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Characteristic Equation
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Characteristic roots

Example: Position
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Characteristic roots

Example: Effect of Mass Variation
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Characteristic roots
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Root-Locus Plots

R(s) C(s) ;
G(s) » Closed-loop transfer function
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Characteristic Roots

Characteristic equation
ﬁ(s_ p)+ Kcﬁ(S—Zi) =0

Openloop poles  openloop zeros

Closed-loop poles
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Characteristic Roots

Characteristic equation
ﬁ(s_ p)+ Kcﬁ(S—Zi) =0

Openloop poles  openloop zeros
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Characteristic roots
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Characteristic roots
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N-m roots

Characteristic roots
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Characteristic roots

N-m roots
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Root — Locus Method

» Graphically obtains closed-loop poles as function of a parameter in feedback system.

R(s) J;m : . X B(s) C(i)
~ A(s)
K . BG)
R_ AGS)  K-B(s)
C _1+K_BA§3_A(5)+K-B(3)

closed-loop poles : (characteristic roots)

A(s) + K - B(s) =0
A(s) =0 ; open-loop poles Pi
B(s) =0; open-loop zeros “i
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Root — Locus Method

ilj(s_ p)+ Kﬂ(s_zi)zo

1) K=0

: closed-loop poles = open-loop poles

closed-loop characteristic eq. ;
= closed-loop poles are asymptotic to open-loop poles for small K

2) K>>1

A(s)+K-B(s)=0

(@+ K] . B(s)=0

B(s) —
(n-m)-poles m-poles

= m closed-loop poles are asymptotic to open-loop zeros n-m poles

14



Root — Locus Method

n-m Poles
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Root — Locus Method

n-m=1 (_1)1 -1

Real Axis
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Root — Locus Method
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Root — Locus Method
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Root — Locus Method

1
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Root — Locus Method

Example) n-m=3 n—m poles

Asymptotes

v
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Root — Locus Method

Angle condition
A(s)+K-B(s)=0
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real negative
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Root — Locus Method

3) Real axis: angle condition

B(s) 1 L :
Fropa BE) _ s 4(s-2)- > «(s—P)=+100(1+ 2N)
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Root — Locus Method

Example)
4 open-loop poles, 1 open loop zero Root Roci in the real axis
/s—17, =180 t
. X
Zs—p, +4£s—p, =360
X S X >
Zs—p, =180"
X
£s—p, =0

4
=Z(s—1) —2.(s- p;) =-360°
i=1
; Segments which have an odd number of open loop

poles & zeros lying to the right on the real axis
become portions of the root locus
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Root — Locus Method

Portions of the root locus

n-m=3
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Root — Locus Method

4) Angle of departure A
S
P )AE
p X
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Root — Locus Method

n=2 m=1
R(s) + . [ s-g C(S}
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14K "4
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Root — Locus Method

5) Double root s=b

Characteristic eq. (s-b)’( )=0

d
el =)
dS[ ]SZb
At double root
A(s)
B(s)=0- K=-—2=
A(s)+ K -B(s)=0 B(6)

dA(s) K dB(s) _
ds ds

dA(s) A(s) dB(s) 0
ds B(s) ds

dA(s) A(S) dB(s) _
ds ds

0

B(s) 0
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Root Locus: Summary

R(s) C(s) Closed-loop transfer function

G(s) =

C(s) . G(s)
R(s) 1+G(s)H(s)

H(S) |t

Characteristic equation

1+ KC@=0
A(s)

K=0

K>>1

Real axis

Angle of departure
Double roots

Ok whE

28



System with 4 poles and 1 zero: two possible root loci
jw Jjo )

Qv

R

a slight change in the pole-zero configuration may cause significant

changes in the root-locus configurations
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Root — Locus Method

* Positioning system Sy
U ) m /b: Lubrication oil
L7777
P control
R(S) 4 U s) " X (s)
K > >
¢ s(ms+h)
14K — 1 -
s(ms +b)
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n=2 m=0 | ome
N N |
Open loop poles : 0 _b x S| T
p ppoles:0, ——
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Root — Locus Method
| control

K. 1
1+— =0
R(s)  + < us) ; X(s) 5 s(ms+b)
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Root — Locus Method

Pl control
RGS) 4+ K[ 1} U(s) . X (s)

1+ —

A 4

TS

- 1+KCT‘S+1 1 0
T.s s(ms+b)

n=3 m=1 n-m=2

1
Open loop zero : =
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Root — Locus Method

PID control

- Mass change, - PI, | gain variation

R(s) 4 ) U(s) X(s)
K. (1+=—+T,S) >
TS s(ms+b)

A 4

Ts+1+T,s* 1

1+ K. =0
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b
3 Open loop poles : 0,0,—5
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Root — Locus Method

Example) —

—
3 |-
tﬂm

u ms®+bs+K =0
—  » m
- 1+ibS+ZKC 0
Ground \ b m S
A
10 (m=w)
m
_I_
N® \ _ bs+ K, .

Effect of increasing mass, m, for

fixed gain Kc i=O; s=0, 0 closed loop poles
m
1 K,
m b
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Plotting Root Loci with MATLAB

1+ kMM g
den

rlocus(num, den)

r=rlocus(num,den)
Plot(r, ‘0’)
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MATLAB Program

0ff cmmmmee e laciic nlot ===

/0 ROOt IOCUS pIOt Root-Locus Plot of G(s) = K(s + 3)/[s(s + 1)(s* + 4s + 16)]
num = [1 3]; 6 — ——) !
den=[15 20 16 0];
rlocus(num,den)

v =[-6 6 -6 6];
axis(v); axis('square’) £
grid; ]

title (‘'Root-Locus Plot of G(s) =
K(s + 3)/[s(s + 1)(s"2 + 4s + 16)]")

Real Axis
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End of root locus
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Root — Locus Method

Minimum phase systems:

A AEIo] 2 E poleZt zeroZt LHPO| = &4
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— o T

Non minimum phase systems:

Mo| = AlAEIo] Bt 72 poleO| Lt zeroZt H ™M 2| RHPA| U= &

O —_
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— o T

(1-T,9) |

G(s)= s(Ts+1)

1
Td
(1 T,9)
—S(TS+1) A(Ts-1) -y —<(Ts+1) = 360N
TdS—l —i 0 0 0 = 0
S(TS+1) K 180 0 0 = 180
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