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Solution of State Equation

State Transition matrix

X(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t) . A,B,C,D Constant real (or Complex)

u(t) : a piecewise continuous function with values in R’

X(t) = D(t,1)x(t,) + [ O(t-7)Bu(r)dr

Let t,=0 o
X(t) = D(tZ)X(t,) is solution of X = AX(t)

d d Y
it XO =2 PEF)X(0) = AD(L,0)x(0) = Ax(t)

the conditions d(t,0) should satisfy are:

1) %(D(t,O) — AD(t,0), Vt>0

2) ©(0,0)=I




Let us solve the matrix differential eq. by iteration(existence of the solution and uniqueness)

D, (t) =1, %CD(t,O) = AD(t,0)

ch(t):1+j;A.1dr=I+ At

2

,(1) =1+ [ AD,(t)dt=T+ At+AZtE

2 k
CDk(t):I+I;A(Dk_l(r)dr:I+ At+A2%+---+A"%

2 £

CD(t,O)=I+At+A2t—+---+A" T
21 k!

k
Let’s define  @(t,0)=e™ , eat:1+at+%a2t2+...+a"t?




Properties of STM (State, Transition Matrix)

DO(t, —t)D(t, —t,) =D(t, -t,) forany t, t,t,

(0) =1

DOM)D(t) = D (1) =D(2t) (™)’ =™ =D(21)

O (t) = D(-t)

D (t) = d(at)

®(t) is non singular for all finite values of U . (inverse exists)

Solutions 1

X(r)=0

X(z+dz)=B-u(r)dr

X(t) = Ax(t) + Bu(t)

] 2)
rdtr+df t = Complete solution

X(t)=D(t—(r+d7)) -x(r +d7)
=d(t-(r+dr7))-Bu(r)dr

X(t) = [ (t-7)Bu(r)dz

u(z)=0
X(t) = d(t—0)x(0)

X(t) = D(t)x(0) + I;®(t —7)Bu(r)dr



X(t) = Ax(t) + Bu(t)
sX (s) — x(0) = Ax(s) + Bu(s)
(sI— A)X(s) = x(0) + Bu(s)
X () = (sI— A)™*x(0) + (sI — A) " Bu(s) (1) B

X(t) = Ax(t) + Bu(t) X = AX, x(t) = ®(t,0)x(0) = "' x(0) , %(d)(t,O)) = Ad(t,0)
e AX—e M. A-x=e"Bu
d —At - At
Z e x]=e "B
m [e™ - X] u
e X (t) = j; e MBu(z)dr

— e *%x(0)
t o~ -7
x(t) = e"x(0) + joe ACIBY(7)d T 2)

from (1)
X(t) = L' [X(s)]

— L[(sT = A)1]X(0) + LA[(sI = A)Bu(s)]
> L[(sI-A)"]=eM =d(t)

L[(s1- A)*Bu(s)] = [ " Bu(z)dr




(sI-A) "' =L[e"]

:L[I+At+%Azt2+---] cf)
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I+A + A®

(I-C)*=I1+C+C*+C°+

(sI— A)™* : the resolvent of A

e series expansion of resolvent'

A A

(SI-A)" = —(I——)‘l
S S

1 A A

—I+—+—+--

2 3

S S S

(tA)°

so O(t)=L"((sI-A) ") =1+tA+

— eAt

define matrix exponential as M=1+M +

——(I+ + e

1 1 1

1(I—EA T+ A+S AT
s s s s s
:£+%A+%A2 +
S S S

if series converges

valid for ‘S‘ large enough
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Picard’s lteration Method
M y'=1(xy), Y(X)=Y, y'=f(y.t), yt,) =Y,
y(©) =y + [ It y(@)de
B0 =Y+ || It yo(r)]dr

V(0= Yo+ [ Tty (@)]de

Vo= Yo+ || T[ty,,(@dr
n— o0, ,(t) > y(t)

Thm.1 Existence

If f(t,Y) is continuous at all points (t,y), in some rectangle and bounded in R
| f(ty)|<K
forall (t,y)inR
Then the initial value problem (1) has at least one solution y(t)




Picard’s Iteration Method

Thm.2 Uniqueness

0
If f(t,y) and — are continuous at all points (t, y) in that rectangle R and

bounded ,say | f |<K, |ﬂ| <M

(1) has at most one solution y(t), and it can be obtained by Picard’s method,

V()= Yo+ [ flz. Y, (ldr n=12.

Converses to that solution y(t)




1. Diagonal

&M = | 1 At+ S AP 4= A e
2 3!

1+21t+%212t2+--- 0 0
1 242
= 0 1+/12t+§/12t +e 0

0 0 1+/13t+%/132t2+---




2. Jordan Form

4 1 0 et e 0
A=10 4 O e"=| 0 e* 0
0 0 4 0 0 e~
_/11 1 0 pit  tait t2a/t
A=|0 A4 1 M| 0 et e
10 0 4] 0 0 e

3. General A : Diagonalize
X = AX + Bu AR = 4R
. AP=PA, PAP=A
X = pX
X = PAPR + P'Bu = AX + P'Bu
%(t) = e"%(0) + [e"?PBu(r)dr

X(t) = PeMPx(0) + [Pe* P Bu(r)dz
oAt




End of 10-1
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