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3.1 Definition of strain

Green strain, Almansi strain (Hamel strain)

1% Piolar-Kirchhoff strain, 2" Piolar-Kirchhoff strain (PK-strains),

Cauchy stress..

We are going to propose means of expressing the deformation of a body.

Let us consider the motion of a body as shown in Figure 3.1.

Consider two points P and Q in the body before deformation.

When external forces are applied, the undeformed body will deform so that

points P and Q move to points P and U in the deformed body,



respectively.

Figure 3.1 : The kinematics of a body motion.

The change in length of this line segment can serve as a measure of the change

of shape and size, i.e., deformation of the body.

We define strain as a measure of the deformation of the body.
Let

——

X

Xl © Position vector of point P before deformation

= X1 © Position vector of point p after deformation



U =u.l, . Displacement vector of point P (3.1)

dX = dX, I, :Pposition vector of line segment PQ

—

dX =dx.I, : Position vector of line segment pq

Clearly,
X=X+U (3.2)
In addition, dX IS expressed as
OX OX.

dX = —dX, =—-dX.j,
oX, oX, (3.3)

We introduce a second order quantity, F called deformation gradient tensor




such that

— 8)_( - aX - = —
F=—mi =—"ii=(VX)'
oX, oX, (3.4)
where VX IS the gradient vector with respect to X coordinate system.
Then we can rewrite Eq. (3.3) as
dX = F«dX (3.5)

Noting that dX and dX are vectors, we easily recognize F isindeed a

second order tensor and we name it the deformation gradient tensor.

—

On the other hand, the F' IS written as



— 8)_( g e a)_( aX - @X =
= =(— Ik)T =l = kii = ‘ Il
OX oX, X, oX. (3.6)
Therefore, we can also rewrite Eq. (3.3) as
d)? = d)Z ® FT (3.7)
Let us write lengths of line segments PQ and PJ as dS and ds,
respectively.
Using Egs. (3.5) and (3.7), we can obtain the following expression.
(ds)? = dxecx = dX @ F' e FedX (3.8)

2
Moreover, we can express (dS)” such as

(dS)? =dX-dX = dX e 5+dX (3.9)



where oo (3.10)

Then the difference between two scalar quantities in Egs. (3.8) and (3.9) is
written as

(ds)2 - (dS)? = X @ (F' «F —&)edX (3.11)
Note that this quantity can be used as a measure of the deformation of the body.

We introduce a second order quantity E such as

(ds)2—(d5)? = AX @ 2E«dX (3.12)

where



TR RS
E—E(F ‘F_g) (3.13)

Remembering (ds)°—(dS)* is a scalarand dX isa vector, we can conclude E

is a second order tensor defined with respect to X coordinate system.

This is called the Green strain tensor.

From Egs. (3.2) and (3.4), we can get
F=[V (X+0)] =5 +(V, i) (3.14)

—

T
Then the F IS written as
S ~
F =0+(V )

Therefore we are able to write Green strain tensor E as



- 1 - - o
E==(F «F-5)
2
(VL0 4V 4V GV, 0)))]
2 X X X X (3.15)
In order to obtain the expression for components of Green strain tensor E,

V

remember the expression for " X .

Then we obtain



0

V.i=—1i(u.i ——'||
=5 (Ui
c’?u.% .
7 u)' ——||,_a—u||
oX, . &X
Also,
- ou, s ou, -
(V ) _(—”k) (—I|IJ)_—.I klax j
~ ou, ou, o
oX; oX,

Writing



E=E.ii.

i)

We obtain the expression for Eij In index notation as

_1(8u ou, | oY, 8uk)~1(u U u U )
! ax ax ox,’ 2t T Tk (3.16)

—

Note that Green strain tensor E is symmetric, i.e., Ej =E;j ..

—

Without using index notation, components of E are written as follows

ou 1 _ou,, ,0v,, ,0W,,

EXX - a_x E[(a_x) (_) (a_x) ] U,X +— (U,X +V1x +W’x
ov 1_o0ou,, 1

EYY 8_Y E[(é_Y) (_) (6_Y) ] Viy t = 2 (U,Y +V1Y +W1Y
ow 1_o0ou,,

1
EZZ a_z E[(a_z) (_) (_) ] W, +— 2 (u’z +V’z +W’z



(3.17)

1 v ou duou ovov owow, 1
XY:z(ax oY ax oY ax oY ax aY] _(V’X+U’Y+u’xU’Y+V’XV’Y+W’XW’Y)
_1(aw v Oudu vV owow
B 2°0Y oz aYaz aYaz aYaz
1 Ou_ ow duodu ovov owow 1
- (az OX GZ X oz ox az ax] E(U’Z+W’X+u’zu’X+V’ZV’X+W’ZW’X
E,=E, . E,=E, E,=E,

XY 1

== (W,Y +V,, +U,, U,, +V,, V,, +W,, W,,

Note

(i) Green strain tensor E is referred to the initial un-deformed geometry, and
Indicate what must occur during a given deformation.

(i) We have no restriction on the strain-displacement relation in Eq. (3.16) or



Eqg. (3.17). This relation includes nonlinear terms in displacement
components.

(ii1) 1f we use Egs. (3.4), (3.6), and (3.13), we can get another expression for
Green strain tensor E. This expression is convenient for the physical

Interpretation of E.

= Ll X Ko oo 1 X Ko s
E=—]L . . —0] = |1, -0
2['(zaxi axj)’ °1=3 X, X, ] (3.18)

Without using index notation, the components of E are also written as follows :



18x ax 1, 60X oX 1 0oX oX
= E 1)’ 7z —

20X oX b, AP RP VP T 20z oz
_1lox ox _E E _1ox ox _E E 10X ox _

X ToeX oY ™2 T ooy oz YT T 28z aX |~
(3.19)

-1)

3.2 Physical Meaning of The Green Strain Terms

Consider a small rectangular parallelepiped at point P in a body, as in Fig. 2.

If the body is a rigid body, there is no translation and/or rotation in the body.

Therefore,

(ds)” —(dS)* =0,

This means that all strain components Eij are zero in the rigid body.



Figure 3.2: The motion of a rectangular parallelepiped
Let us imagine next that this body has some deformation and let us focus on line
elements PA, PB,and PC.After deformation, the body in general becomes

non-rectangular and these line elements change to pa, pb, and pc,
respectively,

Recalling Eq. (3.3).

d% = X ax + X gy + X gz
OX oY oZ (3.20)



Note that PAPB, and PC are orthogonal to each other and vectors for line

elements pa, pb, and pc consist of dx.

Then
pa = 8_X dX
oX
pb = X gy
oY
pC = ox dz 82D
ol

Now we consider changes in the line element lengths.
~ First look at the line element PA.

Define relative elongation E, as the ratio of the change in length of PA with



respect to the original length.

That is

_|ral-IPA |pal

— = 1
" |PA |PA

Then
|pal = (1+E,)|PA

From Egs. (3.19) and (3.21), we know that



\pa\z =@dx- X
OX OX

Similarly defining the relative elongations for PB and PC, we can obtain the
following relations.

dX =(1+2E, )dX’

Ey =1+ 2E,, -1
E, =1+ 2E, -1
E, =1+ 2E,, -1

(3.22)

Therefore, EXX’EYY’, and Ezz are related to the relative elongations



Exx , EYY » and Ezz respectively and are called extensional strains.

Next consider changes in the angles between adjacent line elements. The angle
between PAand PBis90°. For the sake of convenience, denote the angle

T
between P@and PO as E_¢XY'. Then, Pxv is the angle change.

The scalar product vectors Pa and pb with angle ¢xv IS given as

&
oY

X x
X oY

dX = dX

ﬁdx‘
OX

cos(g—qﬁxv)

Or



OX 6)_(’
COS( ¢XY) Sm¢xv — 6X 5Y

.ax‘
oX | |oY
Noting that
S; = [I+2E, =1+E,
g\); = [I+2E, =1+E,

Repeating the above procedures for changes in angles between Pb and pc

and between PC and pPa, we obtain similar expressions.



Then using Eq. (3.19),

ng - 2E, .,
@A+ E\)A+E,)
N = 2E.,
* (A+E)A+E,)
sing,,, = 2E,, (3.23)
(1+E,)1+E,)

Thus the angular changes between adjacent line elements are related to the
strain components Ey . E/., and E, as well as to the elongation Ey.E,,

and E;. The twice strain components E.s.E,,,, and E, are called shear
strains.



2.3 Small Strain Assumption
In many engineering problems the strain components are small.

Then

Ey =1+2E,, —1
1
:1+§(2Exx)_1: Eyx

Repeating for other elongations, we obtain

Ex — Exx
EY — EYY

3.24
Ez = Ezz (3.24)

Therefore, the relative elongations are also small under small strain assumption.



For angle changes,

NPy = “Ex =2E,,
1+E,)A+E)) (3.25)
Also we get
Singyy = 2E,,
sing,, =2E,,
sing,, =2E,, (3.26)

The shear strains are independent of the angle changes under the small strain
assumption.

Note that under the small strain assumption, rotation can still be large.



2.4 Linear Strain Assumption

In addition to the small strain assumption, we add an assumption of small
rotation of volume element. : The combination of these two assumptions is

called linear strain assumption.

~ Under the linear strain assumption, we can neglect all the nonlinear terms in
the strain-displacement relations Eq. (3.16) or Eq. (3.17).

In most cases of this course, we take the linear strain assumption.

In addition, we may use ¢ for strain tensor instead of E.

Moreover, in the case of this infinitesimal strains, the deformed state is very
close to the undeformed state.

Therefore x is very close to X. Hereafter we will use x as the coordinate of the



undeformed body instead of X.
Then Eq. (3.16) becomes

g == + ~—(u . +U..
L e R IRTD

(3.27)

In unabridged notation we have



Exw = — =Uy,
OX
gyy_a_y Viy
oW (3.28)
gzz:E:W;z
1
Xy:_(@+6_u)_l(v,x+u,y)
2 ox oy 2
yz=£(@+@)—l(w,y+v,z)
2 0y oz 2
gZX:E(a_u‘l'@):E(U,Z‘FW,X
2 071 ox 2
ny :gxy’gyz :gzy’gxz :gzx



In engineering problems, we frequently use engineering shear strains such that

Vg = 28,y
Yy, = 28y,
e (3.29)
Vox = 26y
The justification for neglecting the nonlinear terms is given as follows :
Figure 3.3: Change in the segment dX
X dX
Consider the small line element vector dX 1 which changes to 5y where



X=X +0=(X+u)i +(Y +V)j+(Z+w)k

OX
Let 91 be the angle between 5y and Y axis.

Then




OX
Similarly, for the angle, ‘92, between 5y and Z axis,

Xy W
cosg, = & - _0X
P X j B+Ey
OX
OX

For small strains, Ex <1. For 5% close to X axis, i.e., small rotation of

dX,

Cos &, cos b, <<1~ﬂ,%<<1
OX 0OX

In addition, the deformed coordinate X iscloseto X .

Similarly, if we consider the small rotation of the line element



u ow ou oOw

8
— <1 — <1
dy and dz. 5 <<land ;7

Therefore, all nonlinear terms can be neglected since

(5
oX oX

Etc.
2.5 Strain Transformation Law

We will try to find the relationship between two strain components expressed

~

with respect to two different coordinate systems, X, and X.

The position vector of a point P can be written as



Figure 3.4 : Change in segment PQ

The position vector of a point P can be written as

X=X+a
where a is the vector between origins of two coordinate systems. Or using

unabridged notation,

~ -

X=X +Yyj+zK =% +Vj + 7k +d

Taking a dot product with ! ,



—>

— (i) + y(T') (E’)

><l
<z
Nl
$Dl
="

C..,C. C

where ~XX'“yXand ~Ix are direction consines.

From the above equation, we can obtain

le



Taking a dot product with J or K , we get similar expressions for other
direction cosines.

Using index notation,

OX j
- Cij
OX; (3.30)

2 2
Consider the quantity ds® —dS defined in Eq. (3.12).

Using index notation (instead of E and X, we use & and X hereafter,),



ds? —dS? = 2¢, dx,dx

(3.31)
Or in matrix form,
gxx ’ 8xy 1 gxz _CX_
ds® —dS® = 2[dx, dy, dz]| ,,. dy
£y ) 0z (3.32)

2 2
The quantity ds® —dS IS a scalar and thus invariant under coordinate

transformation.

In X coordinate system,



e

gxx ) gxy ’ gxz d)’z
= 2[d,dy,dz]| 2, dy
~ 5 (3.33)
Eppee _dZ_
According to the chain rule of differentiation
oX ,. OX ,. OX ,. N N 9
dx = —dX+—dy+—dZ=c,dX+c,dy+C,0z
OX oy 0Z
dy =.
(3.34)



In matrix form

e (d%] (d%]
qdyp=[?]sdyr=T<dy;
dz|  |dZ] |dZ (3.35)
where
T=[7 (3.36)

In addition



T

[dx,dy,dz]=<dy} =[dX,dy,dz]T"
dz (3.37)

After substituting Egs. (3.35) and (3.37) into Eq. (3.32), setting it equal to
Eqg. (3.33), we get

In index notation, we can express as

Eyx gxy X Eyxy gxy X
~ 7T
" =T"| &, T
5 3.38
_gxz - | _gxz ' | ( )



& = Gy & (3.39)

Expanding Eq. (3.38),

y=T7 (3.40)

where /s the engineering strain vector such that



gXX
gyy
y = “u '
Yy = 2&y
Ve =26y | g
Vo =265

~

and / is the engineering strain vector defined with respect to

system.

X

coordinate



T

In addition, the 6 X 6 transformation matrix_ "¢ 1S given as




2,6 Compatibility Equations

Let us consider the strain-displacement relations Eq. (3.27)

1,0u ou; 1
—(—+ ~—(U . +U..
o o) g )

i
(i) If displacements U; (1 =1.3) are given, we can readily determine all strain

components by substituting Ui into the above equation.

(i1) Inversely, when strains are given, we should determine three displacement
components by integration of six differential equations given by the above

expression. Then we cannot expect single-valued strains. Furthermore,



displacements of interest to us will be continuous. The resulting equations are

called the compatibility equations.

Differentiating Eq. (3.27) twice and rearranging free indices, we can have

828ij 1 83ui ou.

- J

= +
OX 0% 2| OX;0X 0%~ OX0X, 0

‘e, 1] u, N o°u,
OX0X; 2| OX0%0X;  OX OX0X,




O'¢; 1 0 o°u,

— J

_|_
OX 0% 2| OX0X%0X,  OX;0%0X,

ey, 1[ 2, o°u.

_|_
OXOX; 2| OX%0X;0%  OX OX;0%

By adding the first two equations and then subtracting the last two equations,

we eliminate Y; components and thus obtain a set of relations involving only

strains.

That is



0’s; 0%, O O,
+ - — —=0
OXOX, ~ OXOX; OX.O%  OXOX, (3.43)

Actually, only 6 of these 81 equations of compatibility are independent, These
are given as follows in unabridged notation :

(3.44)

gxx,yy T gyy,xx = 7/xy,xy

gyy,zz +gzz,yy = yyz,yz

& +8XX,ZZ — 7/XZX,ZX

27, XX

2gxx,yz = (_7/yz,x + 7/zx,y + 7/xy,z)
2gw,zx — (_yzx,y + yxy,z + 7/yz,x)

2‘S‘zz,xy — (_)/xy,z + 7/yz,x + 7/zx,y)



2.7 Principal strains and Principle Directions

As the coordinate system changes, the values of strains change according to
the strain transformation law. Now we like to find those directions for which the
relative elongations or extensional strains attain extrema (i.e., maxima or
minima).

Those directions are called principal directions and the corresponding strains

are called principal strains.

Suppose &;i(l,]=1..3) are given at a material point of a body in Xyz -

~ e~

coordinate system. We like to seek new coordinates Xs Y, and Z , in which

£.x isthe principal strain.  From the strain transformation law Eg. (3.40),



o = Coia T Coy 8,y +Cr6,, +2C,Co 8 +2C; Co8, +2C;,Co6, (3.45)

For simplicity, we introduce new notations Vx:Vy» and Y: such as

X XXy Xy'" 1 Xz (3.46)
Then Eq. (3.45) can be written as
~ 2
E =TV, V) =6,V +...7 (3.47)
Now , we have the following relation or constraint

g(Vy, vy, v,) =1=(vg +v, +v;) =0 (3.48)

Now we will find the extremum of €x. by constructing a function such that

F(vx,vy,vz,/l)éxx = f (vx,vy,vz) +ﬂ,g(vx,vy,vz) (3.49)



According to the Lagrangian multiplier method, the values of v~ for the

extremum of F are obtained from

% =2(e — A +2¢,v, +2¢,v,=0
oF _ ’

ov,

o+ 5

ov,

oF _,

oA

In matrix form



s 29

Xy)')'

c 27

Xz1'1'

If we introduce the following shorthand notation

&y — A,

E

Xy ! e V

1 r A

J U 2 )

Evi1Exy1 €y

xx 1 “xy !
c 279

Xy!'!'

(3.50)

(3.51)

(3.52)



1,0,0 ]
| =1 0,1,0 | =Unity.Matrix

10,0,1 (3.53)

(e—Al)v=0 (3.54)

In order to have nontrivial solutions for V', the determinant ‘ (e—A4l1) ‘Z 0

Or ? (3.55)
This equation holds for special values of 4. These special values are called
eigenvalues.

Expanding Eq. (3.55), we will have a cubic equation for 4 ;



~A°+JA°-3,A+],=0

(3.56)
where

Ji = 2 (3.57)

J, = 2 (3.58)

J; = 9 (3.59)

First strain invariant ‘]1 . second strain invariant J2 and third strain

invariant Js do not change under coordinate transformation.

Since € is symmetric, these exist three real eigenvalues which are obtained

by solving the cubic equation (3.56). These eigenvalues will be denoted as



|
Ay, Ay 1 and A . Now suppose that we know 4 and let V' be V

associated with ﬂ‘l .

Then we have from Eq. (3.50),

(e=A1)v' =0 (3.60)
or in matrix form
? (3.61)
Only two of the above equation are independent and the third equation is

provided by the constraint equation
V)’ +(vy) +(v,)* =1 (3.62)

_ | |
From the three equations, we calculate Vx,Yy. and V:.



o I 1
In a similar manner, we can calculate V' and V .

Now we will show that 4 is actually a principal strain. Pre-multiplying Eq.

(3.60) with (v')",
@Y (E-A41)W' =0
Or
@ ev' =4 (") v =0 (3.63)
From the orthonormality condition Eq. (3.62),
') v' =1
On the other hand, by noticing Egs. (3.42) and (3.46), we can show

g =) &'



Therefore we conclude by introducing these two equations into Eqg. (3.63) that
~I
A =&y (3.64)
In order to indicate 4is4ys-and A are actually principal strains, we use

¢ ,and € such that

g =/
ey =4, (3.65)
Em =y |

With €1:€y:and €, the cubic equation (3.56) can be expressed as
A+ IA =3 A 4+ =—(A-¢g)(A—-g,)(A—¢,)=0

Expanding, we have



?
2
5 (3.66)

SN S
N
|

3

Therefore, since the principal strains for the given state of strain are unique,

Ji.Jdsand J; are invariant.

Orthogonality of Principal Directions
The principal directions are orthogonal with each other. For example, if

—

4 # 4y, then eigenvectors v' and #' are orthogonal.

That is
v v"=0 (3.67)

In unabridged form,



i):l):' +l;/1y" +/12'12” =0 (2.68)
(Proof )

2.8 Volume Change

We will determine the volume change of the small parallelepiped as shown in

Fig. 2. The initial volume before deformation is dV, =dxdydz The volume after
deformation is

8x OX
V= oz (3.69)

Using the formula for the product of two triple scalar product such that



y \7‘5, \7.61 \7.6
(3.70)

Then
8x

vy = Gx

oS ax OX 6x (5X X)1(dXdYdz)’

oo @ o oz

=|.2.](dV,)?




1+2E,, ,E,,,Ey,
=|E,,,1+2E, E,
Exz , EYZ 1+ 2Ezz

Therefore

Expanding,

(dV,)? = G(dV, )}

dv =/GdV,

G=1+2) +4J +¢

The relative volume change of the element is defined as

dv —dv, dv
dv,  dv,

~1=yG -1=1+2J,+4J #8J 51

For small strains, 1>>J; >>J, >>J;

(3.71)

(3.72)

(3.73)



Then the relative change becomes

dVv —dV,
dv,

= M1+2J, —1=1+2J),-1=1J,

Therefore, for small strains,

dV- gV
dv,

J=¢ F¢ +E (3.74)

On the other hand, we can express the volume change in terms of the
determinant of Jacobian matrix J.
Rewriting Eq. (3.69),

= X X ixavdz =[a]av,
T oYz

where J is Jacobian matrix between X and X coordinate systems and is

(3.75)



equivalentto F if F iswritten as a 3 x 3 matrix such that

[ OX OX OX
oX oY oz
oy oy oy
oX oY oz
0L 07 01

| OX oY oz

(3.76)

Comparing Eqgs. (3.71) and (3.75), we know that
1= 3 | =G =det(F ) (3.77)



2,9 Change of Area

Let us consider a small triangle PAB in the undeformed body with two side
vectors dX¥ and dX®. This triangle becomes the triangle pab with two side
vectors dX” and dX® after deformation. dS° and ds are areas of these
triangles. In addition, let N and n be the unit normal vectors of them. We will

determine the area change in these triangles. Then

Figure 2.6: Change of a triangle element

NAS = S dX @ xdx @ = p
2 2

rst

dX,dX,2i

ndS =2 dX @ xdX @ = 1. dx Oy, @i
2 2 W !



From Eq. (2.3),

dx @ — % dx @
! oX ®

S

OX.
dxk(z) = 87J dXt(z)

I°r

OX.
nds - F =P, 25 % gy wgx @ X
K OX, OX oX

S t r

_p OX; OX, OX,
ijk
oX, OX, oX,

=P (det F)dX “dX @i,
— (det F)NdS®

dX PdX, @i

Therefore, using Eqg. (2.76)



.1
NdS® = 3 n-FdS (2.78)

This relationship is called Nanson’s formula.



