3. Reflection and Transmission of Plane EM Waves
A. Normal Incidence of Plane Waves at Plane Boundaries

1) Reflection and transmission of TEM waves
In two unbounded lossless (or lossy) media contacting at a plane boundary,
“4  Note) In lossless media,
%z k and 8=k

I
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wave ; ~ . wave
H o=t
{
(=) o
.'Ir
Incident ~ A FIGURE 7—8
wave k= z |

Medium 1 Medium 2
(€, pLy) | (€5, L1y)

R 5. k. < E(z) ~E, .
E(z)=zE,e ', H(z)= T’ =y e 7 (7-84, 85)
1 1

]

Reflected wave (E,, H): k:A, = j»’;
E(z)=zE, e’ H(z)= ICTXTE’"(Z) = —g}%e”ﬂlz (7-86, 87)
1 1
Transmitted wave (E, H,): k?tf z
E(z) = .%Etoeijﬂzz, H(z) = ktXTE;S(Z) = 3}%6]@2 (7-88, 89)
2 2

Total fields in medium 1 : incident + reflected waves
L(E"J@»Oeijﬂlz—E' e

E(z)=z(E,e "+ E, "), H(z) =y . AR BNERY
1

Total fields in medium 2 : transmitted waves
~ — 96,z ~ Eo — 10652
E\z)=xE,e 7 , Hyz2) :yn—te P (12)
2

Boundary conditions at z= 0 :
nx(E—E)=0, nx(H—H)=0 = Continuity of E, & H,

= Ei0+ Er'o = Eto’ (Eio_ Er'o) /771 = Eto/TIQ (7-90, 91)
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Solving (7-90, 91),

— 2
E, = ( T )Ew ~TE,, E =|" )Ew =1E, (7-92, 93)
s \ 2t )

E, Na™ M

where Reflection coefficient : re 2= (7-94)
E;, Myt M

. .. . N Eto 2772

Transmission coefficient : 7= = (7-95)
E;, Nyt M

= 1+ I"'= 7 for normal incidence (7-96)

Note) In lossy media, n (real) is replaced by 7, (complex).
Then, I' and 7 become complex (phase shift at the interface).

Rewriting (11) for total fields in medium 1,

E(z) = aA:E,L‘OeijﬂlZ (1+ Feﬂmz) (7-97)
A
Standing (envelope) wave
E. . y
H(z) =1y n—‘oe P2 (1 — e (7-100)
1

Rewriting (12) for total fields in medium 2,
E(:)=E()=zrE,¢ "™ (7-101)
Hy(z) = H(z) = g}nlE,ioe]ﬂ?Z (7-102)

2

If the standing-wave ratio (SWR) is defined as
Elpax 14|17

S = = (1< S< o) (7-98)
|E|min 11— |F|
1— S
then |['|= —— —-1<I'<1 (7-99)
|| TS ( )
Time—-ave. power density = time—-ave. Poynting vector (7-79)
1 .
P(2) = < RelE < HY] (W/m® ) (7-79, 103)
2
. 1 ~ 0
(7-97, 100) in (7-103) : (&2,,), = ERe[E1 X H*] =2 20 (1—1?) (7-104)
1
2
. 1 ~ 0
(7-101, 102) in (7-103) : (&2,,), = §Re[E2 X Hy*] = 2 o 72 (7-105)
2
Power (or Energy) conservation in lossless media @ (£2,), = (2,,),
=  1-I*=(n/ny) 7" (7-107)
(cf) Reflectivity (or reflectance in optics):
N (Pav)ro o Sro(‘@av)ro 2 (7-94)
(Pav)io S@’o(‘@av)io
Transmissivity (or transmittance in optics):
2 (Pav)to o Sto(‘@av)to — ETQ (7-95)%
(Pav)w Sio(‘@av)w 772
(7-107) = R+ T=1 (7-107)%
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2) Normal incidence on a good conductor and standing waves

For medium 2 of perfect conductor (o, — o0, i.e., 0y/we > 1),

sl . ]
pe L - o4 Pl _ 1410
|E |min < |III ‘?. |E|min I'= |F|
P D N | ; > z
— Ay >
g ud ; 3
Pe = :
4="0 (a) E, versus z. Medium 1 Medium 2
(617 H1) (627 Hoy 09— OO)
Perfect
8- If-' ' ] conductor
] ’;' /|
] [ [
fi [ f L
1 / T >z
i 5 ik
4 4 =S FIGURE 7—8
(b) H, versus z.
z =10

(7-53): 1My = (1+j)+/7fu/o, =0 (short—circuit boundary)
Ero 7720_ 771 .
(7-94) = i = —— = —1 [total reflection and out-of-phase between
i0 2¢ 1 .
P 2 E & E (—1=¢7): phase shift = 7]
(7-95): 7= o — 2 = 0 (no transmission across perfect conductor surface)
E, Nyt

R . E
Incident wave: E(z) =z E,e ", Hz) = yn—we Pz (7-84, 85)(7-108, 109)
1
E ..
© et (7-110, 111)

(Reﬂected wave: E.(z) = —.%Eweﬂﬂlz, H(z) = ?;77—
1

Total wave phasors in medium 1 (7-97, 100) :
(El(z) =z kB, (eiﬂlz— eﬂﬂlz) Z-_";ijEwsinﬁlz (E, lags behind H, by 7/2)(7-112)
Hl(z) =y— (e iy + eﬂﬁ1 )= y2— cosf 2z (7-113)
T Uil
Total instantaneous waves in medium 1 = Standing wave resulted
from the interference of two (incid. and reflec.) waves
E(z,t) = Re|E(2) €] = z2F, sinf,- sinwt = z F, sinwt (7-114)

(7-115)

L, ~
cos/t, z coswt = y H, coswt

(Hl(z, t) = Re[Hy(z) '] = y 2 :
M 4
Standing wave curve = Envelope of instantaneous curve

Note) (7-104) = (@m)l =0 : No EM power flow in medium 1
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. 1
(cf) Standing wave envelope for E, = EE”’O (r=1/2)

\ |E| o= 1.5E,

1.5E, | Envelope |E|Imax N 1+:[‘: s
min 1=
1.0E;, ™
0.5E,
—A
0 |
—3)\/2 s i

-D.SED\
(,> Envelope

-1.58, — < Ejlz

— E.(2)

T

Envelope for (medium 1) = (medium 2) : no boundary
E =0, E =FE, I'=0, =1, S=1

0 to 107

B. Oblique Incidence of Plane Waves at Plane Boundaries

1) Snell's laws (ind. of wave polarization) x4
Traveling with same w,,; in medium 1 FIGURE 7T—10
= 0A'= A0 Reflected

- - wave o
= 00 sinf,.= 0O sinb, Refracted

= 0. =0, : Snell's law
of reflection (7-116)

Traveling with different up's in med. 1 & 2,

OB A0

= — = 5%
Up2 upl u
OO’sith U, .'-chefront

= _ = P i st. phase surface)

_w_ < 00 Sinei Uyt Inc:‘?;ilé Ray (wave flow direction)
r /B n, . 0
i N SNy U ﬁ _ Medium 1 Medium 2

sind,  u, By ny (€p 1) (€5 19)

: Snell's law of refraction (7-117)

For py = py .
sinf, Uy n,q € up
A R e (7-118)
sinf,; Uy M, * € \771
U, = 1 / = £
P \/N_ﬁ N €
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2) Total (internal) reflection and surface wave z 4

. wave behavior of internal reflection and

surface wave if the wave is incident with 6, > 0, 1 \S;:‘f:ce
on a less dense medium (e > ¢,) e 5
K, = zsinf, + zcos#,

~

k
Reflected & i

wave

For ¢, > €, , from (7-118) 0, > 0,

Then, critical angle of incidence for
total reflection (6, ==/2) from (7-118):

(Y~
c n B{' X 3? = m?2
.- 2 .- 2 "
0,= sin” 4/ — =sin | — —{ 95 v >z
El /n/,,.l 8{‘.‘ y
(7-120)
If 6,>06, from (7-118) Incident
i~ Ve curipa i FIGURE 7—11
: € :
sinf, = 4/ — sinf, > 1 (7-121)
€ Medium 1 |5 €l Medium 2
(€7, ) L (E )
cosf, = 4/1—sin’f, : 2
& z=0
= +j4/—sin’d,— 1 (7-122)
€
Transmitted waves E,(z,z), H(z,z) from (7-20, 23) :
—jk, - R
Ef(z,z2), H(x,z) oce ™ k=wyvpe = 3
— ik, - R — k R / 1:sm9 +zc080) (1:1:+ zz)
e Tk Jkg 3B, (
— jB, (zsind, +zcosb,)
7—121), (7—122
( ), ( . b ]62T$‘
=e —_ (7-125)
Teet o L b traveling wave
v et along the interface (x)
exponentially attenuating amplztude
in the normal direction (
where  «, 521/ —szn 0.—1, By,=0, 1/ — szn@ (7-125a, b)

= Surface wave =

(e.g. 7-9) Underwater light source

Evanescent wave along the interface for 6, >0,

chsilrf1 —
- s N sy,
= sin”! T = 4927 T v
_ OP 5 .’ AN, "‘f *4 i
tanf,  tan49.2° . 1,_.:7'560 " 1,} _
=432 (m) Wﬁtcr Light Source REPRET
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(e.g. 7-10) Optical fiber

= Dielectric rod or fiber guiding EM wave by total internal reflection

—— _u—{ﬁﬁ—ﬂ H_ b = ,,_,---""M _-_::’L.“_‘-n .
N i e <3
& =&, FIGURE 7—13
For total internal reflection in the fiber,
v
sinf; = sinf, = cosf, = sinf, = 6;11/2 (7-127)
Snell's law of refraction : sinf, > eﬁlmsin@ (7-128)
(7-127) in (7-128) ©  1— €,;'sin’6; = €'
—  €,= 1+ sin’, (7-129)
For the total internal reflection at any incident angle,
0, <7m/2 = (1), = 1+sin’(x/2)=2
or (n’rl)min - V (E’rl)min - \/5
Note) €, = 4~10 (glass), 3.4 (flexiglass)
3) Perpendicular(_L) polarization i’f
E 1 (incidence plane) R
. k,
Incident wave (E, H): % .ﬁ”" >
k,= xsind, + z cosb), Reflected %/ ety
~ —jB, (xsind, + zcosH,) Bt i jog i
Ez(x,z) =y ke Transmitted
E, . . . o) Mg PO
Hz(ﬂf,z) = 7 (— xcosl; + zsm@i) = 'f}. i
¢ e*jﬂl(wsiHGﬁZCOS@;) Incident 3
wave ?
FIGURE 7—14
Reflected wave (E,, H,): E, \
k,= xsinf, — z cosb, H;
~ —ip (zsin@rfzcosﬁr) Medi 1 Medi 2
ExZ:E',ejl edium edium
T'( Y ) y T0 (€|‘.|ul} {Ez-.,u-vz)
E, . .
H(z,z)= 77_ (xcosh, + zsind,) .
) 7=
>, e*jﬂl (zsinfd, —zcosb,)
Transmitted wave (E,, H)): k?t: a?sin@t—i- ,gcos@t
~ —j ind 9
Et(a:,z) _ yEtOB 3By (z8ind, + zcosb,)
Eto ~ ~ —jBy(xsind, + zcosh,)
Ht(a:,z) = ” (— xcosh, + zsm@t) e (7-134)~(7-142)
2
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Boundary conditions at z=0 = Continuity of E,(x,0) & H, (z,0)

(Eiyo—i-Eryo = By, - E,L‘Oeijﬂlmine"’ + E, ¢ st toeijﬂﬂsmet (7-143)
H,+H, = H,: n, ' (— E, cosb, ¢ el E, Cosereijﬂlminer)
= — nglEtocoseteijﬂﬂsmet (7-144)
= Phase—matching condition for all z :
Prrsing; = Firsing, = Syrsind,
= 60.= 0, and sind, = (3,/3,)sinf;, : Snell's laws (7-116, 117)
Then, rewriting of (7-143) and (7-144) yields
E,+E,=E, (7-145)
( n, ' (E,— E.,)cosf, = n, ' E,,cosf, (7-146)
Solving (7-145, 145),
E,=1T,E,, E,=1, L,
where T, 2 E, _ 1, cost; — n, cosb,
E;, 1, cosf, + n, cosb,
. Fresnel's refl. coeff. for perpendicular polarization (7-147)
B, 21n,cosb,
L E;, - 1, cosb; + 1, cosb,
. Fresnel's trans. coeff. for perpendicular polarization (7-148)
= 1+ I, =7, for perpendicular polarization (7-149)

Notes)

i) For §,= 0 (normal incidence), 6,=0, ', =1 and 7, =7
ii) If med. 2 is perfect conductor, n,=0, I'y =—1and 7, =0

iii) For lossless (6 =0), nonmagnetic (,u = uo) dielectrics,
using 1,/ n, = 1/&,/€, and cosf,= \/1—sin20t = \/1—(el/eg)sin20i

7-1471n = I, = (7-147)%

For €; <e, (Med. 2 is optically denser), I’ = real

For €, > €, (Med. 1 is optically denser) and 6, > 0.=sin" 'y/e,/¢, ,
I’ = complex, |I')|=1 : total internal reflection

fjﬂ2(z sind, + zcos@t) oc e—OzQZ e—jﬁgr x

(7-141) = Exz,2)=y7, Ee (7-125)

. accompanied by a surface wave
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4) Parallel(Il) polarization A
E; | (incidence plane) kr._. . E
Incident wave (E, H): Reflected ¢ K
k;= xsinf; + z cosb, WRE Og et
E(az,z) =F, (a:cos@i — zsin@i) wave
w efjﬂl(zsinﬁi—kzcosﬁi) L
- —JjB ( ; ‘91‘,"' ‘91) % v ~
ffz(x,Z) =y =g TR Incident ™\, k.
771 wave '.:: v FIGURE 7_ 15
Reflected wave (E,., H):
k.= xsinf,.— zcos#, T i
. ~ edium edium
E(z,2)=E, (xcosd, + zsinh,) (€ 1) (€9 1)
>, 67 3B, (xsinf, — zcosb,)
z =)
HT(QT,Z) __ :l; Ero efjﬂl(zsinﬁrfzcosﬁr)
Uil
Transmitted wave (E, H,): k?t: zsiné, + z cosb,
~ ~ —jB,(xsinf, + z cos
E(x,z)=E,, (xcosb, — zsinb,) e Pelrsind, +zcosty)
~ By g, (asing, +zcost
H(zr,z)=vy n—oe By{asind, + zcost) (7-150)~(7-155)
2

Boundary conditions at z=0 = Continuity of E, (x,0) & H, (z,0)

=  Phase—matching condition for all x :

= 0.= 0, and sind, = (8,/ B,)sinf, : Snell's laws (7-116, 117)
= |:(Ei0— E,.,)cosf, = E, cosf, (7-156)
-1 -1
™ (E;O_ Ero) /b)) Eto (7-157)
Solving (7-156, 157),
Ero:FJ_l?io’ E;io:TJ_E;o
. E, 15 cos, — 1, cosb;
where I’} = =
E., 1, cosf,+ n, coso,
. Fresnel's refl. coeff. for parallel polarization (7-158)
B, 21m,cosb,
T f— p—
+ B, 15 cosb, + 1, cosb;
. Fresnel's trans. coeff. for parallel polarization (7-159)
cos0, o
= 1+ Iy =7,|—| for parallel polarization (7-160)
cosf,
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Notes)
i) For ;= 0 (normal incidence), 6,=0 , Iy =1and 7 =7

ii) If med. 2 is perfect conductor, 7,=0, I'y=—1 and 7y =0

iii) For lossless (6 =0), nonmagnetic (,u = ,uo) dielectrics,
using n,/n, = \/€&,/ €, and cosf,= \/l—sinQOt = \/1_(61/62)Sin29i
—(ey/ ) cos,+ \/(ey/e,)— sin’0,

iv) Comparison between |I" || and |I" ]|
|
Water |FJ_| > |r |||
:;_3-.,{.,f’l.-.':h§..l.._}=;. =
Asgﬁ
-1 Wet soil 1 7
(0.6
iyl er=25) II]" and 05
or
”_H'“‘H ‘ ; Applications :
8\1'3’_13011 — 4 Polaroid sunglass design
2 o) g Polarization control
0.2

{) L ] 1 1 1 - ] L]

f 10 20 30 40 50 60 70 81][ 90
(Bg dry soil) (fg wet soil) (O water)

Incidence angle &; (Degrees)

grazing incidence

normal incidence

v) Brewster angle 65 (or polarizing angle) of no reflection
= Threshold incidence angle at which I'= 0 (no reflection).

Parallel polarization :

(7-158) for I'y = 0 = mn,cosfy, = nycosb, (7-161)
1— o6, / €
1-— (61/62)

€ n,.
L2 ztanl(ﬁ) (7-163)

1
For = 4y, 0, =sin '—————— =tan_
M1 25 Bl /1 T+ (61/62) € n,,

Perpendicular polarization :

(7-147) for I') =0 = mycosfp, = n,cosb, (7-165)
l—ue/ue

= sin’fy = # (7-166)
1= (py/ o)

For p,= py, 05, does not exist for nonmagnetic medium.
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