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Laplace Transformation

- Definition: £ [f(t)] = T f(t)edt = F(s)

0

£: f(t) = F(s), s=c +jo (complex variable)

f(t) : a time function such that f(t)=0 for t<O

- Inverse Laplace Transformation

£ FO1= 10



Existence of Laplace Transformation

e f(t) Laplace - transformable
if i) f(t) piecewise-continuous
ii) f(t) of exponential order as t approaches infinity
- e?f(t)) bounded, a exist.
- or e | f (t)| approaches zero as t approaches infinity.

olf lime™|f(t)=

t—ow

{O for o> o,

o foro<o,

the O. : the abscissa of convergence



Existence of Laplace Transformation

example: 1) t, sinwt, tsin ot...

lime ‘tsin a)t‘ = the abscissa of convergence o, =0

t—w

0 if >0
o If 0<0

2) e te ™ e %sinwt, c=-const.

lime " ‘te‘Ct

t—w

the abscissa of convergence o, =—C

B 0 if o>-cC
oo if o< —cC

o etz, te’  does not possess L. T.

L[f(t)] exists.

. f(t)= e for 0<t<T<w
0 for t<O,T<t

- The signals that can be physically generated always have corresponding
Laplace transforms



Laplace Transformation of simple function

e Exponential function

0 for t<0O
f(t):{ A

—ot
Ae for t>0 jo

9
v
|
R

A, a :constants

L[Ae ] = J' Ae™ .e~%dt
0

v

= T Ae *)tdt -
0

NS

1 e 1
.~ (s+a) +_eo]

S+ S+

Al
— A[_ 1 e—(a+a)-oo—ja)-oo_|_ 1
Al

] (s=0+ jw)
S+a S+a




Laplace Transformation of simple function

e step function

A t=>0
f(t)=
© {O t<0

LLTM]= Iow Ae*'dt ZA[—%e‘S'OO _,_%e—s-o]

= A[O+%] if Re[s]>0

e unit step input function 1t—t,) = 1 t=t,
>0 t<t,
1 t=0
1(t) =
0 t<O

£11(0]



Laplace Transformation of simple function

e Sinusoidal Functions

- © A _ )
f(t): Asinwt t>0 £[A5|n60t] J'_(ejwt_e—ja)t)e—stdt
0 t<0 2 2]
coswtzl(ej“’%e‘j“") 1.1 1
2 2j's—jo s+ jw
sina)t:%(ej“’t—e‘j“’t)  Aw
J s+’
o E As
el =coswt + jsin ot L[Acos at] = :
s+

e 1" = coswt — jsin wt

e Ramp function

At t>0
f(t)Z{O
t<0 e—st
ZA{'[

L[At] = A j:te‘stdt

o e—St
0 _—
0 S

P |
_A-g_[oe dt—A-S—2

—S



Laplace Transformation of simple function

e Pulse function

A A A
f(t)_{to for 0=t=t, ﬁ[f(t)]=£L—1(t)}—BL—1(t—to)}
0 0
0 for t<Ot,<t
:éé(l_e—tOS)
t, s

f (1) =t51(t)—t51(t—to>

0 0

e Impulse function A1
L[f ()] = Iim{——(l—etos)}
t,—0 tO S
Iimé for 0<t<t, d
f (t) = tg—o0 tO [A(l_e—'EOS)]
0 for t<0, t,<t :|imdt0 :A' — A
t,—0 d(t S)
dt, ~°




Laplace Transformation of simple function

e Unit impulse function ; impulse function of magnitude 1

Iiml for 0<t<t,
f(t): t0—>oot0

0 for t<0, t,<t

5(t):{ Og tt;g £[5(t)]:T5(t)e‘Stdt:T5(t)dt=1

The unit-impulse function occuringat t=t;

to+

_ o0 t:tO _00 —st _ —sty I
5(0—{ 0 tet L’[é(t—to)]—!é(t—to)e dt_tj_d(t—to)e dt=e™°-1

0

S(t-t,) = %m 1))



Useful Theorems

Theorem 1. Linearity
L[af (t)]=aF(s)

Theorem 2. Superposition

L1, £ F,(0] = F(s) £ F,(s)

Theorem 3. Translation in time.

o0

L[f(t-a)l(t—-a)]= _[ f (t—a)l(t—a)e *dt (a>0)

0

— T f(D(r)e ¥ dr  (let.t—a=71)

_ T f(OUr)e e dr=e“F(s) (- f(0)(r)=0 forz<0)

0
f(t) u(t) f(t-a) u(t-a)

A~ (\/

0 t 0 t




Useful Theorems

Theorem 4. Complex differentiations

L1 O] = - F(9)

d 1
4’[1]=% L’[t-l]:_EF(s):S_2

ﬁ[t21=£[t-t1=—% %J% ﬁ[tf(t)]=—%F(s)

0

proof) let. F(s)= [ f(t)e*dt

0

d wa —st f —st
EF(s)zgg[f(t)e ]dtz—gtf(t)e dt =—£1tf (1)]

, d? d"

similarly, .£[t*f (t)] = (-1) EF(S) L ()] =(-1)" o

F(s)

Theorem 5. Translation in the s-domain

(s-a)

Lle* f(t)]=F(s-a) L[e™ coswt] = o)+




Useful Theorems

Theorem 6. Real Differentiation

Df (1) =% f(t)

d <d
roof) let. .2[— f(t)]=|— f(t)e *dt
proof ) [ f O] ldt ()

= f(t)e™

:’ —]O f (t)e dt(-s)

=—1(0)+s-F(s)
=s-F(s)- (0)

similarly, £[D?f (t)] = £[D- Df (t)] = £[Df '(1)]
=s{s-F(s)- f(0)} =s*-F(s)—s- f(0)— f*(0)
dn

L
[dt”

(O] =s"-F(s)—s"*- f(0)—s"2- f Y(0)

...m £00(0)



Useful Theorems

Theorem 7. Real Integration f(t) f(t)dt=D1f(t)-D1f(0)

z“ f (t)dt} -

0

f(r)dr-e *dt

O 8
o'-—.p—r

o0

t

o0

1 1
= dr| —|-=e™f(t)dt
e j (r)de j e ()
-1
L[t (e +—Ie‘5tf(t)dt: Fis), D7TO)
51 s S% S
Theorem 8. Final value Theorem [imf® =1imsF(s)
t—o0 s—0
Theorem 9. Initial value Theorem limf ® =limsF ()

t—0 S—0

Theorem 10. Complex Integration L’{@}: fF(s)ds



Inverse Laplace Transformation

£:f(t) = F(s)
L F(s)—> f(t)

f(t)=£'1[F(s)]=% _[ F(s)e*ds (c: real constant)

c-jw
* Inverse Laplace Transformation by Partial Fraction Method

P(s) a,s"+a,,s"" +--+8&
Q(s) s"+b _,s"'+---bs+h,

F(S) = (n>=m)
s"+b 8" +---+bs+b — real complex conjugate, a, b : real num.
=(s—c,)(s-c¢,)--(s° +d;s+d,)

o

pis+p,

s—c, S—C, s’ +d,s+d,

= F(s) =



Examples of Inverse Laplace Transformation

1 a b c
ex) F(s)= > = + -+
(s+2)°(s+3) (s+2) (s+2)° (s+3)
a(s+2)(s+3)+b(s+3)+c(s+2)° =1
lets=-2,thanb=1, lets=-3,thanc=1
d —_
s+2 1 a+C.(s+3)—(s+2)_ 1

a(s+2)+b+c- = &y = a
s+3 s+3 s+3 (s+3)

a=-1b=1c=1 F(s)= 1 1 -+ 1
(s+2) (s+2)° (s+3

=> Inverse Laplace Transformation

f(t)=—e" +te™ +e™ (partial fraction method)

1
10 1OXZX4

B 10 4
S?4+65+25 (s+3)*+4°

= FO= T 4 sty aa

s = %sin 4te™



Solution of Differential Equation by Laplace Transformation

y'+2y'+4y=1 y(0)=0, y'(0)=2

L.T: s*Y(s)—sy(0)— y'(0)+ 2{sY (s)— y(0)} +4Y (s) = %

_2s+1

(52+25+4)Y(s):1+2
S

Y(s) = 2s+1 i_l s+1-1

S(s”+25+4) 4s 4 (5417 +(3)

yt) = %—%cos 3te™" + Lsin Jate™

43

L. T.
Dynamic System ———— Mathematical Model (Differential eq.) ———— S-domain

] ] ] ] Inverse L.T. ]
Solution in Time Domain < S-domain




End of lecture note 2
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