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» Keep it simple — determine what kind of problem you want to
tackle that can not be known otherwise.

* Be clear what will the be verification case

» Distinguish between laboratory and numerical investigation —
numerical study cannot, in general, produce a new
constitutive relation

* |f this term paper is part of your thesis or project, then make
sure only part of the whole project will be conducted during
class.

* Well begun is half done!
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Home Assignment #1
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» Make your own summary
— Don't just make a copy and paste

— Your views on this summary is the most important
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Assignment #2 Gy
FEM Exercise "
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* 6 Oct 2014 (or 29 Sept 2014)
* Introduction to COMSOL, a general FEM solver

* Exercise
— Saint Venant Principle
— Mesh size effect
— Brazilian Test
— Uniaxial Test

— Heat Conduction (Thermal Conductivity measurement)



Numerical Approach in Rock Engineering
Physical variables for THMC problems
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Physical problem Conservation State Variable Flux Material Source Constitutive

Principle u o properties f equation
V.g=0 k o=ku'

Elasticity Conservation of Displacement Stress Young’s modulus | Body Hooke’s law
linear momentum | u o & Poisson’s ratio | forces
(equilibrium)

Heat Conservation of Temperature Heat flux Thermal Heat Fourier’s law

. ener T conductivit sources

conduction i Q K Y

Porous media | Conservation of Hydraulic head Flow rate Permeability Fluid Darcy’s law
mass h Q k source

flow

Mass Conservation of Concentration Diftusive Diftusion Chemical | Fick’s law

t rt mass C flux coefficient source

ranspo q D

Structure of state variables and fluxes are mathematically similar -
a convenient truth!




UGS
Numerical Approach in Rock Engineering gg
Mathematical model

SEOUL NATIONAL UNIVERSITY

IDEALIZATION

DISCRETIZATION SOLUTION
Physical Mathematical, |1\ Discrete Discrete
system model model solution

Solution error
Discretization + solution error

Modeling + discretization + solution error



Basics of Finite Element Method %;:w
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Governing Equations: 1D Boundary Value Problem
— Elasticity
— Diffusion equation (Heat conduction & Fluid flow in porous media)

— 3D expansion

Finite Elements in One Dimension (Boundary Value Problem)
— Basics of FEM
— Weak Formulation and Galerkin’s Method
— lllustrative Example (12 steps)

— General 1D Boundary Value Problem

Finite Elements in One Dimension (Mixed Initial-Boundary-Value Problem)
— Time stepping method

Finite Elements in two- and three-Dimensions
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Elasticity formulation %Mﬁ

/“‘—\Axé.
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» Elasticity formulation was extensively covered in ‘theory of
poroelasticity’.



2D & 3D elasticity
Stress in 3D

By Cauchy’s formula

1%
T. =V .O ..
A z o
— Knowing the stress component, we can write i },%
down the stress vector acting on any surface = :
| O
1 _}/"_7
— Stress state in a body is characterized e I i
completely by stress ter}sor }GH & v
Gxx i deoees '———7
/ Oy - ¥
O-xx Xy sz Gzz
G:=.. : Stress on the £ plane along n direction.
o o o &n
yx »y yz o,
Direction of the stress component.
sz zy O-ZZ O Direction of the surface normal upon which the stress acts.
XZ
T,
Tensor form

matrix



2D & 3D elasticity Wﬂé’
Strain -2D & 3D —

SEOUL NATIONAL UNIVERSITY

» Geometric expression of deformation caused by stress
(dimensionless)

L AL
AL  du
1D |e=2= -—
L dx
S,
v ‘?% dox Oy
] lr/ — *’.:-- =l ,—
d‘j | e Ak d:j " o 8“x 8uy
i ‘.' } J& gxx = ’gyy :—,
I E— 3 oy o oy
3 I_’ f I T ; F
y Oy — 4¥ Ou, 5uy
7/xy — +
€ = 29y = Ay Yo =( 2oy , 2y, oy  Ox
°3 Ay 23 ¥
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2D & 3D elasticity g;f
" S
Straln - 2D & 3D SEOUL NATIONAL UNIVERSITY
0 19 E L| ow, + Guj
U . = —
£ = U &, = E = ou, , 72 Ox; O
ox 7 oy Oz
1 (5l/lx 5uy ] XX gxx
£ == +
2\ oy Ox o €y Ex &y yy
< _ l @u y + auz gyx gyy gyz 2(9 zz _ & zZ
- 2\ 0z 8)/ gzx gzy g, gyz Y vz
- _l 8ux N auz 2gxz yxz
“ 2l 6z ox Tensor 26y ) Ve \
form

matrix form  Engineering

Strain is also a 2"? order tensor and symmetric by definition.strain
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2D & 3D elasticity i,

S

Equation of motion (Equilibrium equation)..... .cou sxvesm

R

S4Y
g i

 Sum of traction, body and inertial forces (and moment) are
Z€ero

82ui
ZE = O > 0]1,] +IObl :IO atz

aaxx aO-yx 802x 62ux

+ + -+ IObx = p 5

: ox Oy Oz ot

2 oo.. 0o, Ooc 0%u
2+ —2 4+ +pb = !

5)6 ay aZ p Y p atz www.mcasco.com/eande.htm|
aze aJ)/Z aazz 521/!2
+ + +pb. =p




2D & 3D elasticity

Stress-strain relationship — 1D & 2D

* Hooke's Law

1D

o=F¢

— Stress is directly proportional to strain

« Stress and Strain

» Elastic modulus (N/m?=Pa} _ °»

&y

gx
* Poisson’s ratio (dimensiorﬂe‘s§)§

Stress

High E= More Stiff

Low E= Less Stiff

Strain



2D & 3D elasticity £,
Stress-strain relationship — 1D & 2D .
* Hooke's Law 1D | o=Es
« Shear modulus G Ty =GV
P
|5k E e oo
» Generalized Hooke's law (isotropy) | «, by o,
—— — — 0 0 0
— 2 independent parameters (E, 7‘9 - £ E ’
_E Hic material M - N
2(1+v) Yw) |0 0 0 0 é 0| \To
0 0 0 0 O i
G

- E>0, -1<v<0.5




2D & 3D elasticity (R
Stress-strain relationship — 1D & 2D

» Complete anisotropy

— 21 independent parameters

&y St S Sz Sy S5 S O,
£y S Sy Sy Sy Sy Sy Oy
&z | _ S5 S5 S Sy S5 Sy O,
Yz Syt Sy Siz Sy Sy Sy %
7 xz Ssi S5 Ss3 Ssu Sss S Tyz
Vxy Se1 Se2 Se3 Ses S5 S Ty

& :Sijklakl O :Cijklgkl
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2D & 3D elasticity A,

. u . 7y N
Stress-strain relationship — 1D & 2D
« Stress and strain in different dimensions are coupled. Therefore, we need a

special consideration —plane strain and plane stress
1
LD o
1
. — 0 0 0] (o
* Plane strain E 9 :
L e o]
— 3 dimensional strain goes zero > E i
) 7yz 0 0 0 i 0 0 Tyz
— Stresses around drill hole or 2D tunnel Vs © T
Vi o 0o o o L ol
G
1
XX gxy O GXX ny O 0 0 0 09 E
En €, 0 o, o, (0
0 0 O 0 0 o,
(1-v?)  v(l+v) 0
g £ E o
g"" v(+y) 1=V 0 0”‘}
»y E E »y
Vo 2(1+v) \Tw

0

0




2D & 3D elasticity Ey
Stress-strain relationship — 1D & 2D
* Plane stress
— 3rd dimensional stress goes zero
— Thin plate stressed in its own plane
On Oy 0 Ex €y 0
Om O O] —> Epe Cpy 0 AY 4y
0 0 0 0 0 ¢,
v = [ s
e E E o .z/ s
xx y 1 xx il
& =| —— — 0 vy o . O
{7”} E E { J € #0 Gy = H i )
Yo o 2 (1; v (Thin Boay) (Thick Body)



2D & 3D elasticity
Governing equations

SEOUL NATIONAL UNIVERSITY

Strain-displacement relationship (6)

Stress-strain relationship (6)

Equation of motion (3)

Navier's equation

Gu,; ; +(A+G)u

J»Ji

+pb. =0

G

GVu+(A+G)VV-u+ pb=0 )

1
&y =5 (i +uy,)
O, = Cijkl €k ,
5 0 u,
Cjij T PO =P 3
ot
2 2 2 2 o? 2
au2+au2x+auzx +(A+G) 8uZX+ uy+6uz +pb, =0
ox oy 0z Ox~ OxO0y O0x0Oz
o 0° 0° 2 o’u 2
u2y+ u2y+ uzy +(1+G) au"+ 2y+8uz +pb, =0
ox oy 0z oxoy Oy 0yoz
2 2 2 2 o 2
au2x+auzx+aix +(A+G) aux+ uy+aL;Z +pb_ =0
Ox oy 0z Ox0z 0y0z 0Oz
Ev

— Three governing equations for three displacement components

C1+v)1-2v)



2D & 3D elasticity Y

A R
. . . . . HdX
Comparison with diffusion equation
+ Diffusion equation * Navier's equation
86’ 2
_ (— — O’u, 0'u, Ou, O’u, Ou, ou,
4 Ot v ( DVc) R ¢ o oy’ s }F(MG)L ox’ +8x8y+8x82j+pbxzo

2 2 2 2u 2u 2u 21,1 21/l 2u
aT aT aT . aT G82y+82y+azy +(/‘L+G)6x o, 8Z+,oby:0
k 82+@2+@2 = pc— ot o o
X 34 y4

- -
oxdy oy*  oyoz
ot

2 2 2 2 o%u 2
G aLl2x+8lxt2x+81/l2x +(A+G) au“r L +pb, =0
ox oy oz

0x0z 0yoz ! oz*
— Time-dependent

— Not time-dependent
— One parameter k is

— Three coupled equations
necessary for steady state . |
behaviour 1D & steady o wo parameters (isotropy)

state
d

dU(x)) _
—E(au) ~ j—f(x)



Elasticity formulation
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* Here we stop digression and continue to talk about FEM.
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1D Boundary Value Problem Wity
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\ Al \A+dA
haxL-

An elastic rod, in approximately a uniaxial stress state

» Balance Principle
— Equilibrium Equation
* Constitutive Equation

— Hooke’s law

* Governing Equation
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1D Boundary Value Problem Gy
General FormUIation SEOUL NATI(J::LUNIVERSITY

* In case of cylindrical rod, Elasticity Eq becomes;

d
—E(E(x)

du(x)
dx

j=f(X)

— At least one of BC must be an essential BC. Why?
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1D Boundary Value Problem Gy
General FormUIation SEOUL NATI(J::LUNIVERSITY

» General formulation

—di(au) d U(’C)j + BUG) = f(x)
X dx
— Elasticity
d du(x) B
—E(Eu) " j - )

— Diffusion Equation (steady-state)

d dT (x)

G

KT,
A

j+%T(x) =0(x)+
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1D Boundary Value Problem R
General Formulation

SEOUL NATIONAL UNIVERSITY

* (Governing equation €< conservation principle + constitutive
equation

dr(x)
dx +'B (X)U(x):f (x)\ Gain of energy to the interior of the

/ \ system

Loss of energy from the system due Loss of energy from the interior of
to a flow across the boundaries

the system, B(x) is a physical
property

r(x) = —a(x) 2L
/ l dx
Flux (heat flux, fluid flux or stress)

For stress, this terminology is not
appropriate but conventionally used.

Experimentally measured property
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1D Boundary Value Problem Gy
General FormUIation SEOUL NATI(J::LUNIVERSITY

* Boundary condition
— Essential (Dirichlet) BC: specify the function U

— Natural (Neumann) BC: specify the flux

» With two end points (x,, X,
dU

At x=x, Ux,)=U, or -oa—| =1,
dxxzxa

At x =x, U(x,)=U, or —ad—U =T,
dx | _



Finite Element Method (B
Introduction
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 Afew analytical solution to the partial differential equation (Navier’'s equation or diffusion
equation) = governing equations can be solved numerically (FEM, FDM, BEM)

* Invention?*

— Precise moment of invention is not clear

— Courant (1943) used piecewise linear polynomials for torsion problem

— Much progress in 1960s (The name finite element appeared in Clough(1960)
 Methodology

— Continuum is divided into a finite number of parts (elements), the behavior is specified by
parameters

— Solution of complete system as an assembly of its elements

Mathematically speaking

— FEM replaces solutions by simple equations such as polynomials

— FDM replaced derivatives by differences

*30-32p, Burnett DS, Finite Element Analysis — From concepts to applications, 1987, Addison-Wesley Publishing Co.



Finite Element Method )
Introduction

SEOUL NATIONAL UNIVERSITY

— Essential characteristics of FEM is the special form of trial solution.

— Transforms unsolvable calculus problem - approximately
equivalent but solve algebra problems.

— Mesh = node + element

— Mesh generation: defining the length, locations of the elements &
nodes, assigning numbers to each node and element

* Element trial function = shape function

— A trial function defined over one element

— Basis function: piecing together shape functions in each element



Finite Element Method ()
Principal operations "

SEOUL NATIONAL UNIVERSITY

» Construction of trial solution for U

» Application of optimizing criterion to 7

o Estimation of accuracy of U
® ® ®

‘ Trial solution | [ Optimizing criterion Approximate solution

' O(x)
Accuracy: How close is U(x)
to the exact solution U(x)?

| Ul(x; a) =  Determines a “best”
a, undetermined | set of values for the a,

 J

A

If accuracy is uncertain or unacceptable,
repeat cycle with a different trial solution.

For example, add more trial functions
to previous trial solution.

*56p, Burnett DS, Finite Element Analysis — From concepts to applications, 1987, Addison-Wesley Publishing Co.



Finite Element Method ‘«;ﬂg
Trial solutioin
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 Trial solution in the form of a finite sum of functions:;

U(x; a) = a$(x)+a,p,(x)+...+ ayd, (x)
@ (x), P, (x),...0, (x): trial functions(basis functions) —

Known!
a,,a,,...,d, are undetermined parameters or degrees of freedom

— N degrees of freedom T unknown

* Residual (non-zero results after trial solution were substituted)

d(de(ﬂj::i I<x<?2
dx

dx X

R(x;a) = d (xd(j(x)j— 2 =0

y > I<x<?2
X X X




Finite Element Method %ﬂ@g
Galerkin’s Method -

SEOUL NATIONAL UNIVERSITY

* Two types of optimizing criteria
— Methods of weighted residuals (MWR): differential governing
equations
] The collocation method
] The subdomain method
] The least-squares method
] The Galerkin Method

— Ritz variational methods (RVM) : variational governing equations

s Produce identical solution with Galerkin method when trial solutions are the
same

‘|Minimum of potential energy in solid mechanics



Finite Element Method
Optimizing Criteria - Galerkin’s Method

SEOUL NATIONAL UNIVERSITY

* The Collocation method

— For each undetermined parameters ai, choose x
and force the residual to be zero

* The Subdomain method

— For each undetermined ai, choose an interval Axi,
and force the average of the residual to be zero

* The Least-Square method

— For each undetermined ai, minimize the integral

R(x;;a)=0
R(x,;a)=0

R(xy;a)=0

Axi I R(x;a)dx =0

1 Ax,

1
— | R(x;a)dx =0
Ax, A-[

1
— | R(x;a)dx=0
o)

8 2
—J.Rz(x;a)dx =0
oa, 4

a 2
- : - — | R*(x;a)dx =0
over the entire domain of the square of the residual ag s

1

a 2
—JRz(x;a)dx =0
oay 4
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Finite Element Method
Galerkin’s Method
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« Galerkin’s Method

— For each parameter a; we require that a weighted average of
R(x;a) over the entire domain be zero.

— The weighting functions are the trial functions associated with each
a.

iR(x; a)g(x)dx =0

[ Rz (s =0

[ Ry, (e =0



Finite Element Method Gy
Optimizing Criteria - Galerkin’s Method ... ...cou e
» Different weight functions for ﬂ

weighted residual methods !



Finite Element Method ity
Galerki n,s MethOd SEOUL NATIONAL UNIVERSITY

Original PDE

V

Weak Form

v

Galerkin
Approximation

y

Matrix

form




Finite Element Method ‘«;ﬂg
Trial solutioin 0
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 Trial solution in the form of a finite sum of functions:;

U(x; a) = a$(x)+a,p,(x)+...+ ayd, (x) Known
@ (x), P, (x),...0, (x): trial functions(basis functions) —

a,,a,,...,d, are undetermined parameters or degrees of freedom

— N degrees of freedom T unknown
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Finite Element Method (E5)
Optimization Criteria - Example

SEOUL NATIONAL UNIVERSITY

U

d (x dU(x)j - 22 1<x<2, U)=2, (—x dU(x)j -
dx dx X dx ).,

R(x;a) = j (x dﬁ(x)j_ 2

p 2¢O I<x<?2
X X X
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Finite Element Method ‘«;ﬂg
Solutioin procedure (12 steps) e

* Theoretical development (1- 6 steps) + Numerical
Computation(7-12 steps)
* Theoretical Development
— Step 1. Write the Galerkin residual equations for a typical element
— Step 2: Integrate by parts
— Step 3: substitute the element trial solution into integrals (LHS)

— Step 4: Develop specific expression for the element trial functions
(shape function)

— Step 5: Substitute the shape functions into the element equations

— Step 6: prepare expression for the flux



Finite Element Method
Solutioin procedure (12 steps)

SEOUL NATIONAL UNIVERSITY

* Numerical Computation(7-12 steps)
— Step 7: Specify numerical data

— Step 8: Evaluate the interior terms in the
element equations for each element, and
assemble the terms into system equations

— Step 9: Apply Boundary Conditions
— Step 10: Solve the system equations

— Step 11: Evaluate the flux

_ preprocessing

—_—

solution

—

—_—

- Step 12: Display the solution and estimate its™  postprocessing

accuracy
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The Element Concept f ﬁg’

lllustrative Problem - Problem description ... ...ouoxvesom

4

S
(E)

l<x<?2

d ( dU(x)j 2
X =—
dx dx x°

U(l)=2
dU

_x_

dx x=2

domain




Foundations of FEM
12 Step trial solution procedure

o Step 1: Write the Galerkin residual equations
- Trial solution ~ U(x;0) = @y (x)+ @y, (x) +...+ @y (x)

— The residual for the governing equation,
R(xa) = d (de(x)]_ 2

dx dx x°

— N Galerkin resjdual equations

jR(x;a)gzﬁi(x)dx=O i=12,...N

T{d (xdﬁ(x)j— z}ﬁ(x)dﬁo i=1,2,..,N

dx dx x°

Xa



Foundations of FEM e,
12 Step trial solution procedure o Narioat

o Step 2: Integrate by parts the highest derivative term

o -
X 5 7 o x 7 /J det w &
J d Ldeij:_H_xd_Ujﬁl _){x‘i_U%dx

dx dx

Xq

— Residual equations become

Txd—(j%dx = —T%@dx—“—xd—U]ﬁ.

dx dx




Foundations of FEM )
n n ﬁ—‘)}.{‘."
12 Step trial solution procedure

o Step 3: Substitute the trial solution into interior integral

%40 dg, %) ao) 1"
x——dx=—|—¢dx—|| -—x— |&. =12,...N
);[ dx dx ;[ngél H dx ]QL l

J=1

| L N B R LT/ o L]
xjx d dx_xjx[zaf dxjdxdx_zi A dv

— Residual equation becomes




Foundations of FEM Fioiid
12 Step trial solution procedure "

— Writing the residual equations in full

X4

i=2, J%x%dx a, + _[
dx dx

Xa

. “dg dg “dg de Y dg de ) dau) ., |
=1, L x—Ld +| | x—2dx |a,..+| | —=x—Xdx |ay =—| —=ddx—|| -x—
l {J. dx g dx x]al [J dx dx ? de dx N sz 4 dx 4 ;

d¢,  d¢ td¢, df t 2 ATN
xd—;xd—;deaz..&[id—;xd—;dx aNz—;[?gzﬁzdx— _XE b, x



Foundations of FEM Fioiid
12 Step trial solution procedure "
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* |n matrix form

_xb X X, T Xy 2 B dU X
j%x%dx J‘%x%dx - J%x—d@v dx —j—2¢1dx— R (4
; dx dx pdx dx Jdx dx L X i X
X, X X al . _ 5 %
(dg, d¢ - td dé Ldg, dg 2 d0

—=x——d R ae o0 [ 22N g = pae—l| =&
dexdxx dexdxx ;"dxxdx X Clz_ JX2¢2x xdx ¢2x
aN
J—d¢N X%dx J.—d¢N x%dx .. J.d¢N xd¢N dx _Xbi el ﬁ b
Jodx o dx Jodx  dx Jodx  dx sz P, dx X o b,
K, Ky Ky || a F
K21 K22 KZN a2 F2
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Foundations of FEM %ﬂg
12 Step trial solution procedure

[ K ] {a} — [ F] ___— Element equation (defined

in an element)

Stiffness Load
matrix vector

* Three benefits of integrating by parts

— Order of trial functions lowed :
. - . K_bd‘bfxdqudx
— Stiffness matrix is symmetric T T dx

— A boundary term was created X, ~N T
| [k



Foundations of FEM )
n n ﬁ—‘)}.{‘."
12 Step trial solution procedure

 Step 4: Develop specific expressions for the trial functions

— Let's consider a linear (interpolation) polynomial = 7. )= ¢ + o, x
> 1

— Each parameter a, must represent the value of the trial solution at
a specific point in the element. Each such point is called node.

Uxia) — Ulx;;a)=a,
. / ~
; U(x,;a)=a,
|l i . al — xbal _xaaz
Noie 1 Nu:n 2 a, + azxa =q X, — X,
— >
, =
| (D‘l q"Q ] + xb _xa

e S U(x;a) = a,¢,(x) + a,p,(x)
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Foundations of FEM ()
12 Step trial solution procedure

SEOUL NATIONAL UNIVERSITY

 Trial solution and trial function

_ U(xQ a)=a,@(x)+a,p,(x)

4 = X, —X
1
a1 2 Xp —Xq
‘ P &b 3
a | 2 } xX—x,
| 1 1 ¢2 =
— i Y‘ pes f:‘,j_ }, - X xb _xa
1 2
Xa

#(x,)=1 #,(x,)=0
¢ (x,)=0 ¢2(xb):1

— With x, for x, and x, for x,,

¢j('xi):5ji



Foundations of FEM )
12 Step trial solution procedure

o Step 9: substitute the trial functions into stiffness and load
terms, and transform the integrals into a form appropriate for
numerical evaluation

— Because the trial solution contain two trial function, and there is

one element
{Kn Klz}{%}:{ﬂ}
K, K, ]|l|a, F,
xb ' d )
K, :j%xﬁdx i=1,2 and j=1,2
o ddy dx
st 2 [
X dx
¢ . )Cb — X Ya R .
dx X, —X X T X Xp = Xq 2 x, =X,
X—xX — ¢
@, = “ dg, 1, K, =K, =-K,
X~ X dx _xb—xa Ky =K,



Foundations of FEM
12 Step trial solution procedure

SEOUL NATIONAL UNIVERSITY

2 x, - 2 2
Fl,=—[ 52— dv=—"+ In >
xax Xy, — X, X, Xy — X, X,
2 2
FI, == - In 2t




Foundations of FEM e,
12 Step trial solution procedure o Narioat

o Step 6: Prepare expressions for flux

7(x)=flux = —xd—U = —x(a1%+a2 d—%j S (a,—a,)

dx dx dx ) x,—x,
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Foundations of FEM %@x
12 Step trial solution procedure

SEOUL NATIONAL UNIVERSITY

* From step 1 to step 6

{Kn Ku}{al}:{ﬁi}
K, K, ||a F,

. ~ 3
i i ( ) dU
lx,+x,  1lx+x, 2 N 2 n 2 [—x
2x,—x, 2x,—x, {al} X, X,—X, X, dx ).
= b4 S
Ix+x, 1x+x ||a 2 2 In de
| 22X, 2X,-X, | LY X TN X dx ).
L b

Residual equations for a single element (linear element) = element equations



Foundations of FEM Gy
12 Step trial solution procedure I

o Step 7: Specify the numerical data for the problem

— Geometry data x, =1, x,=2
— Physical properties and applied loads < already given in this
example
P i(de(x)j=% l<x<?2
dx dx X

» Step 8. Evaluate the interior terms in the system equation

303 [d_Uj
2 2|[a]_[-2+2In2 . dx )
3 |4 1-2In2 [ d(j}
2 Y
x=2

dx
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Foundations of FEM Wity
12 Step trial solution procedure o Narioat

o« Step 9. Apply the boundary condition

33 (( du) |
au| 1 2 2|[a)] [-2+2ml2 e y
_xgxzz_a — > 3 3 {az}_{l—Zan }+ N
2 2 5
vih=2 OLa)=agD)+ap)=2 —, a=2

 Step 10: Solve the system equations

a2:§—§1n2:1.409

U(x;a) = a,¢ (1) +a,é, (1) =2(2 — x) +1.409(x - 1)
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Y

Foundations of FEM Wity
12 Step trial solution procedure o Narioat

 Step 11: Evaluate the flux
7(x) = x(a, —a,) = 0.591x

 Step 12: Plot the solution and estimate its accuracy



Foundations of FEM

12 Step trial solution procedure (two "
__elements)

SEOUL NATIONAL UNIVERSITY

: d( dU(x)) 2
* A Two-Element Solution —| -5 1<x<2
dx dx X
- Element (1) = Element (2) -
& » - - X
X, X, Xt
Interelement
boundary
conditions
) Boundary
__authy au*’ | condition d({ dUu%(x 2
Boundary | —x ] ™ X o Ly (%) _ < X <x<x
condition x [ du'@ \ 1 dx dx X2 a ¢
UM = 2 UMN(x) = UP(x) *ax | T2 R ,
g U (x
x—() =— X, <x<x,
dx dx X
1} (e
b d | i du - 2? b d ” au= | _ 2:. _ dU(l)(x) dU(Z)(x)
dx dx X dx ax x° —_—= = - x—=~
dx dx
x(.' x(,'
Element (1) Element (2) M —Uy®
+ : s - - X v (XC) v (Xc)
X, X, Xb
(X 1)



Foundations of FEM Fioiid
12 Step trial solution procedure (two .
__elements)

 Trial functions and node

i ~
0 (x;0) = ad (x) + a® (x)
o3 o A NC) e (2 . 2 2
< = | - | U' )(xa a) = a2¢2( )(x)+a3¢3( )(x)
v ey (1) @)

Element equation

Kll(l) KIZ(I) a _
KZl(l) Kzz(l) a,

assembling K" K" 0 a, FO
Kzl(l) Kzz(l) +K22(2) K23(2) a, b= F2(1) +}72(2)
0 K,® K, ||a, FO

System equation




Foundations of FEM
12 Step trial solution

procedure (four element)

Ox:a)

i
| a
L i L
1
Xy = Mg
}

i
dy as
i (2] rl (3) $ L i4) i S
2 3 4
X3 X3 Ky X Xy
equals
U a)
a
i
'
=" . —_—
2 X
X2 plus
S, U2 ix-a)
0% |
i
' i a5
S 1
- gl ¥ 1 " I
2 3
Xz Xy
Plus 03 x-a)
& .’_l-'- LI:'_1| i
s L
1 < 1§
0 P w1 T T
3 4
X3 Xy
plus
¥
4
'_.___,_L_"'_._-—--' i
i A S fAF

ix:a) =

where

a vy (X)) +

1
1 (x) =

Py ' (x)

=y (X) 4

o (X)=

"|"._-| 1x)

ay i (%) 4

fy (X)) =

L)
g (x)=

4
|;|--__‘I X)) =

¥ O (x:a

Ay s (x)
Xy — X
X, — X

. :
X=X

o — Xo

as i (x)

X=X

X=X

U™ xa) = agpi® (x) + a5 pb" (x)

X — X
ey = Xy
X=X,

g



Foundations of FEM £,
12 Step trial solution procedure (four
__elements)

+ System equations

| g g | -
e 0 LA L
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Foundations of FEM E

12 Step trial solution procedure (eight o
__elements)

SEOUL NATIONAL UNIVERSITY

@ [ @ [ @ [ 5B ; ® @O @

i

| |

i L p L
2 3 4 5 6 7 8 9

|
|
. -X
1
Xy Xz X5 Xy X, Mg, xr Xg L]
= a B s
iy
-I'J:
idg
Hy
4 ag
g
i
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Foundations of FEM (B
12 Step trial solution procedure (eight ... .coooesn

__elements)

kK kY 0 0 0 0 0 0 0 . FO

Ky Ky +Ky o K 0 0 0 0 0 0 a; FO 4 g
0 K K3+ K Ky 0 0 0 0 0 0 F 4 FO
0 0 Kfé) Kﬁ) +Kﬁ) Kﬁ;‘) 0 0 0 0 a, F4(3) _I_F4(4)
0 0 0 K K@+ K K 0 0 0 as p =1 FY + F®
0 0 0 0 K K +KQ K 0 0 as| | E® +F©
0 0 0 0 0 K® KO + KD K 0 a, EO® L g
0 0 0 0 0 0 KD KO +Kk® K® as| | g0, g®

0 0 0 0 0 0 0 K KO+ KD g F®



Foundations of FEM

12 Step trial solution procedure (eight
__elements)

r.-i:l
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224
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—2 + ]hln:

B0
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-
16 In ——

1 —16In 1?

b4

dx

Joan™

_[_, du™)

dU0T)
X ==t
dx J:=|

' dU™M)
-l' e —
L. drx )=
dU™ n'ts"';"]
- - | —x—
dx Jx=1.125 | dax )r=1.125
duW) [ .;fi,-"f*“‘]
dx Ja=12%0 {_ dx )s=1250
dU“ |" _dOoN
) {f.'l'J'.-I?Tﬁ L * dx Jx=1275
dUS) dUW
dr Jx=150 | dx ) x=1.500
TR & T
dUe ( ; dU>
ax ) x=1.625 ll__ T odx ) s=1.625
.d{:.'l'.'ﬁ f' i A0
Tode Jr=ro L7 dx Ja=175
dU®
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Pe(x)

*

Note that basis function
-» is almost zero except a
, few - the most
important trick in FEM

%

o7 (x)

N

~ l;—':-
1

— — — g
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Foundations of FEM ]
12 Step trial solution procedure (eight ... .coooesn
__elements)

* Global stiffness matrix

— Most of the terms in global stiffness matrix are zero = sparse
matrix

— Stiffness matrix is banded
— Bandwidth 3, half-bandwidth 2

Iss 25> Zeroes

p q
K. » Outside | { & } Fy |
KO kD 0 0 0 0 0 0 o, ol \ 22. P b band Half- | | a F>
K KY+K kY 0 0 0 0 0 0 | B+ E® 5 . y band .
0 K®  KP+kD KD 0 0 0 0 0 F?+F® = : b width
00 KD KDeRD kY 0 0 0 0 R+ RO ~. Bandwidth - :
0 0 0 K% K Kg» K® 0 0 0 F )+F§(5) \ . ™ " / ‘
0 0 0 0 K9  KO+K® KO 0 0 FO+F® b - {\ )
0 0 0 0 0 K K9 + K K 0 F9+FD k. ’—‘K .‘@ 3
0 0 0 0 0 0 KD KQ +K K FD+E® ke N ". N
| 0 0 0 0 0 0 0 K. K® +K, F® ™

b

- -
Zeroes A . N
outside S D [ |
band <
Q an
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Foundations of FEM ()
u n /“‘_\)Xz_&g
12 Step trial solution procedure (N
__elements)
K K} 0 0 0 0 “ FO
Kéll) K%) +K§§) Kg) 0 0 0 “, Fz(l) +Fz(2)
0 KP  KPeKY 0 0 0 ||uw | | FOero
; . ; . : : o b= : :
0 0 0 o KNG KV KV 0 ||uwa| |FY N
o0 0 KOS KUK K ||| | R
00 0 0 K K e )

» Depending on the boundary condition one or two of node
displacement is automatically computed.



Foundations of FEM
General 1D problem
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* (Governing Equation

d

—E(a(x)

— Boundary condition

At x=x, Ux,)=U, or

At x =x, Ux,)=U, or

)+ P)U(x) = f(x)

dU
dx

dU
dx

X, <x<Xx,



Foundations of FEM il
ﬁ‘-\éxﬁ.‘—
General 1D prObIem SEOQUL NATIONAL UNIVERSITY

* Element trial solution ]

09 (x50)= Y .6, ()
n Jj=1
U (x;a) = Z aj¢j<e> (x) mt
j=1

o« Step1: Write the Galerkin Residual equation for a typical
element

) (v N
R(x:a)= —%(a(x) v dff’ ")] + BOOU (xrsa)— ()

_[ R(x;a)8” (x)dx =0 i=12,..,n
(e)

J {—i(am W “)j + A0 (x.a) - f(x)} JOWd =0 i=12n

e dx X
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Foundations of FEM A

General 1D prObIem SEOUL NATIONAL UNIVERSITY

PILSS T
f

) 7

o« Step2: Integrate by parts

J { (”dUUff a)ﬂﬁ‘e%x)dx{—a(x)dﬁ(e)¢<><x>} ; ja()dU()(x TILLARCIPN

& dx dx

j {a(x) d0" (x;a) d§'°) (x)
dx

+ B(x)dU" (X;a)¢(e),-(x)}dx
dx

(e)

J0© ©)
= Jf(x)¢( ) (x)dx—H—a(x) j¢(6)i(x)} i=1,2,..,n

o Step 3: Substitute the element trial solution into integrals on
the LHS

dU“ (x;a) dg'” (x)
= Z a,———
dx 7 dx

J=1



Foundations of FEM gg

General 1D prObIem SEOUL NATIONAL UNIVERSITY

I

~ (e)
dg, 4 (e) (@) (e) du ) -
> | 4, 4y 2 Ldv+ [ 4@ (dx g, = [ [0 (x| | a0 — ¢, () | i=12m
=1\ (o) 9X (@ (@ X
Kll( e) Klz(e) L. Kl (e) ] a, E(e)
Kzl(e) Kzz(E) o Kzn(e) a, Fz(e)
_Knl(e) an(e) : ) Knn(e) a aﬂ F:z(e)

dg . d9, : e
“=(L o) — dx+(£¢( L (DB, (x)dx

~ (e (e)
FO=] f(x)¢(el(x)dx—u—a(x) Lk )}é(eb(x)}

(o)



Foundations of FEM il
ﬁ‘-\éxﬁ.‘—
General 1D prObIem SEOQUL NATIONAL UNIVERSITY

o Step 4: Develop specific expressions for the shape function
(element trial function)

— Linear element (n=2)

X, — X
¢1(e)(x): ?
Xy =X
2
U (x;a)=) a4 (x) X—X
Zs 5000 =20
Xy, =X

— Follow the similar steps as before



%‘_g‘“"‘“
Foundations of FEM i)
Quadratic element SEOUL NATIONAL UNIVERSITY
¢(e) ( ) (x — x2 )(x — x3)
x =
1 (X, = x;,)(x, — x3)
¢(e)2 (x) — (.X B “xl )(X B 'x3)
(X, = x,)(x, —x3)
¢(e)3 (.X) — (.X B 'xl )('x B 'XZ)

(x; = x)(x; — x,)

Quadratic element has quadratic basis function but it essentially end up with
similar sparse matrix.



Foundations of FEM
1D elasticity example

o%u
~E~—% = pb
Py Pb, Strong form
821/! R . —
—E———pb_=0 esidual R=0
o’
L azu .
J| E=—==+ pb, pdx=0 Weak form (weighted
o O residual) )
l' ________________________________________ Ld*y Ldudv du |7
Ldu dv P e
[—E—dx= [} pb_vdx 0 ax pardrax
odx dx

x=0

v is test function. We chose test function that is same as
element trial function (shape function).



Foundations of FEM
1D elasticity example
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\ 4

E, L,=1m

A=1
Find the displacement and stress?

*— Node 1, u,
Element
1
FEM > *— Node 2, u,
Element
2
> Node 3, u,
quy
E . + fb/; =0
i
BC: aty=0,u=0 (Dirichlet)

at y=2, EAaaﬁz_s(Neumann)
4

» Find the uy, u,, u; & F
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Foundations of FEM

I

EUHYY
(E8)
u " S
1 D eIaStICIty example SEOUL NATIONAL UNIVERSITY
*— Node 1, u,
1Element \\\ K}J\» Kllz
»— Node 2, u 1 1
© Ky Kyt
Element ___9_/_K2—>
2 — B o=
. | Node 3, u,4
/.

— Global K & F matrix is formed through summation of element K
and F matrix

— Same for whatever number of elements



Initial Boundary Value problem Gy
pure initial value prObIem SEOUL NATIO::L UNIVERSITY

* “pure” initial value problem (with only one unknown fn, U(t))
dU(t)

C t +kU@) = (1) t>1, v
IC: U(t,)=U,

f ) e, Semi-infinite domain
Ut)==—+U,—=|e () characteristic of an VP

 System of coupled ‘n’ ordinary differential equations, in matrix
form (with unknowns, U,(t), U,(t), ,,,U.(t))

[c]{dl; f”}qk]{ua)} (o) i,

IC: {U(t,)} ={U,}




e FRW,
Initial Boundary Value problem (LY
PrObIem Statement (1 D) SEOUL NATIO:iL UNIVERSITY

u 20 2 (a(x) aUgj’”j + B (6,0 = f(x,1)
domain:x, <x<x, >,
BCat x, :U(x,,t)=U,_(¢t) or (—a(x) 6Ua(x, t)j =7,(7) | e
X N
at x, :U(x,,t)=U,(t) or (—Ol(x) oU(x, t)j —7,(1) L —
ICatt, Uxt)=U,(x) | - -
pe1e) T [k T | )= 0+ 5
dx X A A
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Initial Boundary Value problem Gy
Trial funCtions (1 D) SEOUL NATIONAL UNIVERSITY
« Unknown U is a function of x and t

U (x,t;a)=) a,¢' (x1) U (x,t;a)=) a, ()¢ (x)

— Parameters ch IS functions of time

— Assembled system equations will be ordinary differential equations
in time (not algebraic equation)

— Initial boundary value problem —=> pure initial value problem

— Can be solved by time-stepping technique



Initial Boundary Value problem Gy
12-step Procedure "
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o« Step1: Write the Galerkin residual equations for a typical
element

I{u(x) W xtia) [a(x) UGt “)]w(x)t?“)(x,z;a)—f(x,t) 3.9 (x)dx = 0
ot ox ox

(e)
i=12,..,n
o« Step2: Integrate by parts
J‘ ¢(e)i(x)lu(x) 80(9)(x,t; CZ) + J~ aqﬂ(e)l_()(f) a(x) 80(6) (x,l‘; Cl) dx + J‘ ¢(e)i(x),8(x)d(7(e) (x,t; a)dx
o ot e ox Ox o
- | f<x,t>¢<e>l.<x>dx—K—a<x>80(6)(’6’“")]¢<e>,-<x>} e
(e) ox X

K—a(x)—al’(egjt;“) jwzm} = [Asag, ]
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Initial Boundary Value problem R
12-step Procedure

SEOUL NATIONAL UNIVERSITY

o Stepd: Substitute the general form of the element trial solution
into interior integrals

00 (x,t0) & . dg(x) U (x.ta) - da,0) )
= t N = .
ox ;a’() dx ot 2 a

J=1

J=1

n da . n () deo © n
Z(I ¢<f>i(x)u<x)¢j<8’<x)de‘:lf—t“)+Z( | dﬁlx a(x) f;x dx}ij(I ¢“’,~<X>ﬁ<x>¢“’2<x>dx]dj(t>
J=1\ (e) (e)

7=\ (o)

= [ £ (0de [ £ (x50, () | i=1,2,.m
(e) 1
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Initial Boundary Value problem gg

—\Axa.

1 Z'Step P roced u re SEOUL NATIONAL UNIVERSITY

Capacity matrix

\[c]{dc;(;)}+[K]{a(t)} —(F() (>t

(heat) Capacity integral /C : {U(to)} = {UO}

G, = [ () () (x)dx
(e)

(e)
KZ.J(.e) = Kal;.e) +K,6’;.§.e) J. d¢( i ~a(x) 9, dx + I 3. (x)B(x)g" ;(x)dx
o dx dx

FO@) = B0+ Frl(0) = | f08,(x)dx =] 79 (x, ;)¢ (x) ]
(e) 1
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Initial Boundary Value problem iy
12-step Procedure

SEOUL NATIONAL UNIVERSITY

o Step 4: Develop specific expressions for the shape functions

o Step 5: Substitute the shape functions into the element

equations, and transform the integrals into a form appropriate
for numerical evaluation

— Linear element
@ _ [ X=X X, =X _l (e
¢1(e)(x): X, —X oF —(sz . u(X)x - dx S
T G = [ 22 ) =i
© x_xl 0% =X X, — X, 6
P, (x) =—

Xy, =X



Initial Boundary Value problem )
12-step Procedure

SEOUL NATIONAL UNIVERSITY

Step 6: Derive expression for the flux

7 (x,1) = —ar () 2D =40
.

[c]{d(;t(t)}+ KN U@y ={r0) t>1,
1€ {U)} ={U,)

— e.g., when there is two trial functions. A system of coupled ordinary
differential equations.

rdal ®)
G Gy ) dt + Ky Ky, || () _ Fi(2)
G Gy || day(?) K, K B

» | 4, (?) F,(?)
dt |



1D Boundary Value Problem )
Heat Conduction (diffusion eq.) -

__steady state

Convective heat loss
A A

T.. (Ambient temp.)

Heating conducting rod with convection from its lateral surface

Burnett, 1987
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1D Boundary Value Problem s
Heat Conduction (diffusion eq.) — steady state........ccn

Rate of heat Rate of heat _ Rate of increase of
energy added — energy lost internal heat energy

gA+ QAdx —(q+dq)A—hldx(T —-T_)=0

0

—a(k(ﬂ

o7 (x)

Ox

j+—T(x) Q(x)+—
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Initial Boundary Value problem *«;g
Time-stepping method
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* Time-stepping method

— Time axis is divided into a succession of time steps
— Discrete a(t) at the end of each step

- {a},at time t,, {a}, at time t,,

al)

At

...{a}, attime t

(8,)># (8,)3% (a)qe

(8,)®

'Il-l-ll_. 'r--"".' L !_l_ -

Tt
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Initial Boundary Value problem Gy
Ti me-Steppi ng methOd SEOUL NATIONAL UNIVERSITY

[c]{d‘c’f)} FKa@ = (FOL s,

IC: {U(t,)} ={U,}
* Time stepping method

. Time-stepping, time-marching, ....

— 1) Backward difference method

— 2) Mid-difference method (central difference method)
- 3)

— 4) The 6 method

Forward difference method



Time-stepping method £

Backward difference method

N KM= ) e
{Za}n :{a}n—{a}n_l (d_j :( )= (4),., i=12,.,N
n At,

At =t —t,

a;(t)
4
' Whigsca (8)n-+
(a,)2 | — ""'_'*-_""‘;‘ """ le—Not yet

calculated

Giyn_an; (@), ‘ NS

initial , Already i

coneition | calculated |
| - | I | |
(@))o Yolrtyote—— Aty ——sf o\ nre-AAly > oz

to t t Eon Ly t,
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Time-stepping method Gy
Backward difference method .
* A system of algebraic equation Non-diagonal matrix

[Aitn[cmij{a}n ~{F} +Aitn[c]{a}nl /

:Keﬂ}:A%[C]‘f‘[K]
[Keﬁ']{a}n = {E?ﬁ'}n < n

£y )={F), vy el

— Use the same Gaussian elimination
— Equations are coupled, need matrix solver
— Unknown {a} is defined implicitly = backward difference is implicit

— Accuracy . O(Atr) —>asymptotic rate of convergence is dt. E.g.,
error decrease by one half if dt is one half.



Time-stepping method
Mid-difference method

SEOUL NATIONAL UNIVERSITY

— Evaluate at the center of time step

Ko KN, =),

dt At, 2

(@) =0-0){a),, +0la}, 0=

{a’a} R A {4}, +la},

At =t —t,



Time-stepping method ‘«;g
Mid-difference method UL MmUY
o QL] [ T MR P TS P O e L

Ky =3 1l 5 K]

(71 1) | g lel-3 61 )

» Accuracy: O(Ar%)

— asymptotic rate of convergence is dt?

— Frequent oscillations with typical time-step



Time-stepping method *«;
Forward-difference method

» Evaluated at the backward end of the time step, t_,

N k) a),. =171, B, =0, =,
{%}nl _ {a}itia} |

[Keﬂ}{a}n :{Feﬁf}n |:Keﬁ”:|: A [c]
7, ]-17) 1+[A%n[c]—[f<]j{a} |
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Time-stepping method Gy
Forwa rd-d iffe rence methOd SEOUL NATIONAL UNIVERSITY

* Lumping
— Techniques for diagonalizing [C]
CLt=Y'C" n=1,2,..m
— consistent capacity matrix: [C]* (Not lumped)
— Lumped capacity matrix : [CL]®

— Lumping can be interpreted as using a - =
different set of shape functions for just the o 63
capacity integrals
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Time-stepping method Gy
Forwa rd-d iffe rence methOd SEOUL NATIONAL UNIVERSITY

* Lumped capacity matrix
(CL, . 0
[cL]=| . cL,

0 . CL|

ta}, ={a},  +ar,[cL] ({F},, -[K]{a}, )

— Matrix inversion is unnecessary and {a}n can be evaluated
explicitly.

— Much faster than backward or mid-difference method
— Accuracy: O(A?) asymptotic rate of convergence is dt

— Potentially unstable
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Time-stepping method Gy
9' methOd SEOUL NATIONAL UNIVERSITY

* (Generalization of previous three methods — evaluate at a
general location

fdo} 1 dle, o, e,

At do At



Time-stepping method (i
9- methOd SEOUL NATIO::L UNIVERSITY

L1061, ~0-0), +01F) <[ -l 0-0K] )

_Keﬁ}:%tn[c]Jr@[K]

Zaﬁ}=<l—e>{F}n_l+e{F}n+[A%n[c1—a—e>[z<]j{a}n_l

— 0= 0: forward difference
— 0= 1/2: mid-difference
— 0= 1: backward difference

— We may choose something else which might perform better



Time-stepping method
Comparison Of performances SEOUL NATIONAL UNIVERSITY

» We can only accept the stable solution

| ]

f\ﬁ | / | / el e
\| /

N / V v iy / » /

Unstable - oscillatory stable - oscillatory stable - mldr:\otonic
divergence decay decay
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Time-stepping method Ah
Comparison of performances

SEOUL NATIONAL UNIVERSITY

— A single equation

C d‘;(; ) 1 Ka(t) = F(1)
— For free response (when applied load F(t) vanishes)
44D | k=0
dt
— Exact solution
a(t)= Ae™

eigenvalue, A=K /C

1 1
—C+0K|K =(1-F ,+0F +| —C-(1-6)K
[Atn [ ]jan ( ) n—1 n (At ( ) jan—l

Free response

1 1
LEC+9K[K]]an —[EC—(I—H)Kjanl



Time-stepping method B )
Comparison of performances

SEOUL NATIONAL UNIVERSITY

* Single DOF

a, 1-(1-0)AAt
a, 1+ GAAL

* Multi DOF system

(Ai)n _1_(1_9)/11'At i=12 N
(4) , 1+64A¢ T

» Condition for stability

0<0<1/2:4At<

Conditionally stable

921/2:/11.At>2_2

Unconditionally stable



Time-stepping method
Comparison of performances

SEOUL NATIONAL UNIVERSITY

(Ai)n/ (Aidn -1
1 . e e i S —
8=1(backward
difference) Stable:
0.5 monotonic decay
\ =
\ 0 0.878
0 o o T e N | =0 7
6 7 8 g YW -—-0.139" "
l’r=_2f3
— '|_|.12
-05 6=0 (forward 8=1/2 (mid-difference)
difference) /
— =1

Stable:
oscillatory decay

Unstable:
oscillatory divergence

'

\t



Time-stepping method Ao
Comparison of performances

SEOUL NATIONAL UNIVERSITY

* Critical time step: smallest time step of a system

2
d(1-20)7°

((ﬂ/a)a“z);n 0<6<1/2

Approximated from
1D eigenproblem

2
At [ = (u/a)s,.> 0=0,a,u are constants
n

— Conservative low estimation - within a factor of 5 of the exact value
(Burnett, 1987)

o : distance between two adjacent nodes in the element
o°U(x,1) _oU(x,t)
ol ar

a

0
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Initial Boundary Value problem LY
Example
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1+=20°0
Convective heat loss

S N N

q(0.,t) E{\ Steel :I Copper 1]

| Steel”///) T(100,t)
x=0 x=40 x=60 x=100
Boundary conditions
q(0,1) T(100,1)
T 4
0.11 = 20
J I
D-;. — - [ - DJ‘ - |
0.1 0.1

Initial conditions: T (x,0) = 20°C



Initial Boundary Value problem

Example

T=20°C
Convective heat loss

]

q(0.1) E‘{) Steel J Copper ]
x=0

x=40

[nl I R
WO L1 Lo ]
{ { | i
o —t—1—1 i G e ey Gy
= 20— ] J ;
| , .
L S I W ]
| | |
L ‘ | .
o 20 4G 60 80 100
LT TURRT T m xl cm 1
|I 1" 21 24 27 ] 40 S0
Mesh

50 [ T
40 [ {1
HR
Q 30+ I‘Jj*' I[ l
20f~ : —
EEEENEEN
| 1 Pt
a 20 40 60 80 100
. IX.CI’T\I -
1 1M 2 2{1 2;?
jrreny

~| I I
20 ———— i
— 11
| HERN
0 20 40 B0 80 100
X, cm ) o
1 1 21 24 zlr 3.0 40 50
Mash
(d) t=2000 sec
50 T — T
40 ¢ + + 1 1
30— o) (A T
20 ) | S |
10 ———1—1 L*‘{\
! [ 1] i N
0 20 40 60 80 1
i x. cm WA
N TIT N 27 304050
Masn

{fi i=1.01x10% sec

R i o oy e e ||L||\!l‘r\(‘l'l‘Y



Initial Boundary Value problem
Example
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T=20°C
Convective heat loss

S N T

q(0.t) E‘ﬂ Steel :I Copper i] Steel )T[100.r}
x=0 x=40 x=860 x=100
35 _ " : 20
30+ 15—
'S o
Ty —~

25 / :~ -
20 | 5

Illl"“"""‘-\--__

I

e

0 2000 4000 6000 8000 10.000 0 2000 4000 6000 8000 10.000

I, Sec

(a) x=10 cm (node 11) (b) x=90 cm (node 40)



Initial Boundary Value problem
1D Example

Number of

[nterval o At, sec steps, n

l 0 0.05 2

I 0 0.05 38
11 2/3 I 18
1AY 2/3 10 18

\Y 2/3 100 18
VI 2/3 500 16
VII 1 10° i

VIII 1 10° 1

. Guidelines

— Use several time steps

SEOUL NATIONAL UNIVERSITY

Time span, Sec
0-0.1
0.1 -2
2 -20
20 - 200
200 - 2000
2000 - 10,000
10.000 - 1.01 % 10°
1.01x10° - 2.01x10°

— Very small time step during shock response

— Increase time step during transition stage

— At near steady state, use single very large time step.



Foundations of FEM
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d dU
—d—(am (’C)j 4 FOOUR) = £(x)
X dx
l 2D
—ai(ax (x, ) 202 )j —i(ay (x, ) 2L )j + B U (5 ) = £(35,7)
s Ox oy oy
2D

U (x,y;a) =Y a,4"(x,y)

U(e) (x;a) = Z aj¢j(e) (x)
=1

o j=1 —
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Foundations of FEM ()
2D formualtion : 12-step procedures
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o Step 1. Write the Galerkin residual equations for a typical
element

R(x,y;a)=—a—i(ax(x,y) aU(x’y)j— 0

¢ (ay(x, y) SLny )]w(x,y)lf(x,y)—f(x,y)
X oy oy

”R(x,y; a)g' (x, y)dxdy =0 i=12,..,
(e)

If {—g(mx,y) ULny ’]— ° (ayoc,y)aU(x’y )
X oy

N« Integrate over the area of element

Oy &y J + B(x, YU (x,y)— f(x, y)}qzﬁ,.(” (x, y)dxdy =0
(e)

i=12,...,n



Foundations of FEM

2D formualtion : 12-step procedures
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o Step 2: Integrate by parts

o ou®

a ¢.(e) _ 0 o aU(e) ¢(e) U(e) ¢(€)
ox\ " ox ) ox\ * ox Ox Py
0 o 8[7(6) ¢.(e) _ 0 . 6U(e) ¢(e) U(e) ¢(e)
oo\ " oy ) vl oy o o
i (o) -
. 0 (ax oU @(”j+ 0 (ay oU ¢,®dedy
o o Ox Qy Oy
I ou® a¢.(e) o © a¢_(6) ~
M. v 4 SO ~ [ Wxdy =0 i=12,.n
E[‘[ _( Toox j Ox ) oy PUTS" =16 A4
8_F — |dx n() n()
Divergence theorem H ( ! Jd d l}ﬁF +G
80(6) @U(e) J/

0 . 0
| 2 2w e

Oox

© \\dxd
& &, ny

(e) 7(e)
- U ¢(€) (e) +0[ ou ¢i(€)n;e) ds
) Ox oy



Foundations of FEM
2D formualtion : 12-step procedures
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. oU@
7O = ¢
Ox
7 (e) ~(e) _ ~(e), (e) | ~(e)
20 __,, oU 7,7 =7."n"+7"n
y ay

7(e) 7(e)
a ou 6 n +a ou $On ds:[ﬁf(e)¢(e)ds
b ax i X y a i y n i
) Y (o)

Finally, residual equations becomes

oU" \og" oUu \og -
a —+| L+ BUY dxdy = elxd
M . j e v A jeijzs, y

(e)

-] 598 ds
(e)
1=

1,2,...,n



Foundations of FEM Fioiid
2D formualtion : 12-step procedures "
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o Step 3: substitute the general form of the element trial
solution into interior integrals in residual equations

()

() ©
2 1[2”; ¢( e) a, a¢fx dxd -|—J‘J‘ ¢)(}) g;/ dxdy+jj¢i(e)ﬂ¢j(e)dxdyJaj

(e) ~(e) _f}ge)
= j j f¢(e)dxdy+m 7O4Ods i=1,2,...n
(e)
_Kn(e) Klz(e) L. Kln() a, F()
K, K,° - . K, | a, E i.i?].éarelement {Ku@ K, KB(e)] {%} [ Fl(e)]
: ' . i B Kzl(e) Kzz(E) K23(e) a, = Fz(e)
. . . K31(é’) K32(6) K33(€) a, F;(e)
_Knl(e) an(e) L. Knn(e)_ a, Ez(e)

(

K\ = ” 8¢) a. iz dxdy+_([_[ My ag ’ dxdy+£J; 3 B(x)" dxdy

F = ﬂf¢( )idXdJ”fd] 796 ds
(e) (e)
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Foundations of FEM il
2D formualtion : 12-step procedures

SEOUL NATIONAL UNIVERSITY

o Step 4: Develop specific expressions for the shape functions
— Complete linear polynomial

U(e):a+bx+cy U(e)(xl-,y,-;a)Zai
3

a+bx, +cy, =aq, U (x,y;a) = za]‘¢j(€) (x,)

a+bx,+cy, =a, =

a+bx;, +cy, =a,




Foundations of FEM
2D formualtion : 12-step procedures
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IO §

C Y _tp=
_x Xy ye 4 p=2
x> Xy xy _yj___Tp_3



Foundations of FEM
2D formualtion : 12-step procedures

a +bx+c,y

¢ (5, 7)=—=—~ j=12,3
A, =XV, =X ) J
bj =V =V
C, =X —X,

i I x y
AZEI x, y,|=area of element

1 x
¢(e)(x y):x2y3_x3y2+(yz_J’3)x+(x3_x2)y

2A




Foundations of FEM (R
2D formualtion : 12-step procedures

o Step 5: Substitute the shape functions into the element
equations, and transform the integrals into a form appropriate
for numerical evaluation

04 (x,3) b,
ox - 2A
09 (x,y) _ ¢,
oy 2A
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Foundations of FEM fﬁ'
2D formualtion : 12-step procedures o
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G +6, +g; =1
(e) _ i i 616, Gz axay
Ka; —” - a, 8jx dxdy+“ > a, 83/ dxdy (IJ) 19273 (I+m+n+2)!
(e) (e) . . .
Triangle integration rule
b. b. C. C.
0—/—a9 —L|{dxdy+——a —||dxd
TNERET (”) ST (”) g 0
(e) (e) i=j
:0! xb.b.-l-a Yeo. Kﬂ.(.e) :II¢(8)‘ﬂ(x)¢(e) .dxdyD ﬂ(e)jj¢(e)‘¢(e) .dxdy= 6
AN T AN T v : / v LOA
(e) (e) i # ]
12

(e)A
]%@:f@”¢2ﬁ@:fg

(e)
(2 20 g (3 ~(e) (@ g ”%a<@d\
lz-—n¢1 S+.22-—n¢1 S+'3T—n¢l S

2 '3 -1
(@) —_m 7 pe) g, — ~(e) 4 () ~(e) 4 (e) ~(e) 4 (e)
Fr, —mz'_nﬁ. ds—<jl 79, a’ksv+.22'_n¢52 dS+.3T_n¢2 ds
(e)

VT

2 ‘3 01
~(e) 4 (e) ~(e) 4 (e) ~(e) 4 (e)
L 70, ds + | @, ds + | @, “ds



Foundations of FEM Gy
2D formualtion : 12-step procedures o0 Aaro ovERS

 Step 6: Prepare expressions for the flux

(o) .
7 (0, ) = —ar, (v, y) 2L 25 9)
Oox
- oU“ (x, y;a)
(e _ °.)
79 (x,y)=—a,(x,) o
(€ 3. 04 (x 3. b,
ou‘© (xya Z ¢(y) Zaj_j
Jj=1 Jj=1 2A
aU()(xya 23: ¢()(x y) ia <
=1 j=1 / 2A
7 _ g
(x,y) =—a,(x, y)Z aj o



Foundations of FEM
2D formualtion : 12-step procedures
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* Nodal flux




Foundations of FEM

2D formualtion : 12-step procedures
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* Higher order triangular

element

- 3,6,10,15,...

— 4,5 are possible but...Sides
may be curved

— Nodes nonuniformly
distributedued



Foundations of FEM T
12-step procedures: higher order element g
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u=a, +a,x+a,y+a,x +axy+ay’

V=0 + QX+ QY+ X oy Xy +ag, Y’

— constant (0+1=1)
— linear (1+2 =3)

— quardatic (3+3 =6)
— cubic (6+4 =10)

— qurtic (10+5=195)

....... y> — quintic (15+6 =21)
Pascal’s Triangle
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higher order element
3

4

Foundation of FEM
12-step procedures




2D Initial boundary value problem A,
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. (x)aU(x, yit) 0 (ax x.7) oU (x, y,t)j_ 0 [

ot Ox Ox Oy j+,3(x WU (x,y,t)= f(x,,1)

{20+ 5] fat0)} - P10}

‘ [ | Cy_(e) — J I e ,U¢,»(e) dxdy

y Bdrym

ndary condton 9 o¢g, 09,
Ut Hm” ery () J‘J‘ ¢ ]dd-'_z’._[ i aydxdy+ﬂ¢”ﬂ¢”dxdy

T N F© = ﬂ 9 dvdy -+ [f| 294 ds
nitial condition w:) ; (e) (e)
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Time-stepping method Ah
Comparison of performances
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* Critical time step: smallest time step of a system (p.476-479,
Burnett, 1987)

2
At = / a)o?
crit d(l _ 29)72_2 ((ﬂ a) )

e
min

0<0<1/2

Approximated from
Al‘cri 2

1D eigenproblem
T g (ﬂ/a)5min2 0 =0, a, u are constants

— Conservative low estimation - within a factor of 5 of the exact value
(Burnett, 1987)

o :distance between two adjacent nodes in the element
2
a@ U(;c,t) _ﬂ@U(x,t) _0
Ox ot




FEM - 2D Linear Elasticity
Governing equations
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E 0u E 0% E 0u

2 A2 + _ + 2
1-v°ox~ 2(1-v)oxoy 2(+v)oy

E 0% E 0Ou E 0%

2 A2 + _ + 2 =
1-v° oy~ 2(1-v)oxdy 2(1+v)ox

-/

~f,
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FEM - 2D Linear Elasticity (5
Constitutive equations
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tof=[C]({e}~{er})
T \ thermal strain

Total strain

» 2D plane stress (isotropic)

; 1 v 0 g, oAT
= 1E2 v 1 0 €, —0AT

(1-v) 1 . )
’“y 0 O E(l—v) w

» 2D Plane stress (isotropic)

Q Qq

|

[ } I-v v 0 Hg} {(l+v)aATH
= E v 1-v 0 g, r—y(+v)aAT

T +v)-2v) | ’ 0

o 0 0 —-v|\U»

Q9

(\‘




FEM - 2D Linear Elasticity

Trial solutions

4?
M“W‘R

L_l

/“‘—\Axé.‘—

5\

<<.¢¢

SEOUL NATIONAL UNIVERSITY

a' (x,y;a) =D u, (x,y)
=1

VX ya) =D v, (x, )
j=1

~(e)
~ (e) u
{U} - {~<e> }
2x1 v

[d)](e):{%(e) 0 &7 0

2x2n O 1(6) O 2(6)

o}

¢(€) 0
0 ¢(€)

[©]”{a}

\azn J

ay,




FEM - 2D Linear Elasticity %"
Trial solutions B
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i
—— A g i
i F;‘__ .i ':., - 1-"""
-'\.'. e .
I"'u_ .’_/'| i
u Us ! e 5
* i v, Va
' ;
y f t v
4| 4
S Uy | & i
3 ' ' '
2 3 '
i ) .
1 Triangles Quadrilaterals
. - X P 1 V3 v L
- [ l—‘l i
— - LI
e .
/
u./ |
- '
/ Vo
]
Y 1 i e
4
(a) (c)




FEM - 2D Linear Elasticity ()
12-step procedures "
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o Step 1. Write the Galerkin residual equations for a typical
element 20 o7
B ox ’ oy

o7 06"

Ry = Ox " dy I,

+ 1,

X i(e)dx = = 99y
J-J-R 1) dy=0 i=12,.,n
(e)

” Ry¢i(e)dxdy =0 i=1,2,...,n
(e)

[ A=) §F©
([ 00" % | p\gOdxdy=0

L,2,...,n
5| Ox oy

_azf:(e) 86.(6)
S S ©dxdy =0 i=12,..,n
I Ox oy I )9 g




FEM - 2D Linear Elasticity Azl
12-step procedures o
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o Step 2: Integrate by parts
008 0 08 0 (), O (00
[ o0 vai 8 =[] o0 (o)
+[[ £ 0dxdy  i=1,2,.m
(e)
0 08 _ ., 09" O (=) 1@\, O [~ 4
£{[r§y>%+a§ ) g_y}dxdy = (jej)[a(r)gy%( >)+5(0; 4! ))}dxdy

+J‘J‘fy¢i(6)dxdy i=12,...,n
(e)

Divergence O¢' 04
~(e) 99, ~(e) 99, _ (@, (@ =, () 4
o ——+79—"— ldxd —m(a n'’+7.%n ) ds
theorem ” P 7 oy Y v Ty o)
S () (e)

+”fx¢i(6)dxdy i=1,2,...n
(e)

0 08 _, 08" - y
(e) Z7i (e) 774 — (e),, (e) (€),, (e)) s(e)
H {rxy . +0, o dxdy ([[]) (rxy n.+o,'n, )¢l ds

+”fy¢i(6)a’xdy i=1,2,...n
(e)



FEM - 2D Linear Elasticity Th
12-step procedures
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NV L PION < (m) "
j G)Ee)—¢’ +T;;)—¢l dxdy = | 7.4 ds+ || £.8dxdy i=12,..,n
L Ox W _ () ©
N VIO B VION < (m) "
J| 20 s 609 vy = [ 7 ds+ [[ ¢ ddy  i=1.2.m
oL ox D @ @

o Step 3: Substitute the general form of the element trial
solution into interior integrals in residual equations

~(¢)  n (e) (e . IPYG) ) @)
go 000 < 99, (2} =[B] {a} L O S A
x Ox — 7 ox ox ox ox
j= x(e) () (€) ()
& e n__
X [B]( ) _ 0 8¢1 0 6¢2 0 a¢n
o7 & g &) =18y = > > o
go=2_ =%y 70 e Y Y Y Y
oy =1 oy ad | oy ox oy ox oy ox |

(6} =[] ([8]" {a} (e} aT)



FEM - 2D Linear Elasticity §iad,
12-step procedures

(e) (o) (n)
j{&gd o, +7 i }dxdy: j rx¢i(e)ds+” f.¢Qdxdy  i=12,...n
© Ox oy B) @

(e) (e) (n)
J.J- z’.’(e) a¢, +o~_}(}e) a¢l Xdy: J‘ TY¢i(e)dS+J‘Jf;,¢i(e)dXdy i:1,2,...,l’l
0y © ©

Y ox
(e) _ _
N (e) N, (e) 0 (e) 0 (e)
O_)(Ce) ¢1 + z_(e) ¢1 ¢1 0 ¢1

ox 7 Oy Ox oy
20087 00| | 247 o4”
Yoox Y oy oy Ox
o 28 008" 08T 04
Ox oy Ox oy
e e e e ~(e)
7 —8¢2( ) +6 —8¢2( ) 0 —8¢2( | —8¢2( 2| @ ~ (@
Y ox Yooy = Oy ox |16 :=[B]" {6}
f(e)

xy

B Yl B T, S
toox Yoy Ox oy

© (0) © (©)
94," 5090 o 94 047
Ox Yoy oy Ox

~(e)
Txy




FEM - 2D Linear Elasticity §iad,
12-step procedures
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(o) (e) (n)
[| & W02 vy - [z ds+ ([ £ 0axdy  i=12,..n
©) Ox oy (© ©

() (e) n)
| {fge) 150 }dxdy = [r g 0ds+ [[ £, dxdy\ i=1,2,....n
() (e) (e)

o " / / \

) ¢(e) _¢1(6) 0 7 fx¢](e) _¢l(e) 0 ]

T e e e

(n))’ 1 0 ¢1( ) f;}¢]( ) 0 ¢1( )

T, ¢2(@) ¢2(e) 0 fx¢2(9) ¢2(e) 0

(n) B 0 (e) (n) (e) 0 (e)

T s @ [ G & s (@
| = . B (= [@] T L=l e [©]” {f}

. . Ty . . . !

(n) . ¢n(e) 0 j;c¢n(6) ¢n(e) 0

T, ¢n(€) 0 ¢n(e) f;}¢n(e) 0 ¢n(€)

(n) © - - L i

Ty ¢n




FEM - 2D Linear Elasticity ()
12-step procedures "
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(151" {0} dxio=(f0]” | fas-[]lo]” {s}at
l (61" =[] (181" ta} - (e} 7]
I [B]" [€]”[8]{a} vy = ] o] {(;)}ds ] (@] {} dvdy+ I (8] [C]” {a)” ATdvdy
(K17 =1 (8] [€]”[B] dvdy

[K](e) {a} _ {F}(e) {F}(e) _ {E}(e) +{Ff}(6) +{FT}(6)

(£} =[[[8]" [C]” {a}"” ATdxdy
(e)
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FEM - 2D Linear Elasticity Gy
1 2'Step prOCEdu res SEOUL NATI(J::L UNIVERSITY

o Step 4: Develop specific expressions for the shape functions

o Step 5: substitute the shape functions into the element
equations, and transform the integrals into a form appropriate
for numerical evaluation

_h 0 b, 0 b, 0
2A 2A 2A
[B](e) o L& o &2 o S
e 2A 2A 2A
¢, b, ¢ b, ¢ by
2A 2A 2A 2A 2A 2A

(K] = 1[B] [€]“[B] dvay

6x6 (e) 6x3 3x3 3x6



ﬂg
4

Final K in an element is a 6x6 matrix

Global K matrix is formed by summation of all elemental K

. . QAP I
FEM - 2D Linear Elasticity £,
12-step procedures: Final element K matrix, =~

(e) (e) (e) (e)
- (1[B] [c1[B] dxdy

o4, o4 ] [6><6] () [6><3] [3><3] [3><]
ox oy
0 8g(e) 8?)(:) a¢(e) 0 a¢(e) 0 a¢(e) 0 -
e o Ly 0 T T e T e
Y L VR T o Y o 9, 9

(o) @ | A=) 1 v v v
0 (3¢ (3¢ 0O 0 5(1 V) a¢1(e) a¢(e) a¢(6) a¢(6) a¢(6) a¢(6)

P o | Oy ox oy ox oy ox |
8¢(€) 0 a¢(e)
ox oy
0 8¢(6) a¢(6)

oy ox



Structure of elemental ‘K’ matrix
(linear & triangular element)
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1D elasticity & c e O e
y [K]()—I[B]() [C]()[B]()d

Number of column =

diffusion O ot ol oo 2 node x 1 DOF =2
2D diffusion [K](e) = [332](6) [c](” [B](e) dxdy 3x1=3
2D elasticity [K 1= fef)[fs](e) [C I [B](e) dxdy 3x2=6
3D diffusion (K] = Ig[i](e) [c]@ [B]@ dydydz Ax1=4
3D elasticity (k] = in[8]”" [C [ [B]"” dxdydz 4x3=12

12x12 (e) 12x6 6x12
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1 Z'Step procedu res SEOUL NATI(J::L UNIVERSITY

» Step 6: Prepare expressions for the flux (i.e., stresses)

(9} =11 (181" {a}-{a) " o7

3x1 3x3 3x2n 2nx1 3x1

o Step 7: Specify numerical data for a particular problem

o Step 8: Evaluate the interior terms in the element equations
for each element, and assemble the terms into system
equations o

3 e IJ
a /‘7\/7";I (3) 'I
. [
i \
/ ; b
P {2 %\ e
| 5)-—“* et
r(h 8 a4 :"f
a S i
Hll s J_x H i
| 1 Y "
- ]
i— A . 34 =367
] - ’h‘\\"m_\___
F
y S -
;7 -J'LI?
l"r |lll
5 ll.':‘_ - pll,-"



FEM - 2D Linear Elasticity
12-step procedures
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[ () (nm (1) (1)
K1 Kz Kia Kia
(1) (1) (1)

ng K2‘.3 K.?d

(1) (2) (1) (2)
Kis+ Kss Kas+Kas

(1) (2)
Kaa+ Kaa

Symmetric

(2)
K:!b

(2)
Kis

(2)
Kss

(2)
K3s
(2)
Kag

[2)
Kse

(2)
Kes

(1)
Kio
-
Kzg

(1) (2)
K3g + Kag

{1) (2)
Kag + Kng

i2)
Kﬁg

{(2)
KE.Q

{1) 2]
g9 +Kge

1)
K10
1)

K210

(1) {

2l

K310+K310

(1) (2)

Kaiot Ka o

K2

{2)
K's 10

K[q:lw* Ks

m
Kigot K

2)
910

(2)

10.10

{2)

K;gn

12)
K.il 11

12)
K‘: 11

K

K

K

K

{2}
6,11

(2)
9.11

(2)
10,11
(2)

11,11

(2]
K_‘]!E

Kl?ﬁ

a12 |

K‘rE.‘

512

i2)
KG |P

(2)
K‘? 12
{2)
Kio 12

(2)

K1119

(2) |
K1212

‘ dq 1I Y .
| |
n| | A
ds | F‘;:'+F|321‘
da Fl.;l +F(.fll
ds Fg
dg FE"
| J >= ¥

T ar
dsg
ao R +Fy
aio Fio +F3
a, F& |
F-Ion Fi2



FEM - 2D Linear Elasticity Gy
12'Step procedures SEOUL NATI(J::L UNIVERSITY

« Step 9: Apply the BCs, including the natural interelement
BCs, to the system equations

 Step 10: Solve the system equations

o Step 11: Evaluate the flux

o Step 12: Display the solution and estimate its accuracy

— In order to improve accuracy we could either use finer mesh (h-
refinement) or use higher-order element (p-refinement)
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