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Structural Stability



12.1 Introduction

B kli i th fi it b i i i klBuckling is the finite bowing, warping, wrinkle, 
or twisting deformation that accompanies the 
d l t f i idevelopment of excessive compressive 
stresses throughout a structure or some 

ti th f P i b kli d f tiportion thereof. Primary buckling deformation 
extends over the major dimensions of a 
t t d b kli i fi d tstructure ; secondary buckling is confined to 

localized regions, such as the cross sections of 
i di id l bindividual members.
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Buckling Test in Test-bed
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Buckling Test in Test-bed
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Buckling Test in Test-bed
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Buckling Test in Test-bed

Thin-walled cylindrical shell (2)Thin walled cylindrical shell (2)
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Buckling Test in Test-bed
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12.2 Unstable Behavior

Consider the behavior of a simplified system that characterizes some of the primary stability 
phenomena Figure 12 2 1 shows a perfectly straight rigid rod that is vertical when the linearlyphenomena. Figure 12.2.1 shows a perfectly straight, rigid rod that is vertical when the linearly 
elastic spring is unstretched. Neglecting gravity, write the equation of motion. The single 
coordinate required to specify the configuration of this system.

where I0 is the mass moment of inertial of the rod about O, and     is the angular acceleration, 
measured positive clockwise, as in the net moment M0 about O. Summing the moments of P and 
the spring force in Figure 12.2.1b, we obtain



12.2 Unstable Behavior



12.2 Unstable Behavior



12.2 Unstable Behavior



12.2 Unstable Behavior



12.2 Unstable Behavior
To investigate the stability of the vertically oriented rod, we proceed as before. Summing the 
moments about O leads to the following differential equation for small θg q

It is clear that in this case,

For equilibrium of the post-buckled configuration,                                , or   



12.2 Unstable Behavior
Another type of instability is illustrated by a shallow, symmetric truss, loaded in compression, as 

shown in Figure 12.2.5. During the application of load P, the point of application C moves through g g pp , p pp g
a displacement v from its initial vertical position y0 to point C’ with coordinate y (y<y0). Let us use 
the principle of virtual work to find the relationship between the load P and displacement v.

“Shallow” implies that y0/a << 1. The initial length L0 and final length L of the two elastic rods p y0 g g
are

Where the higher order term neglected.



12.2 Unstable Behavior

The axial strain in each rod is therefore

Again, using the fact that                   , we get

From this expression for the true strain ε, we obtain the virtual strain δε by treating δ as the 
differential operator so getdifferential operator, so get

The internal virtual work for a linearly-elastic rod in uniaxial stress is

Therefore, for this truss, in which the axial rigidity AE and the axial strain ε are constant, we have



12.2 Unstable Behavior

Neglecting the products of y0/a and y/a that are higher than order 2 reduces this to

which can be written in terms of the true and virtual displacements by observing that y = y0 - v
(and therefore δy = - δv), so that

The external virtual work is simply

Setting δWext equal to δWint, we find that

which is the load-deflection relationship we seek. Since the load is a cubic function of 
the displacement v, the equation is nonlinear. If we nondimensionalize both sides of 
the equation, it can be written

hwhere



12.2 Unstable Behavior

Observe that the structure is stable as the load is first applied; however, when the value of 
P reaches 0 385 at point A the stiffness goes to zero and the unstable structure “snapsP reaches 0.385 at point A, the stiffness goes to zero and the unstable structure snaps 
through,” undergoing a five-fold increase in deflection, reaching point C on the second 
stable, positive-stiffness portion, which starts at B. Examples of elastic structures in which 
snap through buckling can occur include slender shallow arches and thin walled shallowsnap-through buckling can occur include slender shallow arches and thin-walled shallow 
domes, such as the bottom of an oilcan. Hence, the term “oilcanning” is commonly used 
to refer to the snap-through phenomenon.



12.3 Beam Columns

A column is a straight bar subjected to compressive axial load. A beam column is a 
bar subjected to compressive axial load as well as transverse load Figure 12 3 1abar subjected to compressive axial load, as well as transverse load. Figure 12.3.1a 
shows a simply-supported, linearly-elastic, simple beam with a transverse load Q
applied at its midspan and a compressive load P directed along its centroidal axis. 
The xy plane in which bending occurs is a plane of symmetry of the cross section LetThe xy plane in which bending occurs is a plane of symmetry of the cross section. Let 
us calculate the maximum lateral deflection of the beam, which symmetry dictates is 
at point C, where the load Q acts.

Applying statics to the free body in Figure 12.3.1b and summing the moments 
around the neutral axis at the cut, we get



12.3 Beam Columns
Maintaining the small strain/small curvature assumptions that we have used throughout our study 
of beams allows us to use Equation 10.3.19 to relate the bending moment  Mz to the curvature q g z
d2v/dx2. The equilibrium equation can then be written

It is easy to verify that the general solution of this differential equation is

To evaluate the constants of integration, A and B, we apply the boundary conditions. Requiring 
v=0 at x=0 implied B=0, so we are left with

Then, taking the first derivative yields the slope of the elastic curve, which is

By symmetry, the tangent to the elastic curve must be horizontal at the midspan. Setting dv/dx=0 at 
x=L/2 requires thatx=L/2 requires that



12.3 Beam Columns

Substituting this into Equation 12.3.3 and evaluating the resulting expression at x=L/2
yieldsyields

where q is the displacement at the point of application of the load Q Simplifying thiswhere q is the displacement at the point of application of the load Q. Simplifying this 
equation, we get

Where ξ is the dimensionless quantity

Solving Equation 12.3.4 for the load Q in terms of the displacement q, we get

where K is the flexural stiffness coefficient and is given by



12.3 Beam Columns

The term K is a measure of the resistance of the beam column to lateral displacement. 
For a given column, K is a function of the compressive axial load P. Figure 12.3.2 is a plot 
of K versus  ξ. Observe that the flexural stiffness decreases with increasing axial load, 
fi ll i ξ / ( d b i i h f ) A i i fl lfinally going to zero at ξ=π/2 (and becoming negative thereafter). A nonpositive flexural 
stiffness means that the beam is unstable: it cannot resist even the slightest tendency to 
nudge it away from its straight, equilibrium configuration. A lateral perturbation, no 

tt h ll ill i it t b kli l l t l d fl ti f th lmatter how small, will precipitate buckling, a large lateral deflection of the column.

The magnitude of the buckled deflection cannot be calculated using small displacement 
theory. Nevertheless, we can predict the onset of buckling by noting when the flexural 
stiffness vanishes. The axial load at which this occurs is the critical load Pcr. Figure 12.3.2 
reveals that for a simply-supported elastic column.

This equation is known as the Euler column formula and Pcr is the Euler buckling load.



12.3 Beam Columns

To explore the notions of bending stiffness, elastic instability, and buckling load, we have 
chosen to apply the transverse load at the midspan of the beam column. However, it must 
be noted that the formula for the critical load of a simply-supported column is independent 
of the nature and location of the transverse disturbance



12.4 Slender Column Bucklingg

12.4.1 Pinned-Pinned Column

Figure 12.4.1a shows the column, with no transverse load, but with an axial load directed 
precisely along the centroidal axis, at its critical value. As before, we treat the column as 
we would a simple beam in bending, so that the plane in which bending occurs contains a p g, p g
symmetry axis of the cross section. Applying statics to the deformed free body in Figure 
12.4.1b, we are led again to Equation 12.3.1 with Q=0, that is,



12.4 Slender Column Bucklingg

It is customary to introduce the notation

So that

The solution of this homogeneous differential equation is

To satisfy the boundary conditions, v must vanish at each end of the column, Setting v=0 
at x=0 means that B=0 leaving us withat x=0 means that B=0, leaving us with

Then, requiring v=0 at x=L implies that

This equation can be satisfied by requiring A=0. However since we also have B=0, that 
would mean v=0 everywhere in the column. In other words, the column has not buckled. 
Si t i t t d i thi “t i i l l ti ” i t d i th tSince we are not interested in this “trivial solution”, we instead require that



12.4 Slender Column Bucklingg

This equality holds if

where n is a positive integer (but not zero, since that would again lead to the trivial 
solution). Substituting this expression for λ into Equation 12.4.2, we deduce

Apparently, there are a countably infinite number of buckling laods. For the nth such 
l d th d f d h f th l th d h i iload, the deformed shape of the column, or the mode shape is given:

The first three of these sine-wave modes is shown in Figure 12.4.2. In reality, if 
buckling occurs, it happens at the lowest possible mode. Thus, for the pinned-pinned 
condition, the buckling load is the Euler load found in the previous section.g p
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12.4 Slender Column Bucklingg

12.4.2 Fixed-Fixed Column

The structure is clearly statically indeterminate. Using the free-body diagram of Figure 
12.4.3b, we obtain the moment equilibrium equation,

M + P MMz + Pcrv = MA

Substituting the moment-curvature equation, Mz=EIzd2v/dx2 and dividing by the flexural 
rigidity yieldsg y y



12.4 Slender Column Bucklingg

There are four boundary conditions, two at each end of the column. At x=0, we have v=0 and 
d /d 0 hi h i th t A 0 d B M /λ2EI l ft ithdv/dx=0, which requires that A = 0 and B = -MA/λ2EIz , so we are left with

For dv/dx to vanish at x=L, sinλL=0. This in turn implies that

Finally v=0 at x=L only if cosλL=1 and this is true ifFinally, v 0 at x L only if cosλL 1, and this is true if

Thus, we conclude that



12.4 Slender Column Bucklingg

Taking the lowest possible value of n yields the critical buckling load,

The mode shape is

Since we have no means of computing a value for MA, the amplitude is indeterminate.p g A, p

Observe that restraining the rotations at the supports increases the buckling load by a factor of 
four over that of the simply-supported beam. Another way of looking at this is that the buckling 
load of a fixed-fixed column equals that of a pinned-pinned column half as long, that is,q p p g, ,

We say that the effective length L of a fixed-fixed column is L/2We say that the effective length Le of a fixed fixed column is L/2.
In general, for a long column of actual length L, we can express the critical load as

The constant c is the coefficient of constraint or end fixity factor, which, as we have seen, depends 
on the manner in which the column is restrained at each end.



12.4 Slender Column Buckling

12.4.3 Pinned-Fixed Column

g

This type of column has a simple support at one end and is built in at the other. Figure 12.4.4b shows 
a free-body diagram of a deformed column portion lying between the simple support and station x. 
The diagram is identical to Figure 12.3.1 if we replace P with Pcr and Q/2 with –YA. Doing so in 
E ti 12 3 2 i ldEquation 12.3.2 yields

The boundary condition at x=0 is v=0. Therefore, B=0 and
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12.4 Slender Column Bucklingg

12.4.4 Free-Fixed Column

As indicated in Figure 12.4.6a, a free-fixed column has one end built in and the other end free of 
displacement contraints.

Summing moments about the neutral axis at the right end of the free body in Figure 12.4.6b yieldsg g y g y
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12.5 Column Imperfections and Load 
MisalignmentMisalignment

In the previous section, we assumed that the column was initially straight and that axial load was 
aligned perfectly with the centroidal axis. Let us investigate the effects of slight deviations from g p y g g
these conditions. We will first consider a column with initial imperfections.

Figure 12.5.1a shows a pinned-pinned column that is not straight, but is bent into an initial, 
unloaded shape. Unlike for the straight column, bending will occur immediately upon application 
of the axial load P regardless of its magnitude due to its offset from the slightly curved centerlineof the axial load P, regardless of its magnitude, due to its offset from the slightly curved centerline 
of the bar. Figure 12.5.1b shows a free-body diagram of a portion of the column between the left 
end A and the cut at station x. Notice that the total deflection vtot of the column at any point is the 
sum of its initial deviation v0 from a straight line and the additional deflection v due to the applied 0 g pp
load P.

For moment equilibrium around the cut,For moment equilibrium around the cut, 



12.5 Column Imperfections and Load 
MisalignmentMisalignment

Let us assume that the initial shape of the bar is that of a sine function with amplitude a0L, where 
a0, the dimensionless imperfection amplitude, is a very small number:

Substituting this and the moment-curvature relation into the equilibrium equation yields

The general solution is

At x=0, v must vanish, which requires that B=0. Therefore,
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12.5 Column Imperfections and Load 
MisalignmentMisalignment

Setting the displacement equal to zero at x=0, we find that B=e. Therefore,

The displacement must also vanish at the right support x=L ThereforeThe displacement must also vanish at the right support, x L. Therefore,

Simplifying, we finally obtain

Since the lateral deflection is symmetric about the midspan of the column [that is, v(x)=v(L-x)],
the maximum value δ occurs at x=L/2 and is given by



12.5 Column Imperfections and Load 
MisalignmentMisalignment

Using the trigonometric identity

we reduce this to the following expressionwe reduce this to the following expression

Where a=δ/L and ae=e/L are the dimensionless midspan deflection and eccentricity, respectively

And the Euler column formula as



12.5 Column Imperfections and Load 
MisalignmentMisalignment



12.12 Static Wing Divergenceg g
The lift production by a wing is accompanied by a twisting moment about the elastic axis of the 
wing box, causing an increase in the angle of attack, which in turn increases the lift and the twisting g , g g , g
moment. At a speed called the divergence velocity, the effect becomes large enough to cause failure 
of the wing. Let us investigate this instability phenomena by considering the somewhat 
oversimplified case of a straight wing with no built-in twist and with a uniform lifting load 
distribution due to subsonic flowdistribution due to subsonic flow

Figure 12 12 1 shows a free-body diagram of a spanwise differential section of a straight wing ofFigure 12.12.1 shows a free body diagram of a spanwise differential section of a straight wing of 
constant chord c. The differential aerodynamic lift dL is shown acting at the aerodynamic center 
of the wing, which is a distance l in fromt of the elastic axis. The lift is found in terms of the 
dimensionless section lift coefficient cl, the differential area cdx. And the dynamic pressure q, by 
h f lthe formula



12.12 Static Wing Divergenceg g

Lift is generally accompanied by a pitching moment, so the external differential moment dM is 
h ti i th ti ll iti ( l k i ) di ti If i th fi dM ishown acting in the conventionally positive nose-up (clockwise) direction. If, as in the figure, dM is 

measured about the aerodynamic center, then in terms of the dimensionless moment coefficient cma.c., 
we have

The torque T shown acting on the differential wing section arises, as we know, from the internal 
stresses required to equilibrate the externally-applied aerodynamic loads. For the free body in Figure 
12.12.1 to be in equilibrium, the net moment about the elastic axis must vanish. Thus,q , ,

Substituting Equations 12.12.1 and 2, cancelling terms, and dividing through by dx, we get

The lift coefficient depends on the wing’s angle of attack α, and varies linearly from the zero lift 
angle to the onset of stall (cf. Figure 12.12.2). We may thus write

where               is the slope of the lift curve, cl versus α, and α is measured clockwise (here, in 
radians).
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12.12 Static Wing Divergence

If the wing were rigid, then θx = 0; that is, there would be no twisting of the structure associated 
with lift For the flexible wing under consideration however we must subtract the

g g

with lift. For the flexible wing under consideration, however, we must subtract the 
aerodynamically-induced twist θx at the section from the angle of attack α which the wing would 
have if it were rigid. We subtract rather than add to remain consistent with our sign convention for 
positive twist, which, as indicated in Figure 12.12.1, is counterclockwise about the positive x axis, 
opposite to the direction of increasing α. By definition of the aerodynamic center, the moment 
coefficient cma.c. about that point does not depend on the angle of attack:                       . 
Substituting Equation 12.12.4 into Equation 12.12.3 yields

According to Equation 4 4 1 and 4 4 14 T=GJdθ /dx If GJ is constant as in the present caseAccording to Equation 4.4.1 and 4.4.14, T GJdθx/dx. If GJ is constant, as in the present case, 
Equation 12.125 becomes a second-order ordinary differential equation in θx with constant 
coefficients:



12.12 Static Wing Divergenceg g

Introducing the notation

andand

the differential equation can be written if the form

From earlier in this chapter, we recognize the solution of this equation to be



12.12 Static Wing Divergenceg g

One boundary condition on the twist angle is that it must vanish at the wing root, where x=0. For 
th t t b t t hthat to be true, we must have

so that

The derivative of this expression is

At the wing tip the torque T is zero. Since dθx/dx=T/GL, it follows that dθx/dx=0 at x=L. This, 
together with Equation 12.12.9, requires that

Substituting this into Equation 12.12.8, we find that



12.12 Static Wing Divergenceg g

Rearranging terms, substituting Equation 12.12.7, and noting the trigonometric identity

we reduce this expression for the twist angle θx to

From this, we can also obtain the torque versus span expression, which is

The maximum twist occurs at the wing tip, x=L, and the greatest torque is at the root, x=0:

Observe that the deflection and torque approach infinity (and the wing fails) when cosλL 
approaches zero (tanλL approaches infinity), This occurs when

Obviously, the smallest λ for which the twist and torque become unbounded is π/2L. At this 
critical value of λ Equation 12 12 6 becomescritical value of λ, Equation 12.12.6 becomes



12.12 Static Wing Divergenceg g

Setting q=ρV2/2 and solving for V yields the divergence speed, which is

The divergence speed can be raised by increasing the wing torsional rigidity GJ, moving the 
elastic axis closer to the aerodynamic center (decreasing l) and flying at higher altitudes whereelastic axis closer to the aerodynamic center (decreasing l), and flying at higher altitudes where 
the density of the atmosphere is low.

Let us next consider the swept wing shown in Figure 12.12.2. The sweep angle is Ω, and the 
wing in this case is swept back At any section of the wing the total angular deflection vector ofwing in this case is swept back. At any section of the wing, the total angular deflection vector of 
the flexible wing is

where θz is the bending rotation of the elastic axis at the section and θx is the twist about the 
elastic axis. Alternatively, θ may be resolved into components along the body axes       of the 
airplane and written as



12.12 Static Wing Divergenceg g

Thus,

Taking the dot product of both sides of this equation with the unit vector      in the spanwise 
direction, we get , g

The magnitude of      is the change        in the angle of attack at the section, measured in the plane 
ll l t th f t l it V thparallel to the free stream velocity V. thus,

The minus sign accounts for the different sign conventions for angle of attack (clockwise positive) g g g ( p )
and twist (counterclockwise positive). The change        in angle of attack, as measured in the plane 
normal to the elastic axis, is



12.12 Static Wing Divergenceg g

Substituting Equations 12.12.15 and 12.12.14 into Equation 12.12.16 yields

Since θz is generally positive and tanΩ > 0 in Figure 12.12.3, we see that the wing deflection due to 
bending decreases the angle of attack and therefore acts to prevent static wing divergence. On the 
other hand, if the wing is swept forward, then tanΩ < 0, and flexure of the wing due to lift acts to 

te di e e epromote divergence. 


