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9 .1 Introduction

Mechanical work : Scalar product of the force by the displacement through which it
acts ̥dscalar quantity ̥ simpler to manipulate ̥ very attractive

Newtonôs equilibrium condition : The sum of all force (regardless of externally
applied loads, internal forces, and reaction forces)
must vanish

Analytical mechanics : powerful tools for complex problems

Why still need Newtonôs formulation? : to determine both magnitude and direction
of all forces acting within a structure, to
estimate failure condition

Principle of virtual work (PVW)          Newtonôs law

Å Scalar quantities, simpler analysis procedure
Å Reaction forces can often be eliminated if the work involved 

vanishes.
Å Systematic development of procedure for approximate 

solutions (ex : finite element method)

equivalent
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9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Newtonôs 1st law : every object in a state of uniform motion tends to remain in that
state of motion unless an external force is applied to it

Å A particle at rest tends to remain at rest unless the sum of the externally 
applied force does not vanish.

Å A particle is at rest if and only if the sum of the externally applied forces 
vanishes.

Å A particle is in static equilibrium if and only if the sum of the externally 
applied forces vanishes .

Å A particle is in static equilibrium iff

(1) The vector sum of all forces acting on a particle must be zero.

(2) The vector polygon must be closed.

(3) The component of the vector sum resolved in any coord . system must
vanish.

̥

0F =ä

1 1 2 2 3 3F F i F i F i= + +ä 1 2 3 0F F F= = =

(9.1)
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9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Newtonôs 3rd law : If particle A exerts a force on particle B, particle B
simultaneously exerts on particle A a force of identical
magnitude and opposite direction.

Eulerôs 1st law

Å Two interacting particles exert on each other forces of equal magnitude,
opposite direction, and sharing a common line of action.

system consisting of N particles

Particle    subjected to an external force    ,        
interaction forces      ,             ,

Newtonôs 1st law

i
iF 1N-

ij
f 1,2...j = ,N j i̧

1,

0
N

i ij
j j i

F f
= ¸

+ =ä (9.2)
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9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Interaction forces : for rigid body, it will ensure the body shape remain unchanged
elastic body, stress resulting from deformation planetary
system, gravitational pull

Summation of N eqns. for N particles

By Newtonôs 3rd law,

Then,

Eulerôs 1st law for a system of particles
necessary condition for a system of particles to be in static equilibrium but not a 
sufficient condition

1 1 1,

0
N N N

i ij
i i j j i

F f
= = = ¸

+ =ä ä ä

1 1,

0
N N

ij
i j j i

f
= = ¸

=ä ä

1

0
N

i

i

F
=

=ä

(9.3)

(9.4)

5



Active Aeroelasticity and Rotorcraft Lab., Seoul National University

9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Eulerôs 2nd law

1 1 1,

0
N N N

i ij
i i j j i

F f
= = = ¸

+ =ä ä ä

1 1 1,

0
N N N

i i i ij
i i j j i

r F r f
= = = ¸

³ + ³ =ä ä ä

1 1

0
N N

i i i

i i

r F M
= =

³ = =ä ä

Å Taking a vector product of

by     , then summing over all particles

then,

Å Eulerôs 1st and 2 nd law both necessary condition for the system of particles 
to be in static equilibrium, but not a sufficient condition.

ir

(9.6)
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9.2 Equilibrium and work fundamentals

9 .2.2 Concept of mechanical work

ü Definition

Å The work done by a force is the scalar product of the force by the 
displacement of its point of application.

1. force, displacement, collinear :          ,          ,
+ : if the same direction / - : if the opposite direction

2. not collinear :                ,     angle between      and

3. Perpendicular :                     , 

Å ñincremental workò :                , total work : 

Å ,                             ,

Å ,                   ̥

F Fu= d du= W Fd=

cosW Fd q= q u v

cos cos 0
2

p
q= = 0W=

dr dru=

f f

i i

r r

r r
W dW F dr= = Öñ ñ

1 2 31 2 3F F e F e F e= + + 1 2 31 2 3dr dr e dr e dr e= + +
1 1 2 2 3 3dW F dr Fdr F dr F dr= Ö = + +

dW F dr= Ö

F F u F v^= + ( )dW F u F v dru F dr^= + Ö =

(9.7)
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9 .2 Equilibrium and work fundamentals

9 .2.2 Concept of mechanical work

Å superposition :               ,  

Å Why is work a quantity of interest for the static analysis?
̥ Concept of ñvirtual workò that would be done by a force if it were to

displace its point of application by a fictitious amount.

1 2F F F= + ( )1 2 1 2 1 2dW F dr F F dr F dr F dr dW dW= Ö = + Ö = Ö + Ö = +
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9.3 Principle of virtual work

Å ñarbitrary virtual displacementò, ñarbitrary test virtual displacementò
ñarbitrary fictitious virtual displacementò

Å arbitrary : Displacement can be chosen arbitrarily without any
restrictions imposed on their magnitude or orientations.

Å virtual, test, fictitious : Do not affect the forces acting on the particle.

ü PVW
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9.3 Principle of virtual work

9.3.1 PVW for a single particle

s
particle in static equilibrium under a set of externally 
applied loads, fictitious displacement of

virtual work done

Assume that one of the externally applied forces,      , is 
an elastic spring force. If for a real, arbitrary 
displacement,     , the spring force will change to become

, the sum of eventually applied forces,

̥

0W F sè ø= Ö =ê úä
1F

d

1 'F

1 'Fä ' 0F ¸ä

For a virtual or fictitious displacement, do not affect the loads applied to the particle, 
it remains in static equilibrium,                            holds.

If                           is satisfied for all arbitrary virtual displacement, then             , 
and the particle is in static equilibrium.

0W F sè ø= Ö =ê úä
0W F sè ø= Ö =ê úä 0F =ä

(9.8)
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9.3 Principle of virtual work

9.3.1 PVW for a single particle

11 1F i=

Principle 3 (PVW for a particle) : A particle is in static equilibrium if and only if the
virtual work done by the externally applied forces
vanishes for all arbitrary virtual displacement.

Example 9.1 Equilibrium of a particle

Virtual work is

Because the virtual work done by the externally 
applied forces does not vanish for all virtual 
displacement, the principle of virtual work, Principle 
3, implied that the particle is not in static 
equilibrium.

12 3F i=- 1 21 2s s i s i= +

( )( ) ( )1 2 1 2 1 1 21 2 1 2 11 3 2 2 0W i i s i s i i s i s i s= - Ö + =- Ö + =- ¸
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9.3 Principle of virtual work

9.3.1 PVW for a single particle

Example 9.2 Equilibrium of a particle connected to an 
elastic spring

( )( )[ ]1 1 1 21 2 1W mgi kui s i s i mg ku s= - Ö + = -

[ ]1 0mg ku s- =

But,           is not valid because, as implied by the 
principle of virtual work,     is arbitrary.
In conclusion, the vanishing of the virtual work for all 
arbitrary virtual displacement implies that                  , 
and the equilibrium configuration of the system is found 
as               .

1 0s =

1s

0mg ku- =

/u mg k=
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9.3 Principle of virtual work

9.3.1 PVW for a single particle

Consider the work done by the elastic force,                , 
under a virtual displacement,   ,

[]
1 1 1

1

u s u s u s

uu u
W kudu ku du ku u kus

+ + +
= - =- =- =-ñ ñ

d

d

1 1kui dui- Ö

1s

It is possible to remove the elastic force,       , from 
the integral because this force remains unchanged by 
the virtual displacement, and hence, it can be treated 
as a constant.
In contrast, the work done by the same elastic force 
under a real displacement,   , is

ku-

2 21 1

2 2

u d
u d

u
u

W kudu ku kud kd

+
+ è ø è ø

= - = - =- - -é ù é ù
ê ú ê ú

ñ

In this case, the real work includes an additional term 
that is quadratic in    and represents the work done by 
the change in force that develops due to the stretching 
of the spring.

(9.9)

(9.10)
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9.3 Principle of virtual work

9.3.1 PVW for a single particle

Example 9.3 Equilibrium of a particle sliding on a 
track

1 1 2 2 0mgi Ri Pi Fi- + - =

1 2( ) ( ) 0mg R i P F i- + - =

Finally, R mg= F P=

Next, by PVW,

1 1 2 2 1 21 2 1 2( ) ( ) [ ] [ ] 0W mgi Ri Pi Fi s i s i mg R s P F s= - + - Ö + = - + - =(9.11)
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9.3 Principle of virtual work

9.3.2 Kinematically admissible virtual displacement

1s

ü ñarbitrary virtual displacementsò : including those that violate the kinematic 
constraints of the problem

Å ñkinematically inadmissible directionò, ñinfeasible directionò :     in the 
track example ɣ kinematically admissible

Å Reaction forces acts along the kinematically inadmissible direction
22s s i=

ü Modified version of PVW : ña particle is in static equilibrium if and only if the
virtual work done by the externally applied forces
vanishes for all arbitrary kinematically admissible
virtual displacementsò

Å Constraint (reaction) forces are automatically eliminated.
Å Fewer number of equations
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9.3 Principle of virtual work

9.3.3 Use of infinitesimal displacements as virtual displacements

Å Special notation commonly used to denote virtual displacements

Virtual work done by a force undergoing virtual displacement ̥d
Å Convenient to use virtual displacements of infinitesimal magnitude
̥dOften simplifies algebraic developments

1. Displacement dependent force ̥ automatically remain unaltered

Ex 9.6 Consider a particle connected to an elastic spring. This is the same 
problem treated in Ex 9.2

s ud=

Wd

( )( )[ ]1 1 1 2 0W mgi kui ui vi mg ku ud d d d= - Ö + = - =

2 21 1
( )

2 2

u du
u du

u
u

kudu ku kudu k du kudu

+
+ è ø
- = - =- - =-é ù

ê ú
ñ

u dud =
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9.3 Principle of virtual work

9.3.3 Use of infinitesimal displacements as virtual displacements

Å 2 point P, Q of a rigid body ̥ must satisfy the rigid body dynamics

Å It is possible to write

field of kinematically admissible virtual displacements for a rigid body

QPP Qv v rw= + ³

2. Rigid bodies

QP
QP

ddudu
r

dt dt dt

y
= + ³

QPP Qdu du d ry= + ³

QPP Qu u rd d dy= + ³

(9.14)
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9.3 Principle of virtual work

9.3.3 Use of infinitesimal displacements as virtual displacements

Å : vector quantity, but finite rotations are scalar quantity.

Å Virtual displacements of infinitesimal magnitude greatly simplifies the treatment.

: virtual fictitious displacement, leave the forces unchanged, allowed to violate
the kinematic constraints

: real, infinitesimal displacement, no requirement for forces, cannot violate the
kinematic constraints.

d

d

dy
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9.3 Principle of virtual work

9.3.4 PVW for a system of particles

1,

N

ii ij i

j j i

W F f ud d
= ¸

å õ
= + Öæ ö
ç ÷
ä

ü For a particle   , i

Å Sum of virtual work : All particles must also vanish.
A system of particles is in static equilibrium if and only if

for all virtual displacements,       ,

1 1,

0
N N

ii ij i

i j j i

W F f ud d
= = ¸

è øå õ
= + Ö =é ùæ ö
é ùç ÷ê ú
ä ä

iud 1,2,3, ,i N= ÖÖÖ

Å 3N scalar eqn.s for a system of N particles ̥ 3N D.O.F.ôs

(9.15)

(9.16)
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9.3 Principle of virtual work

9.3.4 PVW for a system of particles

ü Internal and external virtual work

Å Internal forces : act and reacted within the system
Å External forces : act on the system but reacted outside the system

1 1,

N N

I ij ij

i j j i

W f ud d
= = ¸

å õ
= Öæ ö
ç ÷
ä ä

1

N

iE ij

i

W F ud d
=

= Öä

0E IW W Wd d d= + =

Eq. (9.16) becomes

(9.17)

(9.18)
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9.3 Principle of virtual work

9.3.4 PVW for a system of particles

ü Principle 4 (Principle of virtual work)

Å Eulerôs law
virtual displacement of a particle 

0E IW W W= + =

A system of particles is in static equilibrium if the sum of the virtual work done by 
the internal and external forces vanishes for all arbitrary virtual displacements.

Actual displacements : 

i

ii ou u rd d dy= + ³

: virtual translation of a rigid body

: virtual rotation ̥ 6 independent virtual quantities, far few than 3N

oud

dy

(9.19)

(9.20)
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9.3 Principle of virtual work

9.3.4 PVW for a system of particles

( )

( ) ( )

1 1,

N N

i ioij
i j j i

i i i io oij ij
i i j i i j

i i i io o ij ij
i i j i i j

i i io

i i

W F f u r

F u f u F r f r

u F u f r F r f

u F r F

d d dy

d d dy dy

d d dy dy

d dy

= = ¸

è øå õ
= + Ö + ³é ùæ ö

é ùç ÷ê ú

å õå õ
= Ö + Ö + Ö ³ + Ö ³æ öæ ö
ç ÷ ç ÷

å õ å õå õ å õ
= Ö + Ö + Ö ³ + Ö ³æ ö æ öæ ö æ ö

ç ÷ ç ÷ç ÷ ç ÷

å õ
= Ö + Ö ³æ ö

ç ÷

ä ä

ä ää ä ää

ä ää ä ää

ä
å õ
æ ö
ç ÷
ä

Necessary but not sufficient condition for static equilibrium.

0 0

0 0
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9.4 Principle of virtual work applied to 
mechanical systems

Å Kinematically admissible virtual displacement field (3 -dimensional)

Å 2 vector eqn.s

or 6 scalar eqn.s

Å 2-dimensional or planar mechanism,                                   becomes

ü Rigid body

ii Ou u rd d dy= + ³

1

0
N

i

i

F
=

=ä
1 1

0
N N

i i i

i i

r F M
= =

³ = =ä ä

ii Ou u rd d dy= + ³

3 ii Ou u i rd d df= + ³

3idy df=

(9.21)

23



Active Aeroelasticity and Rotorcraft Lab., Seoul National University

9.4 Principle of virtual work applied to 
mechanical systems

0H =

Example 9.7
Consider the simple lever subjected to two vertical end forces,       and        acting at
distance a and b, respectively, from the fulcrum.

- Classical eqn. of statics by free body diagram

a bV F F= +

aF bF

cos ( ) cosbaV a b Ff f= +

a baF bF=
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9.4 Principle of virtual work applied to 
mechanical systems

Example 9.7
- Principle of virtual work ( kinematically admissible virtual displacement)

kinematically admissible virtual displacement field at A

kinematically admissible virtual displacement field at B

virtual work

- Principle of virtual work ( kinematically violating virtual displacement)
kinematically violating virtual displacement field at A

kinematically violating virtual displacement field at B

25

2 2( ) ( ) [ cos cos ]E a A b B a bW F i u F i u aF bFd d d df f f= - Ö + - Ö = -

( )3 1 2sin cosOAAu i r a i id df f f df= ³ = -

( )3 1 2sin cosOBBu i r b i id df f f df= ³ = - +

( )1 21 1 2 2 sin cosA Ou u i u i u a i id d d d f f df= + = + -

( )1 21 1 2 2 sin cosB Ou u i u i u b i id d d d f f df= + = + - +
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2 2 1 2

1 2

( ) ( ) ( )

[ ] [ ] [ cos cos ]

E a A b B O

a b a b

W F i u F i u Hi V i u

u H u V F F aF bF

d d d d

d d df f f

= - Ö + - Ö + + Ö

= + - - + -

9.4 Principle of virtual work applied to 
mechanical systems

Example 9.7
- Principle of virtual work ( kinematically violating virtual displacement )

virtual work

The virtual work done by the reaction forces at the fulcrum does not vanish.
Thus they must be included in the formulation.
Three bracketed terms must vanish, leading to the three equilibrium eqns
identical to those obtained by Newtonian approach

- Equivalence of PVW and Newtonôs first law

- Kinematically admissible virtual displacement field automatically eliminates the
reaction forces when using PVW.
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9.4 Principle of virtual work applied to 
mechanical systems

1 2 3( , , , , )Nu u q q q q= ÖÖÖ

9.4.1 Generalized coordinates and forces

ü Not convenient to work with Cartesian coord . in many cases

Å Will be represented in terms of N ñgeneralized coord.ò

Å Virtual displacement

Å Virtual work done by a force 

Å Generalized force

1 2 3

1 2 3

N

N

u u u u
u q q q q

q q q q
d d d d d

µ µ µ µ
= + + +ÖÖÖ+
µ µ µ µ

F

1 2 3

1 2 3

N

N

u u u u
W F u F q F q F q F q

q q q q
d d d d d d

å õ å õå õ å õµ µ µ µ
= Ö = Ö + Ö + Ö +ÖÖÖ+ Öæ ö æ öæ ö æ ö

µ µ µ µç ÷ ç ÷ç ÷ ç ÷

i

i

u
Q F

q

µ
= Ö

µ
(9.22)
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9.4 Principle of virtual work applied to 
mechanical systems

9.4.1 Generalized coordinates and forces

Å Then,

virtual work = generalized forces X generalized virtual displacements

Å Externally applied load or internal force

Å PVW eqn.

Å If arbitrary virtual displacements, reaction forces must be included in        .

Å If kinematically admissible displacements, reaction forces are eliminated.

1 1 2 2 3 3

1

N

N N i i

i

W Q q Q q Q q Q q Q qd d d d d d
=

= + + +ÖÖÖ+ =ä

1

N
I

I i i

i

W Q qd d
=

=ä
1

N
E

E i i

i

W Q qd d
=

=ä

1 1 1

0
N N N

I E I E

I E i i i i i i i

i i i

W W Q q Q q Q Q qd d d d d
= = =

è ø+ = + + =ê úä ä ä

0I E

i iQ Q+ = 1,2,3, ,i N= ÖÖÖ

E

iQ

(9.23)

(9.24)

(9.25)
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9.5 Principle of virtual work applied to 
truss structures

9.5.1 Truss structures

ü Truss : like simple rectilinear spring of stiffness constant

bar slenderness = 100

/k EA L=

ü Elongation : displacement equations

displacement

e : elongation

, and       small compared to the barôs length ̥ can be linearized.

1 21 2i iD=D +D

2 2 2

1 1 2 2( ) ( ) ( )L e L L+ = +D + +D

1D 2D

1 2

1 2 1 2cos sin
L L

e
L L

q qºD +D =D +D

Elongation is the projection of the relative displacement along the barôs direction

(9.27)
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9.5 Principle of virtual work applied to 
truss structures

ü Internal virtual work for a bar : general planar truss member

( )r r t t t r
W F u F u Fb u ud d d d d= Ö + Ö = Ö -

9.5.1 Truss structures

Virtual work done by the root and tip forces

Virtual work by the internal forces

Virtual elongation

( )r r t t t r

IW F u F u Fb u ud d d d d=- Ö - Ö =- Ö -

( )t r
e b u ud d d= Ö -

Then, 
IW F ed d=-

( )( )
( ) ( )

1 2 1 2 1 21 2 1 2

1 1 2 2

sin cos

sin cos

t t r r

t r t r

e i i u i u i u i u i

u u u u

d q q d d d d

d d q d d q

= + Ö + - -

= - + -

(9.28)

(9.29)

(9.30)
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9.5 Principle of virtual work applied to 
truss structures

ü Internal virtual work for a bar : general planar truss member

0A ADP F- =

9.5.2 Solution using Newtonôs law

5-bars planar truss
Newtonôs law ̥ equilibrium conditions at 4 joints A,B,C,D
Total 8 scalar eqn.s (method of joints)

0A ABH F+ =

sin 0B BC BDP F F q- - = cos 0AB BDF F q- - =

0BCF = 0C CDP F- =

sin 0D AD BDV F F q- - = cos 0D CD BDH F F q+ + =

(9.31)
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9.5 PVW applied to truss structures

× Eq. (9.31) 

ü 5 corresponding to equilibrium in an unconstrained direction, multiplied by 
virtual displacements ( kinematically admissible)

ü Regrouping

¸ Principle 5 (PVW)

A structure is in static equilibrium if the sum of the internal and external virtual 
work vanishes for all kinematically admissible displacements.

9.5.3  Solution using kinematically admissible
virtual displacement

[ ] [ ]

[ ] [ ] [ ]

1 1

2 1 2

sin

cos 0

A B

A AD B BC BD

B C C

BC BD BC C CD

P F u P F F u

F F u F u P F u

d q d

q d d d

- + - -

+ - - + + - =

( ) ( )
1 1 2

2 1 1 1 1 2 2sin cos 0

EW

A B C

A B C

B A B C B B C

AB AD BC BD CD

P u P u P u

F u F u F u u F u u F u

d

d d d

d d d d d q d q d

+ +

- - - - - + - =

I AB AB AD AD BC BC BD BD CD CDW F e F e F e F e F ed d d d d d=- - - - -

0E IW W Wd d d= + =

(9.32)

(9.33)

(9.35)

(9.36)
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9.5 PVW applied to truss structures

× Eq. (9.31)

ü 8 equilibrium multiplied by a virtual displacement

ü Regrouping

¸ Principle 6 (PVW)

A structure is in static equilibrium if the sum of the internal and external work 
vanishes for all virtual displacements.

9.5.4 Solution using arbitrary virtual displacements

[ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ]

1 2 1

2 1 2

1 2

sin

cos

sin cos 0

A A B

A AD A AB B BC BD

B C C

BC BD BC C CD

D D

D AD BD D CD BD

P F u H F u P F F u

F F u F u P F u

V F F u H F F u

d d q d

q d d d

q d q d

- + + + - -

+ - - + + -

+ + + + + + =

( ) ( ) ( )

( ) ( ) ( )

1 1 2 2 1 2

2 2 1 1 1 1

1 1 2 2 2 2sin cos 0

E

I

W

A B C A D D

A B C A D D

B A A D B C

AB AD BC

B D B D C D

BD CD

W

P u P u P u H u V u H u

F u u F u u F u u

F u u u u F u u

d

d

d d d d d d

d d d d d d

d d q d d q d d

+ + + + +

- - - - - -

è ø- - + - - - =
ê ú

(9.37)

(9.38)
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Example 9.13 Three -bar truss using PVW
- Simple hyperstatic truss with a single free joint
- Subjected to a vertical load P at joint O, where the three bars are pinned 

together
- Cross sectional area of the bars A , B , and C: 
- Youngôs moduli: 
- Axial stiffness of the three bars: 

- Hyperstatic system of order 1, can be solved using either the displacement or 
force method (Example 4.4, 4.6)

9.5 PVW applied to truss structures

, ,A B CA A A
, ,A B CE E E

( ) ( )

( )

( )

cos ,

,

cos

A AA A

B B

C C

k EA L EA L

k EA L

k EA L

q

q

= =

=

=

34
Three - bar truss configuration with free - body diagram
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Example 9.13 Three -bar truss using PVW
- Virtual displacement vector for point O

- Bar virtual elongation for A , B , and C, by Eq. (9.30)

- PVW: for kinematically admissible virtual displacements

- Two bracketed terms must vanish, leading to two equilibrium eqns.

9.5 PVW applied to truss structures
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Example 9.13 Three -bar truss using PVW
- PVW: for arbitrary virtual displacements

- Invoking PVW Principle 6

- All the bracketed terms must vanish.

9.5 PVW applied to truss structures
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9.6 Principle of Complementary
Virtual Work

× Fig. 9.33

Ễ   Basic equations of linear elasticity (Chap.1)

ü 3 Groups   equilibrium equations

strain -displacement relations

constitutive laws

ü Strain compatibility equations:

do not form an independent set

of equations and are not required

to solve elasticity problems

ü However, it is a over -determined problem

since 6 strain components are expressed

in terms of 3 displacement components only 

ëû
ìü
íý
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9.6 Principle of Complementary
Virtual Work

× Solution of any elasticity problem requires 3 groups of basic eqn.s
(Fig. 9.33)

ü PVW alone does not provide enough information to solve the problems

  PCVW will augment equilibrium equations and constitutive laws to derive

complete solutions, entirely equivalent to the compatibility equations
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