sum of the coefficients

In the first series - NONE

In the second series, M 1=25 == (25+1)°A, .

In the third series, m+1=25 == A,

S (2s+D)°A,  +A =0 s=12,---.
A=0,=A=0A=0,.,=0

Engineering Math, 5. Series Solutions of ODEs. Special Functions ) niv. |



5.5 Bessel Functions Y (x). General Solutions

] '(X) _ i (—l)m x2m—1 - i (_1)m x2m—1 +im2AnXm—l 4 iAnXmﬂ
° & 2" ml(m-1)! 2™ mi(m-1)! & ~
» Sum of the coefficients of odd powers x?*! should be 0.
v’ xliitoccurs in the first and second series. —  -1+4A,=0, A %
v x>l sum of the coefficients 1
. . (-1
-1 = 2s+ = s+
In the first series, 2m-1 = 25+1, M = 5+]  cmmm— 2% (s + 1)1
In the second series, m-1 = 2s+1 — (25+2)°A,.,
In the third series, m+1 = 2s+1 e A\,
(_1)S+1 )
+(25+2 + =0
225 (S+1)!S! ( ) A25+2 AQS
v Fors=1 v In general
1 3 =)™ ( 1.1 1
— =0 —_—A=—— =1+ ===
8+16A4+A2 0 A4 128 AZ 22m(m!)2 2 m

jl m:112’..'1
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5.5 Bessel Functions Y (x). General Solutions

v _1\ym-1
In general A - (-1) (1+1+%+...+1j,m:1,2,...,

2°"(mh)2 2 m
h=1 h, —1+;+;+ +l, m=23,:--, -
m m
X)=J.(x)Inx+ X
D"y h(X) =) 2 A

y,(X) =1 (x)Inx+Z 7 ()

=J (x)Inx+1x 23y Lx6—+---, -
4 128 13,824

v' J,and y, are linearly independent functions.

ﬁ/l AW
\X

f;’

|'

-0.5

J_IlIIIIII|I

v" Instead of y,: a(y, +bJ,) (another basis called Y,)

Fig. 112. Bessel functions of the second kind Y and Y;.

v’ It is customary toa=2/rand b =y —In2,
: 11 1
y = 0.57721566490: Euler constant = [Im@+2+2+-+_=Ins)

S—>© S

+»» Bessel function of the second kind of order zero or Neumann’s function of
order zero

Yo(x)zg[Jolnx+iAnxm+(y—ln 2)J0} :Yo(x)zg{‘]o(x)(ngr}/ij = (-1)""h, sz}
T m=1 /A

m=1 22m (m ')2
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5.5 Bessel Functions Y, (x). General Solutions

«» Bessel Functions of the Second Kind of Order n with all values of v

- ~1)" X"
J cos —-J_ (X Xt M 2F Bessel & J (X)=x" (
Slnwz[ V=3 )] v essel &) /(%) mzzc,sz+Vm!F(v+m+l)
Y (x)=limY (x (nXt M| 2F Bessel &) L (—1)m x2m
n( ) b V( ) J_V(X):X Z — -
: : 22" mIC (-v+m+1)
= For noninteger orderv,
= the function Y,(x) is evidently a solution of Bessel’s equation
because J, (x) and J_, (x) are solutions of the equation.
= For those the solutions v (noninteger), since J, (x) and J_, (x) are
linearly independent and Y, involves J, (x),
= J,and Y, are linearly independent.
_ 2 X" & (1) (hy +hon) o X" (N-m-1)
Y (x)=limY, (x)=—1J In=+y |+— e XM — X"
o (X) von () 7 o (X )( 2 7/) Vs mZ‘) 2°™"ml(m+n)! T o= 2" "ml
h. =1+1+1+-~-+£, h..,=1+ l+1+ + 1
2 m 2 m+n
Engineering Math, 5. Series Solutions of ODEs. Special Functions t Lﬂj\ %n;v./ ,,,,,,, 4 4




5.5 Bessel Functions Y, (x). General Solutions

% Theorem 1 General Solution of Bessel’s Equation

A general solution of Bessel’s equation for all values of n (and x > 0) is
y(x)=C.J, (x)+C,Y, (x)

First kind Second kind

. ()
=2°™'mIT (v +m+1)

1L (=x 3 LU

=2°"'mIC (—v+m+1)

Y, (x)=——[3J,(x)cosvr—J_,(x)]

4 ona
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Summary

= |n the previous chapters, linear ODEs with constant coefficients (&/==7/=)
can be solved by algebraic methods (==& Q! 8t&), and that their
solutions are elementary functions (=& & =) known from calculus (0| & &).

= For ODEs with variable coefficients ( 2/ =_4/=) the situation is more
complicated, and their solutions may be nonelementary functions.

= |n this chapter, the three main topics are Legendre polynomials, Bessel

functions, and hypergeometric functions (Z= 7|5} =).

= Legendre’s ODE and Legendre polynomials are obtained by the power series

method (HSHB 24 L= B34 ofw). (1-X°)y"-2xy+n(n+1)y=0

= Bessel’s ODE and Bessel functions are obtained by the Frobenius method,

an extension of the power series method.  y?y"; xy'+(x2 _Vz)y:o

. . . . . . Y tiona
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Summary

< Legendre’s equation: (1— x2) y"—2xy+n(n+1)y=0

Substituting Y= Y. a.x" and its derivatives
m=0

» Legendre Polynomials

(2n-2m)!

Pn(x):mio(_l)m 2”m!(n—m)!(n—2m)!xn_2m (M :2 ! Tj

+* Frobenius Method

b(x c(x
y" + ()y’+ (2 y=0
X X

y(x)=xriamxm:xr(a0+a1x+a2x2+---) (a, #0)

m=0

[t}
v,
D

I
55y
1
S22
333
=Y
~
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Summary

< Bessel’s equation: x2y"+xy'+(xz—v2)y=0

% Bessel functions of the first kind J (x) for Integer v = n:

_ N (_1)m X"
Jn(X)—X mZ:O22m+nm!(n+m)!

< Bessel functions of the first kind J (x) for any v>0:

e ()
J j—
() =x mz_()22m+vm!F(v+m+1)

% Bessel functions of the second kind Y,(x) with v=n=0:

Y, (x)= 2{ (%) (m +7j+222m )" h }

T
+»» Bessel functions of the second kind of order n with all values of v:
Y, (x)= [J, (x)cosvr—J_,(x)]
Y, (x)=limY, (x)_—.J (x)(ln_+7/j+x_z( -1)""(h,+h,.,) o X nzl(n m— 1)!

v—n 7 5% 2°""ml(m+n)! T &= 2°™"m

sinvr

. . . . . . .:.‘_ LJ 7 jona
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