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9.1 Introduction

Mechanical work : Scalar product of the force by the displacement through which it
acts , dcalar quantity _ simpler to manipulate _ very attractive

Newt ondés equilibrium condition : The sum of al/l
applied loads, internal forces, and reaction forces)
must vanish

Analytical mechanics : powerful tools for complex problems

A Scalar quantities, simpler analysis procedure

A Reaction forces can often be eliminated if the work involved
vanishes.

A Systematic development of procedure for approximate
solutions (ex : finite element method)

Why still need Newtondés formulation? : to deter
of all forces acting within a structure, to
estimate failure condition

Principle of virtual work (PVW) _ Newtonbds | aw

equivalent




9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Ne wt o nsdlan : dvery object in a state of uniform motion tends to remain in that
state of motion unless an external force is applied to it

A A particle at rest tends to remain at rest unless the sum of the externally
applied force does not vanish.

A A particle is at rest if and only if the sum of the externally applied forces
vanishes.

A A particle is in static equilibrium if and only if the sum of the externally
applied forces vanishes

A A particle is in static  equilibrium it Q F =0 (9.1)
(1) The vector sum of all forces acting on a particle must be zero.

(2) The vector polygon must be closed.

(3) The component of the vector sum resolved in any coord . system must

é.E:F1EL 'in—z F"é—:a F=F & €&

vanish.




9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Ne wt o nlaw : B particle A exerts a force on particle B, particle B
simultaneously exerts on particle A a force of identical
magnitude and opposite direction.

A Two interacting particles exert on each other forces of equal magnitude,
opposite direction, and sharing a common line of action.

system consisting of N particles

Particle isubjected to an external force F. N-1

interaction forces  ,f,  j=12.. N,j,i B

Newt ontdlav 1

N
F.+ 4 i £ 2

. —l]
1=Lj ]

Fig. 9.1. A system of particles.




9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Interaction forces : for rigid body, it will ensure the body shape remain unchanged
elastic body, stress resulting from deformation planetary
system, gravitational pull

Summation of N eqns. for N particles
N N N
aE+a af 9
i=1 P2 Hi

By Newt #had,s 3

N N
A &f =0 ©3
i=1 ] & i
Then,
N
aF =0 (9.4)
i=1

E ul e rstdasv forla system of particles
necessary condition for a system of particles to be in static equilibrium but not a
sufficient condition




9.2 Equilibrium and work fundamentals

9.2.1 Static equilibrium conditions

Eul e mddlaav 2

A Taking a vector product of

N N, N,
ak+a af 9
i=1 it jH i,_“
by I, then summing over all particles

N N N
arkE +a a, B O
i=1 i2 j oy, —
then,
N N
ar*k =aMm, G (9.6)
i=1 e

A Eul e rtéamsd 21 law both necessary condition for the system of particles
to be in static equilibrium, but not a sufficient condition.




9.2 Equilibrium and work fundamentals

‘ 9.2.2 Concept of mechanical work

U Definition
A The work done by a force is the scalar product of the force by the
displacement of its point of application.

1. force, displacement, collinear : F=Fu, d=du W=Fd
+ . if the same direction / - : if the opposite direction
2. not collinear: W = Fgcosgngle between and u v

3. Perpendicular:  cosg = co% =( W=0
A fiincrement abwawpédrko : W=|"jde=:f|7F@ (9.7) tota
A F=Fe e FEe dr=dre e .die dW=F &r Rdf R Fde

A dr=dru, E=Fu v, dw=(Fu+F\ du F=i




9.2 Equilibrium and work fundamentals

‘ 9.2.2 Concept of mechanical work

A superposiion: F=F,#, dw=F &r (§ E}dr &, or FOdr +dw Odw

A Why is work a quantity of interest for the static analysis?
Concept of fAvirtual worko that would be dc
displace its point of  application by a fictitious amount.




9.3 Principle of virtual work

u PVW
A

ar bi ual di splacemento, darbitral
ar bi It di

trary
trary il ous virtual spl acement

ot

A arbitrary : Displacement can be chosen arbitrarily without any
restrictions imposed on their magnitude or orientations.

A virtual, test, fictitious : Do not affect the forces acting on the particle.




9.3 Principle of virtual work

‘ 9.3.1 PVW for a single particle

particle in static equilibrium under a set of externally
applied loads, fictitious displacement of S

virtual work done

W:%E @o: (9.8)

. i . Assume that one of the externally applied forces, ,is F;
Fl,g' e pamc,le ik Ly an elastic spring force. If for a real, arbitrary
phejd_ forces S‘?bJeCted 02 displacement, ghe spring force will change to become
fictitious test displacement. F, ', the sum of eventually applied forces,

akF' akFk.o

For a virtual or fictitious displacement, do not affect the loads applied to the particle,
it remains in static equilibrium, W = % Eol@ 0-

If W=gQ F @8 Satisfied for all arbitrary virtual displacement, then : afkE=o0
and the particle is in static equilibrium.




9.3 Principle of virtual work

‘ 9.3.1 PVW for a single particle

Principle 3 (PVW for a particle) : A particle is in static equilibrium if and only if the

Fig. 9.3. A particle under the action of two
forces.

virtual work done by the externally applied forces
vanishes for all arbitrary virtual displacement.

Example 9.1 Equilibrium of a particle

F, =1i; F,= 31 S= §_'h +§_ig

Virtual work is

W = (:I:il -3iz) (Q_l %_I'b) Jix (S_L_il @_iz) +2s O
Because the virtual work done by the externally

applied forces does not vanish for all virtual

displacement, the principle of virtual work, Principle

3, implied that the particle is not in static
equilibrium.




9.3 Principle of virtual work

: 1

i u 4kt
— @ ——»s,
s, Yv mg

Fig. 9.4. A particle suspended to an elastic
spring.

‘ 9.3.1 PVW for a single particle

Example 9.2 Equilibrium of a particle connected to an
elastic spring

Wz(mg] —kdi)('@'—i §_'!'z) [ mg K

[mg- kd s ©

But, s = not valid because, as implied by the

principle of virtual work, is &rbitrary.

In conclusion, the vanishing of the virtual work for all

arbitrary virtual displacement implies that mg- ku 0
and the equilibrium configuration of the system is found

as u=mgl k




9.3 Principle of virtual work

: 1

i u 4kt
— @ ——»s,
s, Yv mg

Fig. 9.4. A particle suspended to an elastic
spring.

‘ 9.3.1 PVW for a single particle

Consider the work done by the elastic force, - kui;, @i
under a virtual displacement, , §

W=f" 4udu =ka fdu  &p4i* ke (9.9)

It is possible to remove the elastic force, , fronku
the integral because this force remains unchanged by
the virtual displacement, and hence, it can be treated
as a constant.

In contrast, the work done by the same elastic force
under a real displacement, , isd

u+d
K2 kd E.d- (9.10)

H g

In this case, the real work includes an additional term
that is quadratic in  awld represents the work done by
the change in force that develops due to the stretching
of the spring.

W = I'T] Kkudu

(DeDp (D
N




9.3 Principle of virtual work

‘ 9.3.1 PVW for a single particle

Example 9.3 Equilibrium of a particle sliding on a
track

mgi- Ri Pk Fiz O
7, B (mg- Ri P Pk O

Finallyy, R=mg F=P

Fig. 9.5. A particle sliding on a track.

Next, by PVW,

W=(mgi -Ri Pb Fb) (siO sb+[mg=Rs[-P JFs0 (911




9.3 Principle of virtual work

‘ 9.3.2 Kinematically admissible virtual displacement

U Aarbitrary virtual displacementso : including
constraints of the problem

A fkinematically i nadmi ssi ble directiono,Sidinfeasibl e
track example y S= S bk kinematically admissible
A Reaction forces acts along the kinematically inadmissible direction

U Modi fied version of PVW : fda particle is in s
virtual work done by the externally applied forces
vanishes for all arbitrary kinematically admissible
virtual displacementso

A Constraint (reaction) forces are automatically eliminated.
A Fewer number of equations




9.3 Principle of virtual work

‘ 9.3.3 Use of infinitesimal displacements as virtual displacements

A Special notation commonly used to denote virtual displacements
s=du

Virtual work done by a force undergoing virtual displacement . d aw
A Convenient to use virtual displacements of infinitesimal magnitude
dOften simplifies algebraic developments

1. Displacement dependent force . automatically remain unaltered

Ex 9.6 Consider a particle connected to an elastic spring. This is the same
problem treated in Ex 9.2

spring aw =(md'1 -klji) ((H]l \:fé) [ mg kij %0
force?
kull—= ; adu=du
| dW =ku du
u+du

- s fj - kudu




9.3 Principle of virtual work

‘ 9.3.3 Use of infinitesimal displacements as virtual displacements

2. Rigid bodies
A 2 point P, Q of a rigid body . must satisfy the rigid body dynamics
Ve =Vy W By
dUP _ dl_"lQ +dl 8
dt dt dt ¥
du, = dy, +1 Fop (9.14)

A ltis possible to write

field of kinematically admissible virtual displacements for a rigid body




9.3 Principle of virtual work

‘ 9.3.3 Use of infinitesimal displacements as virtual displacements

d : virtual fictitious displacement, leave the forces unchanged, allowed to violate
the kinematic constraints

d : real, infinitesimal displacement, no requirement for forces, cannot violate the
kinematic constraints.

A d V. vector quantity, but finite rotations are scalar quantity.

A Virtual displacements of infinitesimal magnitude greatly simplifies the treatment.




9.3 Principle of virtual work

9.3.4 PVW for a system of particles

i For a particle I

awzgéfi +8 fij 8@ (9.15)
C j=Lj i =

A Sum of virtual work : All particles must also vanish.
A system of particles is in static equilibrium if and only if

N €3 N 5. O
N=aé&ed +af o8 g0  ©19
izlg; j&ji. = g
for all virtual displacements, QU 1=1,2,3, OND

A 3N scalar eqgn.s for a system of N particles . 3N D. O. F. 06s




9.3 Principle of virtual work

9.3.4 PVW for a system of particles

U Internal and external virtual work

A Internal forces : act and reacted within the system
A External forces: acton the system but reacted outside the system

N
AN, =g F @ij
i=1
v a 5 (9.17)
=1Cj 2 i, o

EqQ. (9.16) becomes

adW\N = Mé +W & (9.18)




9.3 Principle of virtual work

9.3.4 PVW for a system of particles

U Principle 4 (Principle of virtual work)

A system of particles is in static equilibrium if the sum of the virtual work done by
the internal and external forces vanishes for all arbitrary virtual displacements.

Actual displacements: ~ W =W AN & (9.19)

A Eulerds | aw _
virtual displacement of a particle I

au = d +_df} (9.20)

o’go : virtual translation of a rigid body

d Y : virtual rotation

6 independent virtual quantities, far few than 3N




9.3 Principle of virtual work

9.3.4 PVW for a system of particles

N €3 N g ..
W=aé&f + a f 3@0
|=1g; i, =
a.. 6. a. .. 0 .
el Fogb, =8 d, odf
i - (;i j -

I
IQ

(@]

[T
-O: O

1
&
Lg_ .
100N |-O:
Y
\Ogmo
|

OQ
- &): B Y
m\,
-0 O O: 0o

Necessary but not sufficient condition for static equilibrium.

Active



9.4 Principle of virtual work applied to

mechanical systems

U Rigid body
au = o, + dy
A Kinematically admissible virtual displacement field (3 -dimensional)
A 2vector eqgn.s
N N N
aF =0 ar*kE =aM;, &
i=1 i=1 I
or 6 scalar egn.s
A 2-dimensional or planar mechanism, au. = d, tecahdd

au = d, + @8 e




9.4 Principle of virtual work applied to

mechanical systems

Example 9.7
Consider the simple lever subjected to two vertical end forces, and Faacting an
distance a and b, respectively, from the fulcrum.

Fig. 9.9. Simple lever acted upon by two vertical end forces.

- Classical eqn. of statics by free body diagram
H=0
V=F +H

aVvcosf = (a )k cosi
aF, = bk




9.4 Principle of virtual work applied to

mechanical systems

Example 9.7
- Principle of virtual work ( kinematically admissible virtual  displacement)
kinematically admissible virtual displacement field at A

du, = dif ¥, a:(sin i, fcos fz) f

kinematically admissible virtual displacement field at B
us = dif ¥oy B{ sin iy Fcosiz) £

virtual work
AN.=( Fi.) &, ( Fi) ug O [aFfos bFfcos-

- Principle of virtual work ( kinematically violating virtual displacement)
kinematically violating virtual displacement field at A

au, = di +ud, =ud a(lsin i fos _iz) f

kinematically violating virtual displacement field at B

duy = df +ud, =u.d brsin- i fostz)




9.4 Principle of virtual work applied to

mechanical systems

Example 9.7
- Principle of virtual work ( kinematically violating virtual displacement )

virtual work
M. =(-FRiz) 8, (Fi) ug QHi Vi) uy
=du[H] +adfV F F [#aFcos  bReos ]

The virtual work done by the reaction forces at the fulcrum does not vanish.

Thus they must be included in the formulation.

Three bracketed terms must vanish, leading to the three equilibrium eqns
identical to those obtained by Newtonian approach

- EqQquivalence of PVW and Newtonds first | aw

- Kinematically admissible virtual displacement field automatically eliminates the
reaction forces when using PVW.,




9.4 Principle of virtual work applied to
mechanical systems

9.4.1 Generalized coordinates and forces

U Not convenient to work with Cartesian coord . in many cases

A Will be represented in tceardn®d of N fdgeneral.i

u=u(q, g, g, Q QX

A Virtual displacement

dg——qu—owh cgd+e=‘¢>“cau

Ol
A Virtual work done by a force F
. u.o a . 04 0o . a Ul .C
w=F a 3 Moly Fx! afar ¥l milbE
¢ H&h =+ ¢ M S ¢ K =

A Generalized force u
Q=F &




9.4 Principle of virtual work applied to
mechanical systems

9.4.1 Generalized coordinates and forces

A Then, N
W=Qd «Q g Q qf + ROPHL Q ¢ 6

virtual work = generalized forces X generalized virtual displacements

A Externally applied load or internal force
N N
WN=3Qd4 WN=3Q 4 (9.24)
i=1 i=1
A PVW eqn.

MWW AQ W AT RQ @ gaa

Q+Q@ I i=1,2,3, ONO (9.25)

A If arbitrary virtual displacements, reaction forces must be included in : QiE

A If kinematically admissible displacements, reaction forces are eliminated.




9.5 Principle of virtual work applied to

truss structures

U Truss : like simple rectilinear spring of stiffness constant k=EA/ L

bar slenderness = 100

Actual Truss Idealized Truss

Fig. 9.28. Planar truss and its idealization as an assembly of rectilinear springs.

9.5.1 Truss structures

U Elongation : displacement equations

displacement D = 1|:.Q 'Ei_2|
e :elongaton (L+e)® L +)D (L )3

D, an¥ smal | compa, eahbdlinearizdde &

Fig. 9.29. Single bar of a planar truss. e fo) p LLl +2 % 1@0@ , S.Hn t‘ (9 27)

El ongation is the projection of the relative




9.5 Principle of virtual work applied to
truss structures

9.5.1 Truss structures

U Internal virtual work for a bar : general planar truss member

Virtual work done by the root and tip forces

oN=F G B ub Fbf Gd01)

Virtual work by the internal forces

av = F @ F- wo F_b% ud _@).(9.28)

Virtual elongation

de=b @)gﬁ -_@
Then, dWN = + & (9.29)

a’e:(sin G +cos igj (("led Wid uld:d urziz)
=(au} - of)sin g+u,d d)dos g

Fig. 9.30. Bar displacements and forces.

(9.30)




9.5 Principle of virtual work applied to
truss structures

9. 5. 2

Solution using New

U Internal virtual work for a bar : general planar truss member
l)R C P >iz 5-bars planar truss

;&A%:»Fm

Fig. 9.31. Configuration of

C Newt on 6s etudibtium conditions at 4 joints A,B,C,D

F(«.)‘—I‘—,{ Total 8 scalar eqn.s (method of joints)
F

A 0
E> 'P‘,\F’\D P, lB J

n
B(

: P-F, ® H,+F, D

BD B(

F\:%B P-F. -Fysing & -Fy Fgpcosg €
l)

B

(9.31)
the 5-bar truss. FBC = O PC B FCD 8y

V,-F, -Fxsing &  Hp+F, +gcosg €




9.5 PVW applied to truss structures

‘ 9.5.3 Solution using kinematically admissible
virtual displacement

x EQ. (9.31)

U 5 corresponding to equilibrium in an unconstrained direction, multiplied by
virtual displacements ( kinematically admissible)

[P.- Folau® 1R R FRpsin § &
+[ Foe Fepcosg] o [Feg] W [P+ Ry Wd C(9.32)
U Regrouping
aw,

P +R of +R &
'FABduzB -Fao dlA FBC( Lﬁ Ulcé/ FB'D( UlBSlih @46037') FCunZC ((9.33)

.

e

0VV| = 'FAB dAB FAD @D I:BC eBQI FBTD eBDd I:CD' & (9:35)
aWN = Mé +W & (9.36)

Principle 5 (PVW)

A structure is in static equilibrium if the sum of the internal and external virtual
work vanishes for all  kinematically admissible displacements.




9.5 PVW appliedto truss structures

‘ 9.5.4 Solution using arbitrary virtual displacements

x Eqg. (9.31)
U 8 equilibrium multiplied by a virtual displacement

[PA' FAD]dulA -[HA I"_'AB] d’? [F'}_% FBE: FBDSin ]qud
+[ 'FBC FBDCOSq] df [F"Bc] Lﬁ [Pé" FCD]' ugd
+[Vy o Fopsing] o [H, Fg Fptos|gwd C  (9.37)

U Regrouping
aw

PAC+R o R & H, o\ Gah § d
'FAB(dUE 'dzA) FAD( Lﬁ UlDL)I FBE:( L!LBd Lf') d
oo o} - a)sin qfr 50 )dos gRp( & ab) @ (939

J/

aw,

Principle 6 (PVW)

A structure is in static equilibrium if the sum of the internal and external work
vanishes for all virtual displacements.




9.5 PVW applied to truss structures

Example 9.13 Three -bar truss using PVW

Simple hyperstatic truss with a single free joint

Subjected to a vertical load P atjoint O, where the three bars are pinned
together

Cross sectional area of the bars A, B,and C: Am AB’ At

chi)alussz?\ezssof tgﬁééﬁ'b;rjs:Ec kA = ( EA)A / |jA :( E,A)Acosq / L,
kB = ( EA)B/ L’

ke =(EA)  cosg/ L

Hyperstatic system of order 1, can be solved using either the displacement or

force method (Example 4.4, 4.6)
Vi om aBla, Vel B
Al B C
L
gy ARRY A

Free body
diagrams




9.5 PVW applied to truss structures

Example 9.13 Three -bar truss using PVW
Virtual displacement vector for point O

au= di +ud,
Bar virtual elongation for A, B,and C, by Eqg. (9.30)
de, = @ cos & udain
ag; = d,
de. = @cos g udain

- PVW: for kinematically admissible virtual displacements
aw = A\ + W
=Pdu, -F,( dicos g+udin) & u &{ uco® u-gin)
= {F.cosg F, Fzcosg P|-w sin[ FJ] w, d0 =
Two bracketed terms must vanish, leading to two equilibrium egns.

F.cosg+F;, +.cosqg B F, F¢

Active Aeroelasticit and Rotorcraft Lab.



9.5 PVW applied to truss structures

Example 9.13 Three -bar truss using PVW
PVW: for arbitrary virtual displacements

M=V, o H, & ¥ Jdd H ¢ dV+y dd+y BB
oW, = -F (cos ¢ sinTg Tuld uf)d ( u} dup)i

- R, ‘gouf -dlB)I (t@ uc)’_ 2

- F. (cosgi, -sin &) gu{? uc)’l ( uS o ‘Z’)Tg’ﬁf

Invoking PVW Principle 6

[V.+F.cosg| o {H, F,sin|qud % F} £ qdHE &
+[Ve #Fccosg] e [He Feosin |gud

+[P -F,cosg F, Fzcos§ ud [F#sin & sin] § do

- All the bracketed terms must vanish.

Active



9.6 Principle of Complementary

Virtual Work

x  Fig. 9.33

3

E Basic equations of linear elasticity (Chap.1)

(] ilibri i Physics d
u 3 Groups quunlprlum equations | g e N?:,x:, : ,,:;:‘:‘,c,:, B —
| strain -displacement relations origin ‘
o 4
constitutive laws |
A 4 4
) o ] Equations | Equilibrium Constitutive dls;)slzl;“el;-ent.
U Strain compatibility equations: of elasticity | _equations Lo compatibility
. y'y X
do not form an independent set
. . \ 4 \ 4
of equations and are not required L — Principle of
P A work 1 complementary
to solve elasticity problems principles | virtual work ot
u However |t iS a over _ determ | ned pr0b|em Fig. 9.33. Relationship between the equations of elasticity and virtual work principles.

since 6 strain components are expressed
in terms of 3 displacement components only




9.6 Principle of Complementary

Virtual Work

X Solution of any elasticity problem requires 3 groups of basic eqn.s
(Fig. 9.33)

U PVW alone does not provide enough information to solve the problems
PCVW will augment equilibrium equations and constitutive laws to derive
complete solutions, entirely equivalent to the compatibility equations




