Aircraft Structural Analysis

— ——
Applied Blasticity: Fundaméntal"Contepts s




3.1 Introduction

+ The Airplane, that most fascinating and complex of man-made
systems, epitomizes engineering at its finest. We focus in this
text on the airframe, the “skeleton” of ribs and spars and other
assorted structural members hidden the shiny, fragile skin of
the modern airplane. The airframe must be strong;rigid, and
durable, yet as light in weight as safety will allow. It must also
fit within the streamlined shape defined by aerodynamics and
the mission the airplane was built to serve.

To understand the structures of today’s aircratft, it is helpful to
look back over the evolution of the airframe since the
beginning of the twentieth century. It is sufficient to restrict our
attention to the development of fixed-wing aircraft. We
nevertheless acknowledge the significant structural dynamics
problems that have attended the evolution of rotary-wing
aircraft, which began in 1907.
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3.1 Introduction

From the Newton’s 2" Law , we have F = ma.
The vector sum of forces becomes zeroin the static equilibrium state.

ZF:O Al’ld Zﬁ{p =0

And the 2" law can be extended in terms of momenta as,

Zlf:§0m And ZMPZH

~ cm

cm : Center of mass
L., : linear momentum

H.,: angular momentum

From D’Alembert’s Principle, a state of Dynamic Equilibrium could be written by
ZF+(—L )=0 And ZM +(-=H )=0
~ ~cm '~ TP
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3.1 Introduction

Continuum assumption : Continuum Mechanics

Continuum : Solid, Fluid
Solid : Elastic, Plastic....

Elasticity : ability to bounce back
s Linear elasticity : Displacements are proportional to the
applied load

= Nonlinear elasticity : Displacements are not
proportional to the applied load.
e Rubber band, Inflating a balloon, buckling a meter stick
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3.1 Introduction

Structural analysis contains many time-tested formulas based on
assumptions.

But, we need to know the theory of elasticity
= to describe the behavior of elastic solid in precise detail
= to assess the consequences of simplifying assumptions

Topics in this chapter
= Stress and strain.
m Stress equilibrium and strain compatibility.
m Stress and strain transformations.
m Principal stress and strain.
s Generalized Hooke’s Law.
= Saint-Venant’s principle.
= Strain energy.
= Anisotropy.
» Failure theories for steady and fluctuating loads.
= Margins of safety.
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3.2 Stress

Cutting plane

AFim

Distributed load F, Distributed load

¥
. F; F;
/l = X : ) Djﬁtribulllttgj _ ) F: pOint load
) C, displacement constraint C, €4 C: point
(@) ) couple

Figure 3.2.1: [a) A solid body, loaded and constrained in an arbitrary fashion. (b) Force actingBr; n:bOdy
small area of a cutting plane through point P in the solid. G and G’ are the centerfgfr[?f!és.

AF ™ : Net force acting at point P

depends on orientation of the cutting plane, easily depend on n

A4 :small area surrounding point P
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3.2 Stress

J
{
AF® |
1 T® = lim f =
Traction I L e i qw - 5,
e Z
(n) :
T = g 74
(a)

Figure 3.2.2 (@) Normal and shear components of the

traction on an arbiirary plane through P.

(b) Traction components on the opposite

side of the cutting plane at P,
By defining the xy~z axes,
Traction force vector can be expressed
in the planes normal to the three a>
.\I
- - .P - X T,
T = Tyl + 0y) + 7).k :
T(Z) — tzxi + Izyj + Jzk )
(a) (b) (e)

Figure 3.2.3 Positive stress components on positively-oriented cutting planes normal to: (a) the x

axis, (b) the y axis, and [c) the z axis.

l‘!\‘(
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3.2 Stress

From the force equilibrium 1n the prism,

TWAA, —TWAA, —TYAA, —TPWAA, +AB =0

AA, = nAA -~ AA, = n, A4, AA.=n A4,

Ah
- =

| T® - T®p, — TOn, — Tn, +b 0

T =T, + Tn, + Tn,

(a) (b)

T® = TWi+ TWj + Tk

Figure 3.2.4 (o) Small tetrahedron Opgr with the inclined cutting
plane through P as its base. (b) Free-body diagram
showing the surface tractions and body force density.

* Definition of Cauchy Stress
T:‘_(”) = TN+ Tyxly + T, N>
T = tyyn, + oyny + Tyn.
T\ = teny + Tyony + o2n,
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3.2 Stress

The sign convention for stress and matrix expression

Y o, Y
K |
el T ,
& = g Tyz I T o,
S & o ' T <=
— (=5 B, T, I T
= = 'Y G - (7, O, === |
S —x TSI § S I
O, Tyy T-y ] Xxdirection > | % Ty ¥ 27 -
: _ 3 o 2 - yz
[cl=| t@y /0y 1., | ydirection o, AR
) : % : » g
Tz Ty: O; J zdirection z i
i ) o,
(a) (b)
Figure 3.2.5 State of stress on a differential cube at a point. Positive

components of stress on: (a) the front, positively-oriented
surfaces, and (b) the rear, negatively-oriented surfaces.
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3.2 Stress

Normal stress on a plane with unit normaln
o, =T n=T""n+8,"n +T%n

Shear component of the Traction

Th = T(N) -0,

rm:"r,,-tz(T<”)—o'n)-t

Figure 3.2.6 An in-plane component T, of
the shear traction on a plane.

fm - T(n) i t - T(n)tx + T)J(N)t}; + Tz(n)tz

X

The compomemt T™ are obtained from Cauchy’s equation. So......

5 2
On = Oyt +oyny + aznf + 2Txyynty + 25,040, + 2Ty,0,0,
Tt = Oxlxly + Oynyly + 03058 + Tyy(Rely + Liny) n-t=0)

3 sz(nxtz g '\"In’z) ” i ryz (nytz I tynz)

Ty = A/ Tp Ty = \ T(n)z o 0..?3
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3.3 Equilibrium

Moment Equilibrium

the moments about the center of mass of the G

D> M; =0

2

d
( i ) x T (x +dx, 3, 2)dydz + (
d
J) x TO) (%, y+dy, 2)dxdz 4+ ( %J) x [-TY (%, ¥, 2)dxdz]

k) x TON(%, ¥, z + dz)dxdy

k) [=T® (%, 7, z)dxdy] =

TG, y + dy, 7)

dx
= i) % [-T®(x, 5, 2)dydz)

- Tf \l“.. F‘ 3)

I
|
|
|
I : ’
: | //‘ T®x + dx, 7,%)
| |
- | G : 7 /

/0 (X, 5,2
O(x, y :);,’_ﬁi\_'._ ,,,,,,,, X
- i
dy v/ ’ |
) il
7 7 |
A 1 AN 4

, ~
o' // M
TR, 5,z + d2) 4
/ dx

Figure 3.3.1 Variation of tractions at a point. The coordinates of the corner O are (x, v, z), while
those of the center of mass G of the cube are (%, y, Z).

-TYN7, y,7)
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3.3 Equilibrium

From Taylor Series Expansion

d 0
fx+dx,y+dv,z+dz) = f(x,y,z)+—f-dr+ —fdy+ g—&
ox ay 0z

We write again

dx . 19T™ dy 19T dz
i T® 4 2 dx | dyd —= 1 TO) 4 — dy | dxd —k
(ZI)X( +2 Ix x)yz+(21)x( +2 3y y)xz-l-(z)x
aT®

(T(Z) +
z

i x Tdxdydz + j x TYdxdydz + k x T?dxdydz +--- =0

dz) dxdy + (%xi) x T®dydz + (%yj) x TMdxdz + (%k) x T®dxdy = 0

Ignore high order equation (¢... part , 4% order), and
Ix(od+7 J+7 K)+])x(r d+0 J+7, K)+kx(z l+7, J+0.K)=0

i(ry: - rzy) +j(rz.r _ r,\':) b k(r.\'y - ry.t) =0

Tyx = Txy Tzx = Txz Tzy = Tyz
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3.3 Equilibrium

Force Equilibrium

TR, y + dy, 3)

-T9(, 5, 2)

T (x 4+ dx, y, 2)dydz — T®(x, y, z)dydz -
+TO(x, y + dy, 2)dxdz — T (x, y, z)dxdz
+T(x, y,z +dz)dxdy — T(x, y, z)dxdy + dB = 0

7
4
4
4

- T9x, 5,3)
i /' T™e+anyn  §T®) AT T
\., - —dxdydz + ——dydxdz + ——dzdxdy +dB =0
Rl i’ o St z
P L R P Y £
dy -z :’ : K
//,mr' W Body force density
TR, 5, 2 + dz) / = s b o dB . dB
: g dV  dxdydz
Figure 3.3.1 Variation of tractions at a point. The coordinates of the corner O are (x, v, z), while
those of the center of mass G of the cube are (%, ¥, z). ao’_r a‘[}u atzx + b 0
ox ay 0z T
0ty 00y = 0Ty
(x) » &) +b,=0
BT D e —> PRl el
9% 9y 9z ot T do
XZ yz + Z + bz - 0
dx By dz Ek
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3.4 Stress Transformation

i= Rui+ Ri2j+ Rizk ' R, Ry Ry
j=R21i+R22j+R23k j‘> J|=|R, Ry, Ry, |
> i k = R3ji+ R32j + Rysk K RERoe, R \ g
Rotational Matrix R'1s Orthogonal Matrix
—> R'R =1
Figure 3.4.1 Two sets of carte-
sian reference axes, R}, + R%l +R5 =R + R%z +Ry =R+ R§3 o R§3 =1
xyzand Xyz. RiiR12 + Ro R + R31R3 = RiyRy3 + Ra1Ro3 + R31R33 = Ri2R13 + R2R23 + RnR33 =0

2 2

On = Oxfy + ayny + o’znf + 2Txy ety + 2T ncn; + 2Ty, 000,

Tar = Oxlxly + Oynyly + O30zt + Ty (Rily + 1iny) (n-t=20)
+ T (nxt; +2:0,) + Ty:z (nylz & rynz)

Oy = R%[Ux A R?zo'y + R?_';Uz = 2Rth12'r.ry + 2R Ri3T; + 2RI2RI3Tyz
Gy = R},0x + R0y + R%0: + 2Ry RnTyy + 2R R3T: +2RnRx;Ty:
Oy &= R%ldx + R%zoy + R32)3sz + 2R3|R321’1y + 2R3 R33T; + 2R32R33Tyz

Tyy = R11R210¢ + R12R220y + R13R230; + (R11R22 + Ri2R21) Ty + (R11R23 + RiaR21) T + (R12R23 + Ri3R22) 1y
Tyz = R11R310¢ + R12R320y + R13R330: + (R11R32 + Ri2R31) Ty + (R11R33 + Ri3R31) T + (R12R33 + Ri3R32) 1y
Ty: = R21R310x + R R320y + R23R330; + (R21R32 + R2R3)) Ty + (R21R33 + R23R3y) T + (R2R33 + R3R32) Ty
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3.4 Stress Transformation

Example 3.4.1

Show that the hydrostatic stress 1(o, + o, + 0.) [i8jinvariant
under a coordinate transformation.

G¢ + Gy + 6. = (RY; + R3; + R3))ox + (R, + Ry, + R3,)0y + (R, + R3; + R33)0:

+ 2(R11R12 + R21 Rz + R31R30)Txy + 2(R11R13 + R21 Roz + R31R33)Ts;
+ Q(RU_R]?; + RQ}R'EE + RSQRES_\JI_\’Z

By virtue of Equations 3.4.4, this becomes
oy + 0y + 0. = (H)oy + (Doy + (Do: + 2(0) 1y + 2(0) 7y + 2(0) 1y
so that

oy + (}v +0;,=0y+0 y + 0
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3.4 Stress Transformaion

Example 3.4.2

Let m and n be the unit normals to two planes.through.a
point, and T and 1 be the tractions on thoseplanes.

Show that T® .m =T® .n

M n) . (i)

' . m = I g R e T m, = (o.n, + Tyl b i I
—+ (1'.,_1._,_.,6-1_1 + oyity + Ty n )My + (Tochiy + TRy + o gy 8 1 o8

T .m = (o,m, + TayMy + Ty )y

+ (tyxmx + oymy + Tyit)ny + (Tomy + T;ymy + 0,m; )0,
With the Cauchy formulas,
T .m=17 jf-’”-}u_r + T\':’””H}. + T:“’”' i,
rr[H} .m = T(’f:rr‘.l ‘n
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3.5. Principal Stress

Principal Stress : Normal stress when Shear Stress on the surface is Zero

() _ ()i (i e — ey : i
T =T"1+T,"J+T,"k = on = o(n 1 +n,j+nkK)

Ox Ny + Tyyhy !rxznz = O Ny

Txylly + Oyiy + Ty, = ONy

Tyl + TyzNy +o.n; =on,
|

(0x —o)ny + Tyny + Tyon, =0

Teyhy + (0y —0)ny + 19,0, =0

Txzhx + Tyzny + (0; —0)n, =0

U3—1162+fgﬁ—1320

=)

n,=0,n,=0,n =0 is not allowed.

eigenvalue Problem

Oy =0
det| 17,

T.T Zz

I, =0, +0,+o0:
I, = det

Ox Ty it

L Txz Ty O

Ox Ty + det :
rxy 'O.}v t

r.x Z
Tyz

J_',:_

)-

T

Oy

¥z

ry z
JZ
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3.5. Principal Stress

The three I's are called the three invariants of stress tensor ,
because they are unaltered by coordinate transformation.

The principal stresses: the three roots of .the characteristic
equations

0'1—1?+%\/112—312 cos( %)
0'2:I3—I+%\/]12—3]2005(%+27”)
0'3:1;—1+— I112—31200s(—+47”)
a = cos "' 217 - 91,1, + 271,

2017 -31,)"
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3.5. Principal Stress

From the conclusion of Ex 3.4.2 || .
T . n) = TG . g® Principal directions
- I , P Corresponding to
o‘;n(” .nV) = crj-n(") .n® or i Uj)n(*) ') = 0
unique principal stresses

a0, are orthogonal
0 a7z 0
0 0 a3

2 2 >
o, = o1 + osn O3
s L P OaR, = g, Three extreme values of shear stress

2 2

N
n = L= ny s |1 =05 loy — o3 lo2 — o3|
I1T=— Oh=— 7p=—"
op = (02 — O’])?’I}, + (03 — O'])HZ Sy
do, do,
= 2(02 — o)y =2(03 — o)n, Tmax = = [Omax — Ominl
an,y . 2

o,#0,0,#0,=>n, =n=0,n =1
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l 3.5. Principal Stress

Example 3.5.1

Find the principal stresses, principal nor
and the maximum shear stress if

‘

50 50 -50 |
[Gl=| 50 50 100] (MPa) =

=50 100 150

National Research Laboratory for Aerospace Structures
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3.6. Plane Stress

For thin sheet and plates of uniform thickness, We assume that the stress components

are confined to a plane => 0,~1,,~1,,~0

doy  O0Tyy
G’x r':_'y 0 a + a + b.l' == 0 T(n} e "
I P | X ) v = Oxhy + Tyyhy
*y - 0T,y OO (n)
0 0 0 2+ 2L +by=0 Iy = Tyynyx + oyny
ax ay
F: Ry = cosb Ru=sng = Rie=i
(r\t i Ry = —sinf Ry = cosf Ry =0
— " 7' Ry =0 Ryp =0 Rz =1
-:——J P [—:— — X

Gy = 0y cos” O + oy, sin” 6 + 21, sin 6 cos §

Oy = Oy sin® 0 + oy cos’ 6-27,, sinf cosf

(a) (b)
Txy = (0y — 0y) sinf cos 6 + Ix}-(cos?‘ 0 — sin® 9)

Positive components of plane stress at a peint P in two different cartesian coor-

dinatfe systems.

National Research Laboratory for Aerospace Structures
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3.6. Plane Stress

oy cos” 0 + 0y sin® @ + 21, sin 6 cos

Ox

&y = 0y sin” 0 + gy cos §-21,, sin 6 cos §

Txy = (0y — 0x) 8inf cos b + 17y, (cos® @ — sin® 6)

. 1- 20 1 5 20 -
sin® 6 = % cos? 8 = —+E;L—~ 2sinf cos @ = sin 26
o Ox + Oy Oy — Oy )
G = — 5 e ie 5 2 0520 + 7, 5in 20
_ Oy + Oy Oy — Oy :
Oy = a 7 L 7 }00529—1.'1}.31n26
- Oy — 0Oy
Ty = —L‘;Z—i $in 20 + T,y cos 260
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3.6. Plane Stress

* Mohr’s circle raxis
' o, . Tmax ) xy plane
0 T o axis
/)
(a) (b) -
Figure 3.6.2 Shear stress sign convention for
Mohr’s circle only. Figure 3.6.3 Mohr's circle for plane stress in the xy plane.
0C = 573‘""2'_‘5 Principal Stress: 01 =0C+R  o0,=0C—-R
tan 260, = Sy 7 Stress Components ;= OC + R cos(20-26,)
(ox — Oy o 3
—T,y = R sin(26-26
of rotated element : ™ : p)
2
R = 1’3, + (Gx Uy)
g 2 gy —.0y
R cos26, = > Rsinf, = 1y

£
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3.6. Plane Stress

Example 3.6.1

A state of plane stress is represented on the element in Figure 3.6.4. Use a sketch of
Mohr’s circle to find:

(a) The principal stresses and principal directions

(b) The state of maximum in-plane shear stress s gy O SN
c I}}*-IQ J & 5
o 83 N i% /605
(c) The stress components on an element rotated & L
50 degrees counterclockwise . .

T, psi

Figure 3.6.6 (a) State of principal stress (psi). (b)

Planes of maximum shear (psi).
y

14,000 — 7, psi
| | a | 13,530
! ks O

574

4000 ; "x AN NS =
o= W it = r/ 3670 |
3000 _ Tmax, in-plane —| a P ,\()?l‘l \\ / o 4
,.. , = &
14,000 4——1 — 14,000 x 0 ) . ¥ ¥/ N )
9000 —~ 13,530
l 3000 !
4000 (a) (b)

Figure 3.6.4 Sru_re.of plane stress ata ' Figure 3.6.7  (a) Mohr’s circle of Figure 3.6.5, used here
point: g, = 14,_000 psi, ‘ to obtain the stress components in (b).
o,=4,000 psi, Figure 3.6.5 Mohr's circle for the state of stress in
T,,= —3,000 psi. Figure 3.6.4.
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3.7. Strain

Strain : a measure of relative deformation
* we assume the deformation is
* the changes 1in an object is ignore

*we assume the loads remain fixed in lo

D it T —— -
(a) (b)
Figure 3.7.1 (a) Pulling a rubber band changes its length. (b) Shearing a book
changes its shape.
|

aboratory for Aerospace Structures ! !--‘
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3.7. Strain

dr =dxi+dyj+dzk

|dr| = ds = /dx? + dy? + dx?

After deformation

ore deformation

Figure 3.7.2 Directed material line segments of differential length,
before and after deformation in the plane.

u=ux,y,2i+vx,y,2)j+w,y,2)k

!

X =x+ukx,y,z2) y=y+vx,y,2) Z=z4+wk,y,2)
dr' =dx'i+dy'j+dz'k

|dr’| = ds’ = \/dx? + dy”? + dz”? '
dx'=dx+du dy =dy+dv dZ =dz+dw

aboratory for Aerospace Structures !
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l 3.7. Strain

I
du du u
du = —d —d toihid
dx A ay . 0z oz
v ov v
dv = —dx + —d —_—
dx ay d 3zdz
d \_—7
dw = _If".dx g a_wdy -‘?Edz dx' >~dx +du
dx dy dz dy' =dy + dv
5 8 dz =dz+dw
dail e e g OB o\
x+3x x+8ydy+azdz 3
v v v
dy' = d ey it el
y y+3x x+aydy+azdz
Jw ow Jw
dz =dy + —d i b,
% y+3x x+aydy+azdz

Nati

s’ ’;Z'
aboratory for Aerospace Structures
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3.7.1 Normal Strain

The normal strain ¢, 1s the ratio of the change of its length to its original length

ds'—~ds ds’
gy = ——— = —~1

ds ds

ov Jw u  dv ow v  dw
;e 2 2 —dy? —dz2 42 dxdy + 2 — )dxdz 42 — |dyd
ds \/c:'s +28 dx +23 dy +23 dz* + (ay 8x) xdy + (8 +8x) xdz + (3 +3y)yz

ds’ du v ow du v ou  w " L LT
— = —n? — — 4+ — |n, 2| — 2 —_ S
\/ 28 "x +28 & +23 +2(8y * Bx)n i (Bz -+ ax)"x”2+ (Bz )nyn

ds’' i B85 - D Jw , du v du dw dv  ow
— = —12— — _— 2 > 2 — 2 — .
1+ [2 xnx+23yv+28 n, + (3y x)n s 4 (82+ = nen, + 82+ 3y nyn
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3.7.1 Normal Strain

-J—————-ﬂQ

L ]

Figure 3.7.3  Normal strain in the x direction.

fore,, n, =1,n, =0,n, =0andin similary

TR R |
ik ax Y7 3y Y 8z
F .
[dx + (Qu [dx)dx] — dx
gy = —
dx

23
:{:"3

aboratory for Aerospace Structures ! !--‘
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3.7.2 Shear Strain

dr®™ = dx®i +dy(")j +dz™k
dr®? = dxVi+ dy®j + dzVk
iz oo dx®  dy®  dz™
=Rt k=T T dsw? T gew
dx® dy(") ' dz®

After deformation

i b=t plda=gult ot Ho"
Figure 3.7.4 Change in angle between initially orthogonal directed differential line d.x(")dx(” 4 dy(”)dy(f) A& dz(ﬂ)dz(f) =0
seaments at a point. s
drr(n] ) drt(t) = dsr(n)dsl(.') COS(E _ ]’m‘) - dsr(n)ds;(;) sin Vot
drf(n) . dl.r(f)
Ve = dsf(n)dsr(f)
dr'® . dr'® = (dx'™i + dy'™j + dz’™k) - (dx'Pi + dy'Pj + dz’Pk)
= dx'™dx'® +dy’("}dy’(” 4+dz’'mWgz®
du du ou ou ou ou
dr'® . dr'® = [ dx™ + Zgx® £ Zgy™ 1 = 4,0 dx® 4 = dxe® 1. ZZ 4,0 28 40
T gy T THRYe T hatt
av av v v v v
+ | d (n) e _dx(n) W (n) g (n) d N bulh 0} by N ) BTN AAR ()
(y dx +3yy 2z H +8xx +3yy +8zz
+ dz(ﬂ) + ?_zu_dx(n) + ?_lﬂdy(n) + a_wdz(n) dz(l') o a_wdx(t) e 8—u)'dy(0 g a_wdz(;)
ax dy 0z ax ay 0z
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3.7.2 Shear Strain

dr'® . dr') = dx™Mdx™ + dyMdy® 4 dz™Mdz" + Efﬂdi W x® 4 Eﬁd}*{"’d}r“’
- dx dy

i
Ei—{l“"'"]d 0 + ( i zl’){dlm}dyu} +dr{ﬂd}{n}l}

(}.r.- 3';'
du  dw () .00} (1) 7. (m) dv  dw () 4.(6) '
ol frrag (dx"dz'" + dxVdz"™) + v (dy"dz'" + dyWdz")

du dx'™ dx™ av dy™ dy® dw dz"™ dz " du v\ [dx™ dy  dx® gy@
Y = 29x ds™ ds® | “3y ds® ds® | <3z ds™ ds® ay + E) (.:f,-;w ds®  ds® r!s{"})

du  dw)\ fdx™ gz gx® gz v dw\ [dy"W dz" gy 4z
+=+— + +(—=+=— +
dz  dx J\ds" ds\)  dst) dstm dz Ay J\ds™ ds® * ds0) ggin

ou dv dw du Bu
Vi = Zan.ﬁx + 23_13”}-?} + Em—n .+ 3} H (nety + teny)
du  dw dv  Jdw
(H._ =+ 'I'){H £, A 1.n.) 4 (B_Z‘ -4 a—y){ﬂ‘}.!_- =+ fJ,-ﬂ:_]I
* strain-displacement relation
—_ du - dv aw
Y Ax ’ dy s 9z
_E_i_&u _Bu+ﬁw _dv | dw
by = dy  odx s dz  dx i dz e ay

Fey = Vi Yaz = Vex ¥yz: = Viy
National Research Laboratory for Aerospace Structures !



3.7.2 Shear Strain

e strain transformation formulas
En = Exni +&yn’ + e.n? 42 (%) neny + 2 (%3-) nan. + 2 (%) nyn,
L R £ Eynyly + E:n:1; + (%—f—’:) (nxty + txny)

2
4 A (}3': ) (nyt: + ten;) + (%) (”yf: = f}'"=]'

n-t=0)

¥y €y Vyz

[ Ex  Vxy Vx: :I

L Vxz  Vyz £z
I (ov/ax) dx ~ v 8 = ton”! (du/ay) dy ~ du
dx dx dy ay
dv du
Yy =0+ B = E 5
. ) ) ) Figure 3.7.5 Shear strain between the x and y directions.
is engineering shear strain.
We define shear strain to be one-half the decrease in angle. g = /4 é”

2 2 2
En = ExNy + EyNy + E:N; + ExyNxNy + Ex:lixN; + Ey:NyN;

Eqy = E_-rﬂ_tfx + Syﬂ}-fj- + S:ﬂ:f: + Exy(ﬂxl'}r + l'-l_g'n:'-} {ﬁ = 0]‘

+ Ex: (HIIZ + I.I'HZ.J + E}':(n}rr: + I'-IJ;.IFI:J
National Research Laboratory for Aerospace Structures t*%



3.7.2 Shear Strain

€1 — &2 &1 —:&3 & — &3
2 2 2

’ & s
Max. shear strain = [Emax . min|

Ymax = |3max - Exifa]

National Research Laboratory for Aerospace Structures !



3.8 Volumetric Strain

dz

W —— e

I
(I +&y)dy || dy :
! =X

| L
“““ (1 +e,)dz a
(1 + e dx dV=
Z

Figure 3.8.1 Change in volume of
a differential element.

change in volume  dV —dV,
original volume ~ dV,

g= =1+ &)1 +¢y)(1 +¢;)-1

€ = €&y +8y +82

National Res aboratory for Aerospace Structures !I



3.9 Compatibility Conditions

The stratins in a solid must be consistent or compatible with displacements of the solid.

92e, B 02 [/ ou B 3*u - 33u _i(azu)
dydz  dydz \dx /) 8ydzdx  dxdydz dx \dydz

a2 ; 87 5 32“, L2 1 32H + Bzu
o PUNES s e N | aydz  \2)\ayaz = 9zdy
dydz dx |2 \dydz 0zdy

By adding and subtracting 9°v /H.x'az, we can write 9%u /Byaz as

0%u 0%u 4 9%y 9%y
dyoz dydz 0dxdz  0dzox
d oJu av 9%y _ay_‘.y 92y

E(_‘(E r Er-) © 9zdx oz dzdx

I
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3.9 Compatibility Conditions

Fu  u | FPw  w
dzdy ~ 98zdy = 0xdy dyox
_ i(ﬁg_l_a_w) B Pw . Pw
dy \dz  ox dydx  dz dyox
3%u U ey O 9 [Bv  dw
8yoz " az9y _ 0z | 8z ax\3z 3y
_ ayxy Yz = ayyz
0z 0z ox
2 azgx — _-a_ ayxy 3}’_,_-2 _ ayyz
dydz dx \ 0z dz ox
i (Eﬁ 3 Bv) _ u v
dxdy — dxdy \dy = dx/  9xdy? ' dxdydx
_ Pv 9 [ou > 3% [dv
T y2ax  ax23dy  dy? \ax axz \ 3y
Pyiy e . Py

dxdy ~ 9y? t o

National Resea

- -
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- -
r
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3.9 Compatibility Conditions

6 compatibility equations

%yey 0%y % 3%, vy 0%, . 3% O’y 0%, | 0%,
dxdy  dy? = ax? dydz 9z = 9y? dzdx  9x2  9z2
2 825.\' - i (_ay}-‘: ay.\': ayn) 828_\' o i . ay.l': g 8}/_1-_\_- 8}/_\':
dydz  dx ox dy 0z 0zdx  dy ay 0z dx
2 ‘328: - i _8‘3/.\'_\' 3 8}’_\.‘: " a}/,\':
dxdy 0z 0z ax dy

)

National Research Laboratory for Aerospace Structures
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3.10 Plane Strain
I

Plane strain : deformation is confined to the xy plane
£.5Y.=7,.=0

& ¥xy O
Yoy & O
0 0 O

strain — displacement relationships

N ou dv ou ov

Ey = — —_ —_—— —
T ox e dy Yoy dy  dx

strain transformation relationships

&, = &,c08% 0 + &y sin’ @ + Yxy Siné cos @

&y = & sin® 6 + &y cos? g — Yy SIN6 cos @

ey =2 (ey — £1) $iNO cO8 6 + ¥4y (cos® 6§ — sin® §) e
-
oq oqe o e av -
compatibility condition s

¥
'-

%y 0% | 3%,
dxdy  dy? = oax2

&
A

-
e
- ‘!.

)

National Resea
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3.10 Plane Strain

Example 3.10.1

Consider the following plane strain fields: (a) ex =0, &, =0, 3., = 10x, and (b) &, =0, &, =0,

For both fields, the units are centimeters. Sketch'the accompanying displacement
fields by applying the strains to the initially square elements of the coarse four-by-
four grid of Figure 3.10.1

¥ y y /
l ‘ =W [~ I '__,_,—-—"'1
/
A_d-"-/
—
—— _—-"-'-.-—
1.5¢cm ' :
typ. | —_— X X
o — gy =8,=0, v, = 10 *x g, =6=0, vy = 10-%xy
1.5cm
typ. (a) (b)
Figure 3.10.1 Square region divided into six- Figure 3.10.2 Deformation of the grid of initially square elements.
teen elements to which given (a) Compatible strain field. (b) Noncompatible
strains are to be applied. strain field.

National Research Laboratory for Aerospace Structures !



3.10 Plane Strain
I

Example 3.10.2

Calculate the displacements corresponding tc
strain field:

lowing twe=dimensional p

& =a(-3x* +7y?%) &y = a (x2-5y?) Yay = 16axy

Where 4 1s a nonzero constant.

[l

o
.

i~

aboratory for Aerospace Structures ! !--‘
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3.10 Plane Strain
I

Example 3.10.3

Find the displacements corresponding to the fa
ex = a (x? +y?) gy = a (x? + y?) Yoy = —8axy

Where ¢ 1s a nonzero constant.

[
“S e
F -' -
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3.11 Stress-Strain Equations: Isotropic

o Elastic Materials

Modulus of elasticity E

Figure 3.11.1 Deformation of @ uniform elastic rod under axicl load.

o P
£ = — g = —
L A
P o
E
— of elasticity,
b
g s modulus
i &
Figure 3.11.2  Llineor load versus Figure 3.11.3  Stress-sirain curve
deflection behavior for a linearly elastic
of an elastic rod. material.

|

aboratory for Aerospace Structures ! !--‘
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3.11 Stress-Strain Equations: Isotropic
Elastic Materials

Poisson effect : a tensile test specimen stretched in the axial direction contracts
laterally; if axially compressed, it expands laterally.

Total contraction d

-
7 /7 d
= e
— T gL =——
Z ik D
e A e MW . W e, e i I
1 4 /
D 2 ]— ! i
I Y A~
v 4
Z £l
2 P
¥ ay &
| } i
T T " Y a,.
T, -t | - T ‘ L ‘
/,J———— 5 ,)———-— ///):.._.._ N T, T, [
& } o % mEgogers
z 3 )
T, ; i A a ., .
¥ Ty <t g (T &, = ._p_‘. T | .
o, 7, o, A’fu_ e ) E E E
g, =—ve, = —v g, == g, = —Vg, = —v= . . N 2T g E - E
VIR ' E g r  Principle of z l'
&, =—VEe, =—V= &, = —Vg, = -V & =—
X E E 4 E - . a,
superposition
(a) b (c) Figure 3.11.6 Normal strains accompanying a
triaxial state of stress.
Figure 3.11.5 Normal strains accompanying uniaxial stress

in the x, y, and z directions.
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3.11 Stress-Strain Equations: Isotropic
Elastic Materials

| Yy f
= «\
©y =Gryy  G: shear modulus A o/
Suppose a state of plane stress
oy =0y =0 Ty =T
T 77T 777777777, TITTTTTT T TTTiT77 7777,
Ex=68y, =0 Viy = —
' G

7 Figure 3.11.7 Pure shear loading.
at 45 degree from xy axes,

&, = (0) cos®>45 + (0) sin*45 + 27 sin45cos45 = ©
&y = (0) sin? 45 + (0) cos® 45 — 27 sin45cos 45 = —71
Tyy = (0) sin45 cos 45 + 7(cos’ 45 —sin®45) =0

since the material is isotropic

_ T (—1) 14v 2 (—7) T 1+v
Ex = — = T g = — P = — T Viy = 0
E E E ] E E E ‘

e = (0)cos?45 + (0)sin? 45 + (5= ) sindScos 45 = - / - _7 = _(I+v)x
2G ; = ande =
L 201’ e 2G d E

&y = (0) sin® 45 + (0) cos® 45 — (7(‘) sin45cos45 = ——

15

oy =2(0)sind5c0s45 + (5= ) (cos45 — sin?45) = 0 G=

National Research Laboratory for Aerospace Structures !



3.11 Stress-Strain Equations: Isotropic
o Elastic Materials

Thermal strain

er =Tl
The strain-stress equations
T a ag Ty
O'_r Uy 0'2 . sz
8y=—UE -I——E-'—U—E':"‘]‘OfT }/xz—G
g g (o} T
82=—vEx—v-§ +-—§-+aT yyz=—(—3_;:i
The stress- strain relationships
E - EaT
%= s [(1 —v)er +v(ey +&:)] - T Ty =Gy
E EaT
e BN _iiE W —_ e xg5 = G 4
%= Trnoa It te) -5 s=Gr
E EaT
ag; = m [(1 —Vv)e; + U(ﬁx +8y)] = -0 Tyz = nyz
The dilatation
1-2v
&= _E"'(Ux + oy +o0;) + 3aT
2= Sy BT p = K(e=3aT) -

K -

.!ﬂ.' }
e : the bulk modulus of elasticity
3(1-2v) C G - ﬁ
National Research Laboratory for Aerospace Structures




3.12 The Plane Stress Problem

For plane stress in the xy plane, 6z=t1xz=1yz=0

The strain-stress equations

8= %—v% +aT
sy=~v% -l—%y—i—ozT
3 _ —[v(ex + &) + (1 +v)aT]
Sz=_E(Gx+0'y)+aT €5 = (1 _1-’)
T
}’J:yz'“ég“

The stress-strain relationships

" EaT
A g
EaT
gy = m(8y+v8x) — =
Txy = nyy sy
The equilibrium equations in terms of the displacements
8%u 3%u 8%v ], sip? T
ey e i b, = 2&'— s
zaxi +{L-p) ay? e dxdy k4 g ix
9% 9%v 9%u 1 —v? oT
2—+(1=-v)— + (1 +:2 by = 20—
ap Tt oy E 7T %%
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3.12 The Plane Stress Problem

the stress compatibility equation

%0, 0% d%c 2o 82t
+— —v|— > )21 2 =
9y2 | Bx2 (aﬂ o ayZ) +v) 5
thy _ _a'O'x i afxy _ _HC?E:\,: N by
ay 0x dx ay

G 3’0y  9°c, 9b, 3b,

@ = — — — — —
dxdy dx? dy? dx  dy
V2 (Ux+0y) :—E(]!VzT _(1+U) ?&4_%
x ay
Three stresses: Oxs Oy, Tyy Two equilibrium equations : Equations 3.6.2
Three strains: Exs Eys Vxy Three strain—displacement equations:  Equations 3.10.2
Two displacements: u, v Three stress—strain equations: Equations 3.12.2

aboratory for Aerospace Structures ! !--‘

National Res



3.12 The Plane Stress Problem

We ca satisfy the equilibrium equations
[3.6.2] by introducing the Airy stress
function such that
R 3% 3¢
ay ox dxady

Ox

We have the 4t order PDE without
the body force and the temperature
loading,

82 32 82 32
4 L4 'p) =0
dx2  9y% /) \ 9y = 9x?

a* a4 9%
_:?.+. ¢ - f =0
ax? 0x20y? = 0y

National Researt
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3.12 The Plane Stress Problem

Example 3.12.1

Consider the following plane stress field:

g(x) _ _hh
Oy = 0 Tay =T h (_V)2

. = —2%hh;
T

where
X X ; . ¥
g(-‘:):(hZ“hi)?_hQT r’l(,VJ:hz—(hzrhi)F

Show that these are the stress coniponents within the trapezoidal shear panel of
section 2.5, which is 1llustrated in Figure 3.12.1

—
e T

Tt a,
G-\- i J
Txy
// ”

Figure 3.12.1 Trapezoidal plane stress region. Ek
ITNCALIVITUL 1T Vo wean v I—\AM\JIM\.\JI] INJ1 7 ‘Wi \-)Spa.ce Structures



l 3.12 The Plane Stress Problem

Example 3.12.2

Show that the plane stress field assumed for the trapez
2.5 satisfies equilibrium but is compatible only if the pan
Assume zero body forces and no thermal strain.

h Laboratory for Aerospace Structures !I
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3.12 The Plane Stress Problem

Example 3.12.3

The materially isotropic beam of Figure 3.12.2.has a uniform shear traction applied
to its upper surface. Use the Airy stress function to find the stresses.in the beam and
the displacements of point A at the free end. Assume 2/ < 10/,

HO A

(UL z////é’ LI,
|
|
1 i

Cross section

- — L- -

Figure 3.12.2 Beam with uniform shear traction on upper surface.
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3.13 Saint-Venant’s Principle

In 1855, B. de Saint-Venant proposed a principle that can be
stated as follows:

If some distribution of forces acting on a portion of the surface of a body Is
replaced by a different distribution of forces acting on the same portion of the body,
then the effects of two different distributions on the parts of the body sufficiently
far removed from the region of application of the forces are essentially the same,
provided that the two distributions of forces are statically equivalent.

Figure 3.13.1 Surface tractions on the beam of Figure 4.6.1.

National Research Laboratory for Aerospace Structures !



3.14 Strain Energy

—

Assuming constant, uniform temperature /

y T, y + dy,Z)

Stress

duf; = egdo

u(x,y + dy,?) -TE®, ¥, 2)

u(x, ¥, z)

ulx + dv,v,7)

i
T95.7) ! i duy = ode
I A 0
\ i ; "' / Lk Sl
1 ? 7,
< @y e
Y f s G ___%
Rt i o gl
g O(x.y.2) @ {41 - U(XF,2) J—o &
u(x,y,z) =~ v I,’/ A Y dA, = dydz
= / [} " dA, = dxdz -
7 A X dz dA. = dxdy Stl'alﬂ
S dB Y1s dV = dA dx = dAydy = dA.dz
TEXX, 5,z + d2) £
’{ e \ ~TOR, 7,7)
u(x,y, z + dz) - ol
e Figure 3.14.2 Elastic stress—strain relation-
u(x.y,z . . .
ship showing strain energy
Figure 3.14.1 Surface tractions, body force, and the displacement vectors and their poinis of applica-

density (u,) and comple-
mentary strain energy (u}).

tion on a differential material element.
Work done By a force F 1s
dW, =Y F-du
AW, = T (x + dx, 7, 2)dA, - du(x +dx, y,z) = T (x, 3,2 dA, - du(x, y, 2)
+TO (%, y +dy, 2)dAy - du(x, y +dy, 7) — TV (%, y, 2)dA, - du(x, y, 7)
+TO (%, 3, z+dz)dA; - du(x, ¥,z +dz) — T? (X, y, 2)dA. - du(X, y,z) + dB - du (%, y, 2)
National Research Laboratory for Aerospace Structures t*é
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3.14 Strain Energy

) — TWdA, - du

+ (T(J’) o3 % dy)dAy . a'(u + ady) —~TYdA, - du

: dz)dAz -d(u + ?—dz) —~T®dA, -du+dB - du
z

JT®  JT® T @ du : Bu) du
= : d|(=—)4+TD.d{—=}+T®.d(—)|dV +-
AW, (ax He +b) dudV-I—[T d(ax)—l- 55 F : >
Assuming the element is in equilibrium, the first term

(x) ) (2)
or +8T +8T +b=0 (eq3.3.3)
Ox oy 0z

the remain terms will be

du dv ow
v = e (5) vt (55 + e (57
au av Jw ou av dw
+[oet(5) roa(5) +ot()] + [ (G) + 04(5) + (3]

—_—
National Res%atory for Aerospace Structures E*




3.14 Strain Energy

du v Jw
dw, = axd(a—x) + oyd (5) + azd(gz—)

4 god 8u+3v g au+aw)+rd 8v+8w
%\ ax Tax )TN e Tax ) TN\ 5 T 5y

use strain-displacement relationship
dw,=ode +o,de +o de +7, ,dy, +7,. dy, +7.dy,.

In simmilary, the increment of complementary work is
dw:: =g, doy, + SydO'y + ¢&.do; + yxydrxy + VedTe: + yyzdtﬂ
all of the work done on an elastic body is

stored as internal energy, or strain energy
estrain energy density

Up = Uy(Eyx, €y, Ezy Vxys Vizs yyz)

o= fffotv auma
v

o, du, ou, du, i,
= —de, + —d —d —dyy + —dye. + ——
du, o, &x + s, gy + 3s. & + ey y}+ayﬂ Vg

National Res aboratory for Aerospace Structures !I



3.14 Strain Energy

(a . de. + | o el le, + Ll /
i 3 ' e, dey + (0. — %, ds.

du, ou, ou,
- Tyy — d Xy + Txz — — ! Xz - Ty: — d yz = 0
( ' ay_t‘_\') & ( ay.r:)(yd ( - 3}/-:) e

ou, ou, u, Stress du = edo
O’_‘. — O"‘\. — e O‘: —
ey dey de,
o du, o du, e au, Prree
' Yy dVrz ’ dVy:

*Complementary strain energy density

Strain
U, = 0Ex + Oy€y + 0:6: + Tuy Vv + TuzVaz + Ty Ve — U .

L2 L r= S xy ¥y xz¥xz yzVy: v Figure 3.14.2 Elastic stress-strain relation-
ship showing strain energy
density (u,) and comple-

i

U, =Uu, (0%, Oy, Oz, Tyy, Tz, Ty:) i

mentary strain energy (u3).

duz = d(o.&x + 0y€y + 0:8; + TxyVay + TazVaz + Ty: y)'i) —dw,
du’ = dw)}

National Research Laboratory for Aerospace Structures !



du du dut
Ey = gy — £, =
doy doy do.
* ® *®
g ous 5 du;, e du;,
Xy = Xz ¥z — aQ_

U*:f!fu;dv

for linear elastic materials,

3.14 Strain Energy

Do =

(Ox8x + OyEy + 0282 + TayVay + TuViz + TyeVys) | B E

National Rese

S
-

A

‘l
.‘._.

-
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3.14 Strain Energy

Example 3.14.1

Show that the strain-stress equations, Equati 11 4 (w1th T= O) follow from

o o o T
8x= Ex—vEy‘_v'ﬁ+aT yxyz-'G_y
o o Txz
gzz—v%—v% +%+QT yyz=%"z'
u ou’ ou)
Ey o B =
Y b0, % S ° do.
ou du,, u
Yy = 9ts, Yoz = o, Vyz = 97,
Uy = u* = 2 = [(1 = v)(€] + &) +€2) + 2v(erey + 618: + £y6,)]
7 2 (14 v)(1-2v) BRI 4 4

1
+ 5605 + Ve + 75

S
National Res%atory for Aerospace Structures !'



3.15 Static Fallure Theories

& X
&,/ |
%6/ |
< - |
-
= e '
E iy == T = ! :
e e e R
U' — —
& g | | |
S | | |
< | | I
o I I I
5 I I |
= | I I
e | i |
| |

0
0.002 — |""— ’ _" Eunt Efracture
e £ | et &
P ¢
2 =

Strain, & (dimensionless)

Figure 3.15.1 A typical tensile stress—strain
diagram for ductile metal.

o |
-
»
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l 3.15 Static Fallure Theories

3.15.1 Maximum Normal Stress Theory

Omax = Oyp

3.15.2 Maximum Shear Stress Theory

2Tmax = Typ

Omax — Omin = Oyp

[l
o
’f o

aboratory for Aerospace Structures ! !--‘
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3.15 Static Fallure Theories

3.15.3 Maximum Distortion Energy Theory

0y =0y + p oy =0y +p o =0,+p (p: the hydrostatic stress)
Substituting the normal stress eqgs in strain enétgy density formula;

Uy = Uy + Uy

*The strain energy density due to volume change
|

Uy = — p°
2K
*The distrotion strain energy density
I 2 2 P2 v r ! | i ’ F 1 :] %y -
Bdi ==\ T8 T0L )= 0.0, T80, TG0 ) T e T 5 T Ly
1= 3E\ y +93) = glOx0y Ho30 +0y0) + 5En + 5 o)

: 1
From the hydrostratic stress p = 3 (c,+0,+0))

! 2 ! 2 ] ! y)
Oy = 30x — %((T}* + 0:) 0, = 30y — _5(0‘.1' + 03) 0, = 30z — _%(0‘,1‘ + J_x')
l14+v]l , 5 3 5 ” 5
U= 5 [(_r.:f_l- —0y)" + (0x —0;)" + (0y — O“;)"] + 3(1_;_1‘ g s r_;:)

National Research Laboratory for Aerospace Structures



3.15 Static Fallure Theories

3.15.3 Maximum Distortion Energy Theory

In a uniaxial tension test, the only nonzerestress is O«

the distortion strain energy density when yieldoccurs (og=0,,) is
1+v ,

3E 0P
According to the maximum distortion energy theory of failure

Ug =

the distortion strain energy density

=) the distortion strain energy density the yield point of a tensile test

1 2 ) l14v 9
{E [(U_\' = O‘,\')z F (og.~ O':)E % (O'y = 0':)_] +3 (T.s_\' I 1'3': + 'E.\T:) } - ﬁ—gfp

l14+v
3E

The von Mises stress

l 7 2 2 p)
oym = \/i [0 — 0y)2 + (04 — 02)% + (0y — 0:)2] + 3(2, + 12 + 12)

from the maximum distortion energy theory; the failure criterion is
OvM = Oyp

1 Y 2
ovMm = \/E [(O'max — Omin)” + (Omax — Gint)? + (Gint — O'min)h]

National Research Laboratory for Aerospace Structures !



3.15 Static Fallure Theories

3.15.3 Maximum Distortion Energy Theory
.

1
ovM = \/5 [(O'max — Omin)? + (Omax — Gint)? + (Fimt — Umin)z]

2 2
1 Omax — Tint Oint — Omin )
= — — Omin)4/ 1 e, i rofd e
e \/i(o'max mm)\/ - (o'max = O'min) (O'max — Omin

from this we can deduce that

0.866(0max — Omin) < OvmM =< (Omax — Omin)

A
-

A

2 2 2 >

‘ " o' . ¥
Ca

-
e
- ‘!.
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l 3.15 Static Fallure Theories

Example 3.15.1

The state of stress at a point is

p 0 0
0 p O
0 0 p

Find the maximum allowable value of p in terms of'tl
according to each of the three failure theories presents

il E
s L L
> .

-
"

A -
q:
" -
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l 3.15 Static Fallure Theories

Example 3.15.2

The state of stress at a point is

-p T T
T =—-p T
T T —P

Where p >0 and 7 > 0. Find the maximum allowal
according to each of the three failure criteria. Assume the
yield stresses are identical.

h Laboratory for Aerospace Structures !I
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3.15 Static Fallure Theories

Example 3.15.2

Maximum shear stress and distortion

/ energy theories
I

1.0
6'\Q f,
Y/
0.75 g £
/ ,’
&

0.5

0.25

0 ) : N

0 025 L 05 0.75 o %
Figure 3.15.2  The range of allowable values for 7 and
p for the state of stress in Figure 3.15.1.

)4
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3.16 Margin of Safety

allowable stress: the limits to which the material can be stressed without damage
required stress: the stress calculated for the maximum service load condition

MS = Excess SII'engIh - Oallowable — Orequired
Required strength Orequired
. Oallowable
MS = -]
Orequired

A safety factor of 1.5 is applied to the limit loads to
define the ultimate loads

An airplane is designed to survive these ultimate load
conditions

National Research Laboratory for Aerospace Structures !



3.16 Margin of Safety

A requirement of aircraft design is that all structural members satisfy three basic condition

1. the stresses accompanying limit loads must not cause plastic deformation
Olimit loads < Oyp

Oyp — Olimit load Typ
MS) ) I [ — yr —l
yield
Olimit load Olimit load

2. the stresses due to ultimate load conditions must not exceed the ultimate strength .

. hich i li h: Oult
Tultimate loads < Oyt whnich impilies that Olimit loads =< 1 5
, Oult — Oultimate load Oult Oult
Mls)ull load — = -]l=—1
Oultimate load Oyltimate load 1-SG'Iimil load

3. the limit load stresses must not exceed the buckling strength

Olimit loads < O¢r

- Ocir — Olimit load Ocr
MS)hu{:kling - - =1

Olimit load Olimit load

National Research Laboratory for Aerospace Structures !



3.16 Margin of Safety

Example 3.16.1

The state of stress at the most critical pointof a structure is
10,000 5000  —6000
5000 15,000 8000 | (psi)
—6000 8000 4000

The material yield stress is 25,000 psi. Calculate the margin of safety based on:

(a) Distortion energy
(b) Maximum shear stress theory

(c) Maximum normal stress theory
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3.18 Stress Concentration and Fatigue

P
g, = E (j'_l}_. = 0, = I‘I}_, = Ty = r}-‘: — U
r‘.
1 P e {; R ._‘.. %._ -
Onom = — ' ] g AL
: 7 2
Apet A(l — £ T /
W P Y
e W —_— X
Y %
.'f."
K, — Omax
i Figure 3.18.1 Flat bar of width w and thickness #in uniaxial tension.
Onhom
' Tnom d
| 2
a A —
K{ - l —I_z'— . _-'!' ' -~ Thom
b P o w—d T
e R ... T 4‘ ...... T
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K; — 1 + 2 2oy d
o, 2
Figure 3.18.2 Small, central hole in a flat bar in uniaxial tension.
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3.18 Stress Concentration and Fatigue

3 -
2.9 — e o s
2.8 — \ L
29 Onom = [NEEEGE -;2‘_0.. 7 ) Tmax L S
i | — . : o
Ki 25 - —] =
24 - P =y
2834
29 - Figure 3.18.4  Stress concentration at the ends of an elliptical hole.
2.1
2 1 ; T T T
0O 01 02 03 04 05 06 07 08
dlw
Figure 3.18.3 Stress concentration factor K, for a

central hole of diameter d in a thin,
flat bar of width w in uniaxial tension

(Figure 3.18.2).
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3.18 Stress Concentration and Fatigue

o a
Fracture  Fracture % Fracture
?l‘ yp Sl
/1
/ 1 |
/| I
i |
A |
I \
/ | |
/ I
/ |
Jf [ |
£ | —L_ £ —— == £ 1 £
|4 - B - - - |
Elastic Plastic Elastic Plastic Elastic
strain strain strain strain strain
(a) (bh) (c)

Figure 3.18.5 (a) Elastic, perfectly-brittle material. (b) Elastic, perfectly-plastic material. (£ is Young’s medulus.) (c) Ductile

Stress, o

+— O’TI]&X Eor

Stress range o

|
{ o

L ——“ min

Cycles, N
Figure 3.18.6 Typical fatigue loading (load control). o, is the mean stress.
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3.18 Stress Concentration and Fatigue

The fatigue properties of metallic materials used in
aerospace vehicles appear in MIL-HDBK-5 in the form of
S-N curve or e-N diagram.

In actual service, a part may experience ¢yclic loading
at a variety of stress amplitudes. One means of
predicting fatigue life for variable amplitude loadings Is
the Palmgren-Miner Method.

A fatigue crack forms when D=1.0

National Research Laboratory for Aerospace Structures !



3.18 Stress Concentration and Fatigue

Example 3.18.1
An unnotched, previously unstressed part made of 2024-T4 aluminum alloy is

subjected to an alternating stress o, of 30 kstand a variable mean stress as follows:

on = 0ksi for 30, 000 cycles
om = 10 ksi for 20, 000 cycles
om = 20 ksi for 10, 000 cycles
om = 30 ksi for 7000 cycles
om = 40 ksi for 3000 cycles
om = 50 ksi for 1000 cycles

According to Palmgren-Miner, what percentage of the fatigue life of the part

remains? What is the remaining fatigue life for an alternating stress of 45 ksi together

with a mean stress of 0 ksi?
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3.18 Stress Concentration and Fatigue

=

(a) (b)

Figure 3.18.8 (a) Lift balances, weight in straight and level
flight. (b) When n = 1, the shear and bending

moment at the wing root are in equilibrium with
the resultant lift L, and weight W, of the wing.

3.0
““““““ /{ TT T T T T T T T~~~y ~ " Positive limit load factor
2.0
:\ 10 hAhA—n)\ AN Anﬁ_Mnn/
5 : NN VY Y l’\}“\/ VA \VA /‘Mﬂ#
& 0 \f Time
3 |
§ -1.0
¥ | mmedotrwieniryestus i e btk e Negative limit load factor
-3.0

Figure 3.18.9 Load factor history.

Exceeding the limit load factors is likely to damage the airframe.
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3.18 Stress Concentration and Fatigue

Load factor: n =L/W
Level flight: n = 1.

1000.0
100.0 —+—+

10.0
1.0
0.1
0.01
0.001 A -
0.0001 f/ ||

-2.0-15-1.0-050 05 1.0 1.5 2.0 2.5 3(

The symbol n+ stands for load factors great than |
1.0 and n- represents load factors less than 1.0.

If load factor fluctuate between n+ and n- the
min. and max. stresses may be written by

+
Omax = N Oy

Cumulative exceedances per hour, C

. | +
— no - > 1
Omin =71 0 I
Load factor, n
Tmax — Omi n' —n . : .
Gy = —— = = 00 Figure 3.18.10 Typical maneuvering or gust load
2 2 spectrum for a given type of aircra

a specified cruise speed, and pre-

b - scribed limit load factors.
Omax — Omin nt 4R
Om = = op

2 2
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3.18 Stress Concentration and Fatigue

Fatigue notch factor, K

Figure 3.18.12

T T T T T
3.5 4 4.5 5

._.
n
b
(S
n
Y]

Stress concentration factor, K

Fatigue notch factor versus stress concentration factor for several aluminum and steel alloys, using room-
temperature data presented in MIL-HDBK-5G for fully-reversed loading and a fatigue life of 10¢ cycles.

(o is the ultimate static sirength.)

2024 -T4 aluminum
(o, = 70 ksi)

7075-T6 aluminum
(o, = 82 ksi)

4130 steel
(o, = 117 ksi)

17-4 PH steel
(o, = 202 ksi)

300M steel
(o, = 290 ksi)

K=K,
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- 3.18 Stress Concentration and Fatigue

Mode I: Opening

Figure 3.18.13

- -\f ma

Figure 3.18.14 Stress field at @

crack tip.

Mode II: Sliding Mode III: Tearing

The three basic modes of loading a crack.

Figure 3.18.15

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
a
-

Mode | stress intensity factors for single-edge notched tension (SENT), double-edge notched tension (DENT),
single-edge notched bending (SENB), and centercracked tension (CCT) specimens. (a gives the flaw size and ! |

w relates fo the specimen width.) )
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l 3.18 Stress Concentration and Fatigue

0; = Ty = Ty =0

1

(&x + gy)

&, = —
1—v

yx;:yyz:szzo

o; = v(0x + 0y)

2 2 .
OV M )plane strain = \/(Ux - Uy) + 00y + 3'{%, —v(l—v) (Gx + cry) plane strain

g o) i
JVM)plane stress \/(Ux . Gy) + 0,0y + 37” plane strain
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3.18 Stress Concentration and Fatigue

(a) (b)

Figure 3.18.16 (a) Thin centercracked specimen in which the crack tip A-A"is in plane
stress throughout the thickness f (t < 2w). (b) Thick specimen in which the
bulk of the crack tip A-A"is in friaxial stress (plane strain).
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3.18 Stress Concentration and Fatigue

Remote stress, o

Fracture o
instability . i | T T A
o e e e : T :
|
| Onset of crack - -
extension “
: e
Op oo :
[ e
| .
Stable crack : i 2w
growth during
loading | l 1 [ | ‘
A J' i J' I B B
| o
— | Crack length, 2a
2a,, 2a,
Figure 3.18.17 Crack growth curve for a thin sheet (plane stress fracture).

Source: MIL-HDBK=-5G.
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