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Force Method: Idealized Thin-Walled Structures



8.1 Introduction

This chapter applies the force method based on the complementary p pp p y
virtual work principle to the analysis of 

- assembles of thin shear panels and stiffeners
d fl ti f b b ith d ith t t- deflections of box beams, with and without taper

- shear flows in multicell box beams
- the unrestrained warping of beam cross sections due to thethe unrestrained warping of beam cross sections due to the 

torsional component of loading
- the effects on shear flows of warping restraints, as occurs near 

tsupports. 

The chapter concludes with a discussion of shear lag which is not soThe chapter concludes with a discussion of shear lag, which is not so 
much an aspect of the force method as it is a means of assessing 
the influence of deformation restraints on shear flow distribution. 
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8.2 Shear planes and stiffenersp

The rod element discussed in section 7.2 commonly plays the role of a 
iff h d h flconstant-area stiffener attached to one or more constant shear flow 

panels as in a box beam. This situation is depicted in Figure 8.2.1. 
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8.2 Shear planes and stiffenersp

After substituting this expression into Equation 7.2.1, and doing the first integral,te subst tut g t s e p ess o to quat o 7. . , a d do g t e st teg a ,

[7.2.1]
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8.2 Shear planes and stiffenersp

F t l h l [8 2 6]For a rectangular shear panel, 

where  A = L1 * L2 is the area of the rectangle.

[8.2.6]
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8.2 Shear planes and stiffenersp

For a curved cylindrical panels, 

The only nonzero stress components are

Where t is the panel thickness and θ is the acute included angle of the parallelogram

National Research Laboratory for Aerospace Structures

W e e t s t e pa e t c ess a d θ s t e acute c uded a g e o t e pa a e og a



8.2 Shear planes and stiffenersp

Substituting these stresses into Equation 6.6.4,

Wh θ i 90˚ hi i d h f l l E i 8 2 6Where θ is 90˚, this expression reduces to that for a rectangular panel, Equation 8.2.6
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8.2 Shear planes and stiffenersp

Figure 8.2.5 shows a flat trapezoidal panel, two edges of which are parallel while 
the other two (extended) intersect at the vertex P through which a baselinethe other two (extended) intersect at the vertex P through which a baseline 
parallel to the parallel edges is drawn.

P : the perpendicular distance from the vertex to the differential element
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β : a constant related to the average shear flow in the panel  (                )



8.2 Shear planes and stiffenersp
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8.2 Shear planes and stiffenersp

For a trapezoidal shear panel, p p ,

which is

For a quadrilateral shear panel no two sides of which are parallel, the expression for           
is even more complicated will not be given here.
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8.3 Statically Indeterminate Stiffened Webs

According to Equation 2 5 7 a plane stiffened panel is statically determinate ifAccording to Equation 2.5.7, a plane stiffened panel is statically determinate if
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8.3 Statically Indeterminate Stiffened Webs

Example 8 3 1Example 8 3 1Example 8.3.1Example 8.3.1
Use the principle of complementary virtual work to calculate 

the shear flows in the stiffened web structure in Figure 8.3.2. All of the 
iff h h i l ll f h l hstiffeners have the same cross-sectional area, all of the panels have 

the same thickness t. The material properties are uniform throughout.
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.1Example 8.3.1

For rod element 1,                         and
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.1Example 8.3.1
For rod element 2,                                                      and 

For rod element 3,                                             and

Using the remaining free-body diagrams in Figure 8.3.4 and processing as before leads 
to the following complementary virtual work expressions for the remaining rods:
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.1Example 8.3.1
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.1Example 8.3.1

The principle of complementary virtual work therefore requires    

Since the redundant shear flow, q(1), is an internal load, the external CVW is zero.
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8.3 Statically Indeterminate Stiffened Webs

U i th i l d t E l 8 3 1 h l l i (i th tiUsing the same numerical data as Example 8.3.1, a shear lag analysis (in the section 
8.10) yields the shear flow distribution shown in Figure 8.3.6. The Associated 
average shear flows computed in the example are 23.9 lb/in. and 9.41 lb/in.
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2pp
Using the principle of complementary virtual work to find the 

shear flows in each of six panels of the stiffened web structure in 
Figure 8 3 7Figure 8.3.7.

15 rods, 6 panels, 6 reactions and 12 nodes

We choose three shear flows of shear panels, 4, 5, 6

(15+6+6)-2x2=3

3 redundants
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2

[g1][g ]
[h1]

[i1][i1]

[j1]

[k1]
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[k1]
[l1]



8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2

[g2]

[h2]

[i2]

[k2]

[j2]

[l2]

[m]
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2

At the other end, we see that                         , and            in terms of the redundant and 
applied loads were found in Equations j1 and j2 Therefore the complementary virtualapplied loads, were found in Equations j1 and j2. Therefore, the complementary virtual 
work of element 3, from Equation m, is
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2
The total complementary virtual work of all the stiffenersThe total complementary virtual work of all the stiffeners

[n]

The total internal complementary virtual work for the structure is that of the 

[o]

stiffeners, Equation n, plus that of the panels, Equations o,
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8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2
Three equations for the true redundants,

[p]

[q]

[r][ ]

[s]

[t][t]

[u]

National Research Laboratory for Aerospace Structures

[v]



8.3 Statically Indeterminate Stiffened Webs

Example 8.3.2Example 8.3.2
At one extreme, in which the panels are very rigid compared to the relatively flexible 
stiffeners, we have                              In this case Equations p through v imply in the 
limit that
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8.3 Statically Indeterminate Stiffened Websy

Example 8.3.2Example 8.3.2

For a more typical situation, set                             

then so thatthen                                 so that
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8.4 Thin-Walled Beams

In three-dimensional idealized beams of arbitrary 
cross section and lateral dimensions the internalcross section and lateral dimensions, the internal 
virtual work is divided between bending and shear, 
as follows:

Where        is the shear stress, directed along the tangent to the middle surface of the wall , g g

Since                     ,
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8.4 Thin-Walled Beams

If th thi k d h d l f h ll th l th f th ll thIf the thickness and shear modulus of each wall are over the length of the wall, then

[8.4.4]
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8.4 Thin-Walled Beams
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8.4 Thin-Walled Beams

Example 8.4.1Example 8.4.1
find the displacement      in the direction of the 1000 lb 

load for the box beam in figure 8.4.2. The elastic moduli are E = 
10 * 106 psi and G = 4 * 106 psi.p p
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8.4 Thin-Walled Beams

Example 8.4.1Example 8.4.1
Using Equation 8.4.7 to obtain the internal complementary virtual work due to 
bending in                  and                     for this problem, 

Substituting the material and section properties and the true and virtual bending 
moments 
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8.4 Thin-Walled Beams

Example 8.4.1Example 8.4.1

The variable shear flows for 
hi bl l l d ithis problem were calculated in 

Example 4.7.3
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8.4 Thin-Walled Beams

Example 8.4.1Example 8.4.1
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8.4 Thin-Walled Beams

Example 8.4.2Example 8.4.2pp
Calculate the angle of twist per unit length for the beam in 

Figure 8.4.2. 
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8.4 Thin-Walled Beams

Example 8.4.2Example 8.4.2

Substituting the shear flows from Figure 8.4.3a and integrating yields,

The negative sign means that the angle of twist due to the actual load is clockwise in the
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The negative sign means that the angle of twist due to the actual load is clockwise, in the 
direction opposite to the virtual torque in Figure 8.4.4.



8.5 Deflections in Idealized Beams

The complementary internal virtual work formula for idealized beams built up of 
stringers and shear panels combines Equation 8.4.7 for the stringers with the 
expressions obtained in section 8.2 for shear panels as follows:

For each panel we substitute the appropriate virtual work expression, depending 
on whether it is a rectangle( Equation 8.2.6 ), parallelogram (Equation 8.2.8 ), or 
trapezoid (Equation 8.2.13 ).

[8 2 6][8.2.6]

[8.2.8]

[8.2.13]
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8.5 Deflections in Idealized Beams

Example 8.5.1Example 8.5.1
calculate the horizontal (z) displacement of the centroid at 

the free end of the idealized, single-cell box beam depicted in Figure 
8.5.1, given that a vertical shear of 1000 lb acts through the centroid. , g g
The location of the centroid and the values of the centroidal 
moments of inertia are shown. 
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8.5 Deflections in Idealized Beams

Example 8.5.1Example 8.5.1
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8.5 Deflections in Idealized Beams
Example 8.5.1Example 8.5.1
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(Where      is the displacement of the centroid 
in the direction of the virtual load )



8.5 Deflections in Idealized Beams

The angle of twist of a box beam with constant cross section

The virtual load is pure torsion. This means that the virtual bending moments are zero, so the 
stringers are not involved in the virtual work calculations. 

For such panels, the internal complementary virtual work for panel i is  
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8.5 Deflections in Idealized Beams

Since the virtual load is pure torsion the virtual shear flow is the same in every web and isSince the virtual load is pure torsion, the virtual shear flow is the same in every web and is 

For each panel,p ,

Th t l l t i t l k i h i th t t ti f thThe external complementary virtual work is                , where         is the true rotation of the 
cross section at               relative to that at x. 

Setting the external complementary virtual work equal to the total internal complementary 
i t l k f ll el i the e ti ieldvirtual work of all n panels comparing the cross section yields,
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8.5 Deflections in Idealized Beams

According to Equation 4.4.14, the torsion constant J is given by                         where                        . 
For an idealized box beam Equation 8 5 4 therefore yieldsFor an idealized box beam, Equation 8.5.4 therefore yields

[8.5.5]

Remember that Equation 8.5.2 through 8.5.5 are valid only for beams of  constant cross section.
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8.5 Deflections in Idealized Beams

Example 8 5 2Example 8 5 2Example 8.5.2Example 8.5.2
Calculate the angle of twist of the free end of the cantilevered 

idealized box beam in Figure 8.5.5. The location of the centroid, as well as 
the values of the centroidal moments of inertia, are shown in the figure.
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8.5 Deflections in Idealized Beams
Example 8.5.2Example 8.5.2

From Equation 4.8.2, 

[a]
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8.5 Deflections in Idealized Beams

Example 8.5.2Example 8.5.2
S l i thi f d b tit ti th lt i t E ti i ld th h fl

Using Equation 8.5.3,

Solving this for       and substituting the result into Equation a yields the shear flows 
shown in Figure 8.5.7

g q ,
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8.5 Deflections in Idealized Beams

Example 8.5.3Example 8.5.3
for the idealized tapered box beam pictured in Figure 8.5.8, 

calculate: (a) the deflection in the direction of the applied load, and (b) the 
rotation of the free end. The figure shows the geometric and material g g
property data for the structure.
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8.5 Deflections in Idealized Beams

Example 8.5.3Example 8.5.3
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8.5 Deflections in Idealized Beams

Example 8.5.3Example 8.5.3
The average flange load gradient                      is found by computing the flange load at each end of 
the beam and using Equation 4.9.8, 
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8.5 Deflections in Idealized Beams

Example 8.5.3Example 8.5.3

Setting the moments of the shear flows about flange 1 equal to the moment of the load P,
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8.5 Deflections in Idealized Beams

Example 8.5.3Example 8.5.3
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8.5 Deflections in Idealized Beams
Example 8.5.3Example 8.5.3
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8.5 Deflections in Idealized Beams

Example 8.5.3Example 8.5.3

Th t l l t i t l k iThe external complementary virtual work is
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8.5 Deflections in Idealized Beams
Example 8.5.3Example 8.5.3

Since there are no virtual bending moments associated with the applied virtual 
torque

As expected the twist angle depends on the location of the applied load P That angle

∴
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As expected, the twist angle depends on the location of the applied load P. That angle 
is zero if the load passes through the point 



8.6 Shear Center of Closed Sections

The shear center of constant-cross-section beam 
is the point through which the shear load borne 
by a section must pass if the accompanying y p p y g
stresses in the cross section are those dictated 
by beam theory. For thin-walled sections, this y y ,
means Equation 4.7.3 alone governs the shear 
stress distribution. 

By definition there are no torsional shearBy definition, there are no torsional shear 
stresses if the shear load acts through the 
shear center
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8.6 Shear Center of Closed Sections

Example 8 6 1Example 8.6.1
Find the shear center of the section shown in Figure 8.6.1
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8.6 Shear Center of Closed Sections

Example 8.6.1
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8.6 Shear Center of Closed Sections

Example 8.6.1
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8.6 Shear Center of Closed Sections

Finally we locate the shear center by requiring that the moments of the shear
Example 8.6.1

Finally, we locate the shear center by requiring that the moments of the shear 
flows corresponding to zero twist angle equal that of the 1000 lb load acting 
through the shear center. Summing the moments about the lower left corner of the 
section,section,
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8.7 Warping Deflectionsp g

Figure 8.7.1a shows a thin-walled, idealized box beam in pure torsion. The 
di i f th t l ti h d h > hdimensions of the rectangular cross section are h and w, where w> h.

The deformation at a given section of the torque box consists of the modes, 
shown in Figure 8.7.1b and c, respectively. The first is a rigid-body rotation of 
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the cross section around the twist axis.



8.7 Warping Deflectionsp g

Warping occurs because of the torque-induced shear strain in the walls of the p g q
box beam. 

Suppose for simplicity that all of the walls have the same thickness t, which 
means that the shear stress and therefore the net shear strain is the samemeans that the shear stress, and therefore the net shear strain         is the same 
in every panel. Since                varies from panel to panel, there must be another 
component of the shear strain,                  such that
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8.7 Warping Deflectionsp g

Consider the idealized box beam shown in Figure 8.7.3a. For purposes of g p p
illustration, let the four stringers all have the same area A and the panels have 
a common thickness t and a common shear modulus.

The minus signs account for the opposite directions of virtual load and 
displacement at flanges 2 and 4. This expression can also be written as
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8.7 Warping Deflectionsp g
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8.7 Warping Deflectionsp g
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8.7 Warping Deflectionsp g

Example 8 7 1Example 8.7.1
Calculate the warping angle for an idealized beam with constant 

cross section loaded in shear, as illustrated in Figure 8.7.6.
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8.7 Warping Deflectionsp g

Example 8.7.1
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8.7 Warping Deflectionsp g
Example 8.7.1
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8.7 Warping Deflectionsp g

Example 8.7.1
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8.7 Warping Deflectionsp g
Example 8.7.1
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8.7 Warping Deflectionsp g
Example 8.7.1
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8.8 Multicell Idealized Box Beams

We have the nine dependent shear flows as linear functions of the redundants 
and the applied loads, as follows:pp ,

Virtual shear flows

The internal complementary virtual work is given by the familiar expression
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8.8 Multicell Idealized Box Beams

The principle of complementary virtual work requires that the internal 
complementary work also vanish. Equation 8.8.3 then implies thatcomplementary work also vanish. Equation 8.8.3 then implies that

Substituting Equations 8 8 1 and 8 8 2 into the first terms of this equation andSubstituting Equations 8.8.1 and 8.8.2 into the first terms of this equation and 
factoring out the independent virtual shear flows 
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8.8 Multicell Idealized Box Beams

Example 8 8 1Example 8.8.1
The sections of a constant cross-section beam in Figure 8.8.2 carries a 

pure torque of 50,000 in-lb counterclockwise. Find the shear flow and rate of 
t i ttwist.
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8.8 Multicell Idealized Box Beams
Example 8.8.1
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8.8 Multicell Idealized Box Beams
Example 8.8.1

Virtual shear flows
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8.8 Multicell Idealized Box Beams

Example 8.8.1
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8.8 Multicell Idealized Box Beams
Example 8.8.1
According to the principle of complementary virtual workAccording to the principle of complementary virtual work,

This results in a system of two equation 
for the two redundants,

The internal complementary virtual work p y
is
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8.8 Multicell Idealized Box Beams
Example 8.8.1
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8.8 Multicell Idealized Box Beams

Example 8 8 2Example 8.8.2
Calculate the shear flows in the webs of the constant-cross-section 

idealized beam in the previous example if, instead of pure tension, the beam 
i bj t d t th h h i Fi 8 8 6bis subjected to the shear shown in Figure 8.8.6b.
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8.8 Multicell Idealized Box Beams
Example 8.8.2
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8.8 Multicell Idealized Box Beams
Example 8.8.2
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8.8 Multicell Idealized Box Beams
Example 8.8.2
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8.8 Multicell Idealized Box Beams

Example 8.8.2
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8.8 Multicell Idealized Box Beams
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8.8 Multicell Idealized Box Beams
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8.8 Multicell Idealized Box Beams

Example 8.8.1
The section of a constant-cross-section beam in Figure 8.8.2 

carries a pure torque of 50,000 in-lb counterclockwise. Find the shear carries a pure torque of 50,000 in lb counterclockwise. Find the shear 
flows and rate of twist.
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8.8 Multicell Idealized Box Beams

Example 8.8.1
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8.8 Multicell Idealized Box Beams

Example 8.8.1
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8.8 Multicell Idealized Box Beams
Example 8.8.1
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8.8 Multicell Idealized Box Beams
Example 8.8.1
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8.8 Multicell Idealized Box Beams
Example 8.8.1
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8.8 Multicell Idealized Box Beams

Example 8.8.1p
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8.8 Multicell Idealized Box Beams

Example 8 8 2Example 8.8.2
Calculate the shear flows in the webs of the constant-cross-section 
idealized beam in the previous example if, instead of pure torsion, the 
beam is subjected to the shear loads shown in Figure 8 8 6bbeam is subjected to the shear loads shown in Figure 8.8.6b.
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8.8 Multicell Idealized Box Beams
Example 8.8.2
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8.8 Multicell Idealized Box Beams
Example 8.8.2
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8.8 Multicell Idealized Box Beams
Example 8.8.2

True shear flows Virtual shear flowsTrue shear flows Virtual shear flows
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8.8 Multicell Idealized Box Beams

Example 8.8.2
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8.8 Multicell Idealized Box Beams

Example 8.8.3
Calculate the angle of twist per unit length for the previous example 

if G = 4 * 106 lb/in.2
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8.8 Multicell Idealized Box Beams
Example 8.8.4

use the principle of complementary virtual work to calculate theuse the principle of complementary virtual work to calculate the 
maximum shear flow in the tapered, redundant cantilevered box beam illustrated 
in Figure 8.8.9. Loads in both transverse directions are applied to the free end, 
as shown. Figure 8.8.10 depicts the flange and web numbering and thickness g p g g
information. Also, E = 10 * 106 psi and G = 4* 106 psi 
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8.8 Multicell Idealized Box Beams
Example 8.8.4

National Research Laboratory for Aerospace Structures



8.8 Multicell Idealized Box Beams
Example 8.8.4
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8.8 Multicell Idealized Box Beams

Example 8.8.4
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8.8 Multicell Idealized Box Beams
Example 8.8.4
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8.8 Multicell Idealized Box Beams
Example 8.8.4
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8.8 Multicell Idealized Box Beams
Example 8.8.4
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8.8 Multicell Idealized Box Beams
Example 8.8.4
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8.8 Multicell Idealized Box Beams

Example 8.8.5
Calculate the angle of twist       at the free end of the tapered beam in 

the previous example. 
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8.8 Multicell Idealized Box Beams

Example 8.8.5
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8.8 Multicell Idealized Box Beams

Si th d d t i i t l l d thSince the redundant is an internal load, the 
external complementary virtual work is zero; so 
is the internal virtual work,
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8.8 Multicell Idealized Box Beams
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8.9 Restraint Effects In Idealized Box Beams

Consider the box beam of uniform rectangular cross section shown in Figure 8 9 1Consider the box beam of uniform rectangular cross section shown in Figure 8.9.1.

As shown in section 8.7, the external complementary virtual work associated with 
these couples is
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8.9 Restraint Effects In Idealized Box Beams

The complementary internal virtual work is that of the panels alone and is p y p
given by (cf. Equation 8.2.6)
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8.9 Restraint Effects In Idealized Box Beams
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8.9 Restraint Effects In Idealized Box Beams

Example 8.9.1p
If warping is restrained, calculate the shear flows in a beam with 

the cross section illustrated in Figure 8.9.5.

National Research Laboratory for Aerospace Structures



8.9 Restraint Effects In Idealized Box Beams

Example 8.9.1
Let us assume that the directions of the true shear flows are as sketched in FigureLet us assume that the directions of the true shear flows are as sketched in Figure 
8.9.7. The shear flows must be statically equivalent to the 1000 lb shear load 
directed upward through web 2-3. Therefore, the following three conditions apply:
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8.9 Restraint Effects In Idealized Box Beams

Example 8.9.1
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8.9 Restraint Effects In Idealized Box Beams

Example 8.9.1

All of which are illustrated in Figure 8.9.8b, alongside the shear flows computed in 
Example 8.7.1, in which warping was unstrained.
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8.10 Shear Lagg

Consider Figure 8.10.1, which shows a shear web bonded to two rigid walls and 
attached to a stiffener by means of which a point load P is applied to the systemattached to a stiffener by means of which a point load P0 is applied to the system.

The minus sign reflects the fact that the initial right angle between the vertical 
d f th l d th h i t l tiff i
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edge of the panel and the horizontal stiffener increases.



8.10 Shear Lagg

The shear strain is related to the shear stress by Hook’s law,                      Since 
the shear flow equals the shear stress times the panel thickness t we havethe shear flow equals the shear stress times the panel thickness t, we have

Differentiating Equation 8.10.2 with respect to x and substituting Equation 
8.10.3 and 8.10.4 into the result yields a second-order differential equation 
involving just P,g j ,
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8.10 Shear Lagg
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8.10 Shear Lagg
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8.10 Shear Lagg
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8.10 Shear Lagg

Example 8.10.1
Using the shear lag approach, find the formulas for the stiffener loads 

and panel shear flows in the plane, stiffened web structure shown in Figure 
8.10.4. The top and bottom stiffeners have the same cross-sectional area, and 

ll th ti if th h t Pl t th lt f th i lall other properties are uniform throughout. Plot the results for the special case 
A1 = A2 = 0.5 in.2, L = 40in., t = 0.1 in., b = 2 in., Q = 1000 lb, and G = 0.4E 
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Example 8.10.2
U i th h l h bt i i f th di l t fUsing the shear lag approach, obtain an expression for the displacement of 

the left end of the  center stiffener of the previous example.
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Example 8.10.3
Let the following numerical data apply to the box beam in Figure 

8.10.9: G = 0.4E, A1 = A2 = 1in.2, t = 0.1in., L = 40in., a = 2in., b = 4in., and 
Q = 1000 lb. Plot the flange loads and web shear flow versus span for the 
h l l ti j t bt i d d th ith l t bshear lag solution just obtained and compare them with elementary beam 

theory.
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