2. Plane Waves in Lossy Media
A. EM Waves in Unbounded Lossy Media

1) Complex permittivity of lossy media

In unbounded lossy (o # 0: conducting) media, time—harmonic
Maxwell's equations for lossless media are still applicable (the
subscript s will be omitted hereafter) :
VXE = —jouH V-E =p/Je V- B =0 (6-80a c, d)
except for Ampere's law, which are changed with the help of Ohm's
law J= oF, into

VXH = (0 +joe) E = joe E (7-35)(6-80b)*

where €. is the complex permittivity of the medium:

PN 'O- PN ’ 4
€ Te—j T — i€’ (F/m) (7-36, 37)

C

Notes) i) € = € and €’ = o/w (including damping and ohmic losses)

14

. ~ € o .

i) Loss tangent tand, = — = e measure of power loss (7-39)
€ €

iii) o> we (good conductor), o< we (good insulator), ¢ = 0 (lossless)

iV)
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2) TEM wave propagation in lossy media

a) Homogeneous Helmholtz's equation and its solution
VE+KEE=0
where k.= w/ue,
Rewriting (7-41) as
ViE—-+E=0
with a propagation constant

v=Jk.= jw /e,
. . . O
= a+36=3w\/u6(1—3—)

1/2

(7-41)

(7-40)

(7-45a)

(7-42)

1/2
= jw/ e (1— ]—) (7-43, 44)

(7-45b)

(7-46)

E, decreases to eilEU at z =1m

Note) (a+ jB)*= (o*— )+ j2a08= —w’ue + jw’ue’
( of— F=—wue
208=w’ne’
Solving these two equations,
, ) 1/2
Do pe € . :
oz:-\g_),'{ 5 [ 1+( 7 ) —1” (Np/m) : attenuation constant
R 1/2
pe’ € .
6— { 5 1+( 7 ) +1” (rad/m) : phase constant
For a uniform plane wave propagating in +z direction,
’E,
——7'E,=0
dz
Solution : E(z2) =z E,(2) =z E,e "=z Ee “e /"
A
E, N E e “cosfz N
l;// X/Ek3géﬁa=MMMX

1\ [/ \ I~ — 1Np=120 10g1 |,
¢ 'E,= 0.368E, 5 ]

(0)/E,(1)] = 201logy e = 8.69 dB

Y

y4
«
_EO_..

The associated magnetic wave can be found from VXE = — jou H

- Ex(z) B, ,
= H(z) = yH( )= —v, *azefjﬁzi not in phase with E(z)(7-13)x

// 71/2

where 7, = 1/ 1/ 1—]— (£2) : complex value

Intr|n8|c |mpedance of lossy medium
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b) Wave propagation in low-loss dielectrics (tand,. = EE—, =~ wlﬁ<< 1072
For a low—loss dielectric (like ordinary imperfect insulators),

o/we< 1 (" <€) in (7-44), using the binomial expansion

(a+z)"= E(n)a” k4% becomes

=0\ k
1/2 6// 1 6” 2
v=a+jB = jwVpue (1— ) = jwVpe [1_‘jﬁ+§(e')}
from which
a = 2 (Np/m) (7-47)
2 €
0= w e [1—1— 1( )2] € [1—1— l(L)Q] (rad/m) (7-48)
- H 8\ € " 8 \ we

Intrinsic impedance : (7-14)x =

0 ) .o
=T+ = B -
7, . ( T5e ) p ( j2w€) (2) (7-49)

Phase velocity
Al
8\ €

w 1
c) Wave propagation in good conductors (tand, =

(m/s) (7-50)

YT T Ve

~ L 510%
WEe

m|<‘h

For a good conductor, o/we> 1 ("> €) in (7-43),

/2
y=a+jp= w\/ﬂ_%/ J—) —'ﬂvww——vwﬂ = (14j) Vrafuo

f
A . (7-51)
= T/2\1/2 _ _jr/4 _ s T 1+
trom which Vi = (eJ )77 =e’* = cos 4+jsm4 v 1/ 7/4
a =0 = Vrfuo (7-52)
Intrinsic impedance @ (7-14)» = (7-53)
” 71/2 e
€ w s
m, = ﬁ,(v ; ) JOR (4 )| TR — (g +4) - Y20
€ € o o o S
TEM wave @ (7-13)x = 1/ V7 = (e w?)ﬂ/?: el m/4)
H(z) =g £, Pl [ gy E P so B o 07 e*j(ﬂz:;fﬁ/}%")

. B y
e Y Vejwp/o Y Vouls

: H(z) lags behind E(z) by =n/4
Phase velocity :

2w
u, = % =\ <¢ (7-54)

Note) up as (TT
(e.g.) For Cu with =5.8 10", u,= 720 m/s < ¢ at f= 3 MHz
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Wavelength

2 u T

)\:—:—p:2 . _
3 7 (m) (7-55)

Note) \' as o'
(e.g.) For Cu, A=0.24 mm < 100m in air at f= 3 MHz

Skin depth § = Depth of penetration of a good conductor

= Distance thru which the wave amplitude decrease by e !

For B(z)=zE,(z)=zEe "= ;Eejﬂz (7-46) .

amplitude of cosf(z

EI'()(’Z>/E)
4
B
N\— € = attenuatin factor
0.368 = g1}
d=1/a: skin depth )
(7—52)
1 4 1 \1A A
=—=—F—= o 6=—=—-— (m) (7-56, 57)
«Q Vrfuo B 2m

Note) &% as o' and/or fT
(e.g.) For Cu, §=0.038mm at f= 3 MHz
d=0.66 um at f= 10 GHz
(e.g. 7-4)
A LP plane wave E= z E(zt) propagating along +z—direction (k| z)
in seawater (¢,=72, p,=1, o=4 S/m) with E(0,t)= £100cos (10'rt)
(V/m) at z= 0.
a) a, B, Ny uyp A, =7 D) z =7 where E(z)=0.01E(z=0),
c) BE(z=08,t), Hz=08,t) =7
Solutions)

w=10"m, f= ;—W =5x10°% tand,= & =200 > 1 : good conductor

a) a=0= vVrfuoc = 8.89 (rad/m)
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n. = (1+j) W{T’uzweﬁr/‘l (2)

c) E(z)=z100e “e 7"
E(z,t) = Re|E(z) €] =2100e “cos (wt—32) in the time domain

E(2=0.8,t) = £0.082cos (1077t — 7.11) (V/m)

7-15) = H(zt)= Re[
= Re[g}(lOO/W)e

u, % =3.53x10° (m/s), A
b) E(z) = 0.01E(z=0) = Ee “'=001Ee "

U
g

= 0.707 (m

), 0

10112 m)

1 1
= z=- Ean.Ol = ElnlOO = 0.518 (m)

. E ()
Y

in the phasor domain

jwt
e]

= Re[y

Te
€

~ 100e @ e 9%

™

eju)t

ej7r/4

—az _jlwt— ﬁ277/4)]

= y(100/7) e ** cos (wt— Bz—/4)

=

H(0.8,t) = y(100/7) e ** cos (10wt — 0.8 3—7/4)

~ 40.026 cos (10"t — 7.89)
~ y0.026 cos (10wt — 27— 1.61)

= 10.026 cos (10’7t — 1.61) (A/m)

summary of EM Plane Wave in Media
- ' ‘_T ossless | Low-loss | (zood
Any Medium | Medium Medium Conductor
(6 =M K g et @& 1) J g% 1)
= | :
- — 2 | -
pe' || gy o [u :
o= | > \’Il+(?) | 0 EVI; v fuo
e’ jll oy T - —
B=|w g \\.' | = + 1 ONTE: ./ JLE Jfue
- P = i “
I 1t B ’ :
§ P [ — ]_ g ||I-_- "l_ [.I|.} .
e Ve ( ) ) V V ¢ I
/B |y JiE | 1/JEE | AfTno
”p/_;r ”pf".fl ”p/.fl

Notes: &

n/p = “p/.f

Units

(Np/m)

(rad/m)

(£2)

(m/s)

(m)
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p =
A=
=g & = o /w; in free space, € = €g, [ = po; In pruafibu. a material is considered a
low-loss medium if &” /&' = o /we < 0.01 and a good conducting medium if ¢” /&’ > 100.



B. Wave Velocities and Dispersive Medium
1) Phase velocity = Propagation velocity of an equiphase wavefront

For plane waves in a lossless medium [E(z t) = zE,cos (wt— kz+ ¢,)],

= const. (m/s) : indep. of frequency  (7-10)

w 1
u _ — A pu—
P k f /_ue
For plane waves in a lossy medium [E(z t) = zE,e “cos (wt— Bz+ ¢.)],

(7-50, 58)

u, = % = Af (m/s) : dep. on frequency

2 1/2
where BZ'@}{%[ 1+(ﬁ) +1” (7-43, 44)

D)

2) Group velocity = Propagation velocity of the wave—packet envelope of
a group of frequencies

Consider two plane waves with slightly different w(f) and B(\),
E,= E cos [((w+ Aw)t— (B+ AB)Z]
E,= Ecos [(w — Aw)t— (B— AB)z]

Addition of two waves = Wave packet (cf) Beat wave

E(zt) = E, +E,= 2E0cos(tAw— 2AB) cos(wt— Bz)  (7-59)
E(z,1) wave packet envelope
A = modulated wave carrier wave
= p 1. = g — ;‘h) . |.:.-.|
|~ dt a3 J |I ||
\ | | | f r Al |
| Iy 1 v N |
% . HAWAR [ || | |
T 1 o | | | :'_ | | T I |I .'. T 1 f > 2
\ \ [ I 1 |I fils | |
o | = _d£ | = —U‘)o |I / { | l
_ PNt IB | |
" FIGURET—6.
group vel. = vel. of modulated wave carrying information
Constant phase of modulated wave | tAw— zA B = constant

A d
= Group velocity : u, = % = A—; = d—; (m/s) (7-60)

3) Index of refraction and dispersive medium
Index of refraction of the medium : n, = c/up
= If wu, depends on w(f) and B(X\), the information-bearing

waves consisting of different f and A will be dispersed (distorted).
(e.g.) waves in dispersive medium, such as lossy dielectrics,

(10), (7-117)

transmission lines, waveguides, .....
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w
u= B= 2;, d6=— 2T (7-60)
P p dn, vy ¢ [du,
dw ¥ i AT Y
Uy e u,+ 3 e U, A ) » (7-60)
u, < u, : normal dispersion [du,/d\> 0, dn,/d\< 0]
= u, > U

,> u, © anomalous dispersion [du,/d\< 0, dn,/dA> 0]
u,= u, : no dispersion [du,/d =0, n,= ind. of Al

C. EM Power Flow and Poynting's Theorem
1) Poynting vector = EM power flow per unit area

H- [(6-452) v<E =—%8] ~ E- [(6-45b) vx<H = 7 +—%2] by using a

vector identity v - (ExH) =H:-(V XE)— E- (V xXH)
o FE-+D H-B
:/V-(EXH):——t( 5 + 5 )—E-J (7-64)
In a simple medium, substitution of constitutive relations in (7-64) yields
__ 9 l 2 l 2)_ 2 ~
V- (EXH)= at(zeEJrzMH oF (7-65)
Integral form : / (7—65)dv using Gauss' theorem
14
o) 1 o, 1 2 2
(EXH)+-ds=—— —eF°+ —pH | dv — oFE dv (7-66)
s ot J \ 2 2

v
EM power outflow = EM energy decreasing rate — Ohmic power dissipation

=
Definition of Poynting vector & :
#=EXxH (W/m
2) Poynting's theorem
Rewriting of (7-66)

—yggb ds = —f w —i—wm dv—l—fP dv (7-68)

EM power inflow = EM energy increasing rate + Ohmic power dissipation

instantaneous EM energy conservation

(7-67)
= |Instantaneous EM energy conservation

1 1
w, = §€E2 = §€E' E* = electric energy density (7-69)
1
w,, = §;LH2 = §MH- H* = magnetic energy density (7-70)
p,=cE*=J*/oc=0E-FE*=J-J%/c = Ohmic power density(7-71)
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(e.g. 7-5) lllustrating Poynting's theorem: N \ 2

J= 1/ 7b) b
E=J/oc= 2([/0762) P 1‘ @\__
H= ¢ (I/2nb)

= .@:EXH:—’I:(IQ/2071263)

l . IQ ) . _
— gb-dsz—/(—r— - (r2mbdz)
ygs 0 20mh? .

IGURE 7—7

&

= |

I I

:IQ( lg):IQR :@\:

omb ¢ : D

= EM power inflow = Ohmic power loss I o
b
,//Ji
3) Time—Average Poynting vector
Instantaneous time—harmonic EM waves :
E(z,t) = Re|E(2) '] = :EEoefazRe[ei(“’tfﬂz)]
=z E,e ““cos(wt— 3z) n.=InJe" (7-73)
i ~F i ' ~ Eo _ i(wt— Bz —
H(z,t) = RelH(2) "] = Re[y 752) eJ“’t] = ] e C”RB[B( =0 (b”)]
~E
=y |77_|6 “*cos (wt — Bz— gbn) (7-75)
Instantaneous Poynting vector :
#(z,t) = E(z,t) X H(z,t)
(7—173), (T—175) B2
A~ 0 —2az
=z 2] e [cosgbn—i- cos (2wt — 28z— gbn)] (7-76)

Time—average Poynting vector :

1 T
Fo(2) = & | 2z t)de
T 0
2

(7—176) B . =0
. - 1
A=zt — 2wt — 2Bz— ¢, )dt
z 2] e [cosgbn—F M Bz qﬁn) ]

E2
= z———¢€ “cosp, (W/m?) (7-77)

2In /

In lossless media (=0, ¢, =0, n,=n), 2,(2)=zE,/2n (7-78)
L 1
Generalization : 22,,(2) = ERe[E X H*] (W/m?) (7-79)
Total average power : P, = yggbm,(z) - ds (W) (7-79)*
s

Homework Set 2 1) P.7-1 o) P.7-3 3) P.7-5
4) P.7-7 5) P.7-10  6) P.7-11
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