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Sinusoidal Sources

Sinusoidal function

v(t) = Asin(wt) V

v(?)
Sinusoid is periodic function ne t
having period of T.
v(it+T) = v(t)
Frequency f and angular 4

frequency w is defined as below

f=r Ha =25 =" [rad/s
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What Is Phase?

= Consider the effect of replacing t by t + t, where t, is some arbitrary time.

= We have
v(t +t,) = Asin(w(t + t,)) = Asin(wt + wt,) = Asin(wt +60) V
2 t
h 0=wt,=—t, =27 —
where @ T Tt T [rad]

0 is called the phase angle of the sinusoid A sin(wt + 8).

vt+1,) v (1)
Eavoa

FIGURE 10.2-3

2ep5*,  Department of Electrical and Computer Engineering, SNU
W& Prof. SungJune Kim




Example 10.2-1 Phase Shift and Delay

» Consider the sinusoids
v1(t) = 10 cos(200t + 45°) V and v,(t) = 8 sin(200t + 15°) V
Determine the time by which v, (t) is advanced or delayed with respect to v (t).
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Solution (1/2)

v1(t) and v,(t) have the same frequency but different amplitudes
Therefore, period of both sinusoids are given by

200 i T - 0.0314159 = 31.4159
= — = = — = . = .
T 100 e

To compare the phase angle of v4(t) and v, (t), represent v, (t) as
v, (t) = 8 sin(200t + 15°) = 8 cos(200t — 75°) V
Then difference of phase angles of v (t) and v,(t) 1s given by
21
0, — 0, =—75°—45°=—-120° = —3 [rad]

The minus sign indicates a delay rather than an advance. Convert this angle to time.

Lg (0, —0)T
— 0, =2m— t; = = —10.47
0, 1 T T = g = ms

Finally, v,(t) is delayed by about 10.5 ms with respect to v4(t)
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Solution (2/2)

Also MATLAB plot shows.

10 T I - \ T | | Cal
/ /
LY
vz(t) V4 /
5L
>
g
g Or
[=)
>
5L
\
\ / \ /
-10 1~ 7 1 1 L~ 7 1
0 10 20 30 40 50 60
Time, ms
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Example 10.2-2 Graphical and Analytic Representation of Sinusoids

= Determine the analytic representations of the sinusoidal volatges v (t) and
v, (t) shown in Figure 10.2-5
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Solution

v1(t) and v,(t) have the same amplitude and period :

2T

2=30 > A=15VandT=0.2s = w=ﬁ=10nrad/s

Because v4(t1) and v,(t;) = 10.6066 V att; = 0.15 s, and v(t) is increasing,
phase angle 6, 1s calculated as

v4(E
0, = —cos! ( 1; 1)) — wt; = —5.498 rad = —315° = 45°

Then v (t) 1s represented as
v1(t) = 15 cos(10mt + 45°) V

Because v, (t) is decreasing at time t, the phase angle 8, of v, (t) is calculated as

v, (t
0, = cos™! ( Z; 1)) — wt; = —3.927 rad = —225° = 135°

Then v, (t) 1s represented as
v,(t) = 15 cos(10mt + 135°) V
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Another Representation : Phasor

Characteristics of sinusoids with same period are determined by the
amplitude and phase angle.

A phasor is a complex number that is used to represent the amplitude
and phase angle of a sinusoid. The relationship between the sinusoid
and the phasor iIs described by

Acos(wt+0) A@
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Exponential Form of Phasor

Exponential form of phasor
AsL6 = Ae(@t+0)

From Euler’s formular,

Ael(@t+9) = A cos(wt + 0) + j A sin(wt + )
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Example 10.3-1 Phasor and Sinusoids

= Determine the phasors corresponding to the sinusoids

i,(£) = 120 cos(400¢t + 60°) mA and i, (t) = 100 sin(400t — 75°) mA
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Solution

Using the relationship between the sinusoid and the phasor, we have

I, (w) = 120260° mA

For i,, we have to express this using the cosine instead of sine
i,(t) =100 sin(400t — 75°) = 100 cos (400t — 165°) mA
Then, we have

I,(w) = 1002 — 165°mA
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Polar and Rectangular Forms of Phasor

Since phasor is a complex number, it
Indicates a point on complex plane as
we can see in figure 10.3-1.

Figure 10.3-1 (a) and (b) are showing
same phasor in polar and rectangular
forms respectively.

From figure 10.3-1 (a), we have

A=|V|and 0 = Q
And comparing this with (b), we have

a = Re{V} and b = Im{V}
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FIGURE 10.3-1



How to Convert Form?

= Since polar and rectangular forms indicate
same point,

V=As0=a+jb

= From figure 10.3-1, we can find

a=Acos(0), b=Asin(0), A= Va2 +b?

tan~! (é> a>0
6 = i

180° — tan™! (b) a<0
—a

Imaginary axis

v=A/0
A
0 0 Real axis
0
(a)
Imaginary axis
;] S eV=a+jb
|
|
|
|
0 |
| Real axis
0 a

FIGURE 10.3-1
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Example 10.3-2 Rectangular and Polar Forms of Phasors

= Consider the phasors
V, = 4.252115° and V, = —4 + j3
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Solution

Using conversion equation

V, = Re{Vy} + jIm{V,} = 4.25 cos(115°) + j4.25sin(115°) = —1.796 + j3.852

3
Vo] = |-4+j3| =/(-4)2+32=5 £V, =180°—tan™" (_(_4)) = 143°

Therefore,

V, = —1.796 + j3.852 and V, = 52143°
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Arithmetic Operations

= Let’s consider doing arithmetic with two arbitrary phasors, V; and V,, each
represented in both rectangular and polar forms.

Vi=a+jb=E£O andV, =c+jd = Fse
= Then, phasors are added and subtracted using the rectangular forms of the
Phasors v, +V, = (a+jb)+ (c+jd) = (a+c)+j(b+d)
Vi-Va=(a+jb)—(c+jd)=(a—c)+j(b—d)
= On the other hands, phasors are multiplied and divided using the polar
forms of the phasors

V]'sz(E@)(FL) (0 + ¢) and zz AL A&

= And, the conjugate form of the phasor V; 1s denoted as V1 and defined as
Vi*=(a+jb) =a—jb

_ (E@)* —E/—0
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Example 10.3-3 Arithmetic Using Phasors

= Consider the phasors

V, = —1.796 + j3.852 = 4.252115° and V, = —4 + j3 = 52143°
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Solution

Using rectangular forms of V; and V,,

V, -V, = (—1.796 + j3.852) + (—4 + j3) = —5.796 + j6.852

Then, with polar forms,
V, -V, =(4.252£115°)(54£143°) = (4.25)(5)2£(115° + 143°)
= 21.254258° = 21.254 — 102°

V;  4.252115° 4.25
V, 52143° 5

£(115° — 143°) = 0.852 — 28°
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Euler’s Formula

As we learned at engineering mathematics,
cos @ +jsing =el?
Consequently, Azp = Acos @ +j Asing = Ael?

AeJ? is called the exponential form of a phasor.
The conversion between the polar and exponential forms 1s immediate.

Next, consider
A el@t0) = A cos (wt + 0) + j A sin(wt + 6)

Taking the real part of both sides gives,
A cos (wt + 0) = Re{A e/ @t} = Re{A e/%/¥t)
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Kirchhoff’s Law for AC Circuits

Then, consider a sinusoid and corresponding phasor,
v(t) = A cos (wt+6) and V(w) = A26 = Ae’?

Therefore, v(t) = Re{ V(w)e/®t}
Then consider a KVL from an ac circuit, for example,

0= Z v;(t) = Z Re{V;(w)e/®t} = Re {ej“’t Z V; (a))}

This is required to be true for all values of time t. Let t = 0 and /2.

0 = Re {Z Vi(a))} and 0 =Re {—jZVi(a))} =Im {Z V; (a))}

Therefore, 0 = 2 V()
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Example 10.3-4 Kirchhoff’s Laws for AC Circuits

= The input to the circuit shown in Figure 10.3-3 1s the voltage source voltage,

v.(t) = 25c0s(100t + 15°) V

ve(t) = 25c0s(100t — 22°) V

+ vpl(t) —
—AM—

R=300 Q N
Ci) Vs(f) C=25 ﬂF po— Vc(t)
(1) -

e

FIGURE 10.3-3
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Solution

Apply KVL,
vR(t) = vs(t) — v (t) = 25 cos(100t + 15°) — 20cos(100t — 22°)
Writing this equation using phasor, we have

Vi(w) = Vi(w) — Ve (w) = 252£15° — 202 — 22°
= (24.15 + j6.47) — (18.54 — j7.49)

. + vR(t) _
= 5.61+j13.96
— 15268.1° V 27000 .
Ci) Vs(f) C=25 yF =< vc(t)
VR((U) = 15468.1°V o vR(t) = 15 COS(lOOt + 6810) 174 jﬁ) —
FIGURE 10.3-3
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What Is Impedance?

Figure 10.4-1 (a) represents time domain and (b)
represents frequency domain

Figure 10.4-1(a) shows an element of an ac
circuit. We can write

v(t) =V, cos(wt + 0) and i(t) = I,cos(wt + @) T+ Lo+
v (t) V(o)
The corresponding phasors are i | T - ()| T -
V(w) =V,40 and I(w) = I,,4¢ (@) ®)
Then, the impedance is denoted as Z(w) so FIGURE 10.41

V(w V.20 V,

W _Im2% _Im 0 - ) [9]
(w)  In,ze I,
Ohm’s law for ac circuits satisfy

V(w) =Z(w)l(w)

Z(w) =
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cf ) Admittance

For dc circuits, we used inverse of the resistance
as the conductance of an element.

Of course, there 1s the ac version of the
conductance, which 1s called admittance.

Consider same element with previous slide T+ T+
v(t) =V, cos(wt + 6) and i(t) = I,,,cos(wt + @) Vi) V(o)
The correspondmg phasors are i | I - 1)} I -
V(w) =V,40 and I(w) = I, L(go ) (@) )

Then, the admittance is denoted as Y(w) so _

o (@) Inig Iy s FIGURE 10.4~1
Obviously, the admittance is inversion of the Y(w) = 1
impedance Z(w)
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Impedance of Capacitor

Figure 10.4-2 shows an capacitor of an ac circuit. For v.(t) = Acos(wt + 9)

as we studied at chapter 7,
d
i.(t) = —vc(t) = —wCAsin(wt + 0)) = wCAcos(wt + 6 + 90°)

The corresponding phasors are
(W) =As20 and I (w) = wCAL(O +90°) = (wC2£90°)(AL8) = jwCALO

Therefore, ? . | .
V-(w Az6 1 0 Vc® oe T Y@
Zo(w) = ) = - T mET
Ic(w) JjwCA20 jwC i | L)
O ‘ o
(a) (D)
FIGURE 10.4-2
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Impedance of Inductor

Figure 10.4-3 shows an inductor of an ac circuit. For i; (t) = Acos(wt + 6),
as we studied at chapter 7,

d
v (t) = LE i;(t) = —wLAsin(wt + 0)) = wLAcos(wt + 8 + 90°)

The corresponding phasors are

I, (w)=As0 and V; (w) = wLA2(6 + 90°) = (wL£90°)(AL60) = jwLALO

Therefore, - +

\'"/} (a)) JwLA20O ) L v, (1) joL V, ()
= = jwL ‘

ZL(w):IL(OJ)_ A6 AT

L[ -
(a) (b)
FIGURE 10.4-3
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Impedance of Elements

Resistor Capacitor Inductor
R vr(®) R Vi(®@) C I “'z(f) j(i)_c I ;c(‘“) L vz&) joL \j,_(rn)
Element w0 )| @] | i 1I : lc(aﬂll\ B ACR L@l -
(a) (b) (@) (b) (a) (b)
FIGURE 10.4-4 | FIGURE 10.4-2 FIGURE 10.4-3
Impedance 1 .
[2] " joC Jok

CHART 10.4-1
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Example 10.4-1 Impedances

= The input to the ac circuit shown in Figure 10.4-5 is the source voltage

ve(t) = 12c0s(1000t + 15°) V

Determine (a) the impedances of the capacitor, inductor, and resistance and

(b) the current i(t)

it}

(0

30Q
NV
+ vp() — i
i) 65mH < V(1)
40 uF =
|1
I
- vo(®) +

FIGURE 10.4-5
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Solution

(a) input frequency is w = 1000 rad/s. From the chart 10.4-1, impedances of each
clements are

Zp(w)=30Q, Z;(w) =jwL =j650Q, and Z;(w) = = —j250Q

(b) applying KVL using phasor,
Vs(w) = Ve(w) + V() + Ve (w) = I(w) * Zp(w)H(w) - Z (w)H(w) - Z¢(w)

= () - {Zg(w) + Z, (w) + Z¢(w)} 300

NV
122£15° = I(w) - {BOLOO + 65490° + 2524 — 90° i(l‘)T + ve(f) — a

= I(w) - 50£53.13° v (1) C) 65mH 2 v, (1)
12£15° . 40 yF _
I(w) = c0,53.13° 0.24« — 38.13
- vo(®) +
i(t) = 0.24cos(1000t — 38.13°) FIGURE 10.4-5
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Example 10.4-2 AC Circuits in the Frequency Domain

= The input to the ac circuit shown in Figure 10.4-7 is the source voltage

vs(t) = 48 cos(500t + 75°) V

Determine the voltage v(t).

10 mH l_(Q
o
4
vg(?) 25 HF == ¥(1) 80 Q
&
FIGURE 10.4-7
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Solution (1/2)

The input frequency is w = 500 rad/s. From the chart 10.4-1, impedances of each
clements are
1

Zp(w)=80Q, Z;(w) =jwL=j5Q,and Z,(w) = ot = —j80 Q

Figure 10.4-8 represents same circuit in frequency domain. By applying Ohm’s law to
each of the impedances,

V. (w) =I(w)-52£90° and V(w) =I.(w) -804 —90° =Iz(w)-802£0°
By applying KCL at node a, we have

500 o) @)
_ YN
I((,()) — IC (CU) + IR ((1)) + Vi (0) — N l Iz (o)
48275° - V(w) V(w) N V(w) (i) 48/75° V. —j80Q == V(o) § 80 Q)
5£90° - 802—90°  8020° (@ | _

FIGURE 10.4-8
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Solution (2/2)

From the equation, we have

48275° _ { 11 1 }
5290° (@) 5490° 804 —90° 8040°
1 1 -16j+j+1 1-—j15
= 9.6£15° = V(w){— — V(o) - _ v
(@) {15 T s0 " 80} (@) 80 80 (@)
= V(w) =80 201" s11s1012°
“ 1-j15 S ' 500 o) @
Y
Therefore, + V(o) — N lIR(m)
v(t) = 51.1cos(500t +101.2°) V C) 48/75° V. —j80Q == V(«) g 80 Q
RON -

FIGURE 10.4-8

2ep5*,  Department of Electrical and Computer Engineering, SNU
W& Prof. SungJune Kim




Example 10.4-3 AC Circuits Containing a Dependent Source

= The input to the ac circuit shown in Figure 10.4-10 is the source voltage

vs(t) = 12 cos(1000t + 45°) V

Determine the voltage v, (t).

250
A"
+
v (1) j) 950 § V(1) =100i,(r) 20uUF == v, (¢)
i) ) -
@

FIGURE 10.4-10
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Solution

The input frequency is w = 1000 rad/s. Impedance of the capacitor is,

1
VA =——=—j500
c(w) jaC J
Figure 10.4-11 represents same circuit in frequency domain. By applying Ohm’s law to
each of the impedances, we can find V, (w) from I; (w).

o

1224

T 48245°
By applying KVL at right mesh, we have V()
o __ o —
V, (w) — 251, (w) =V, (w) = 484£45° — 25 C0. —90° o(w)
= 48245° = (1+j0.5)V,(w) =V, (w) =42.92184°
Therefore, 25 O (a)
Iz(m) +
v(t) = 42.9cos(1000t +18.4°) V  i2/ss=v (%) 20 Va@)=100L(@)  —jS0Q == V,(©)
I, m)l -

FIGURE 10.4-11
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Series Impedances

Figure 10.5-1 shows two series elements connected to “Circuit A”.

We havel — 11 — 12 andv — V1 + V2 — lel + Zzlz — (Zl + Zz) I.

Therefore, Leg =11+ 1,
This generalizes to the case of n series impedances

Zeq=21+Z2+"’+Zn

| |
+ z = + +
L
Circuit A v Z, vV, Circuit A v r
- 1, l — =

(a) (b)

FIGURE 10.5-1
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Parallel Impedances

m  Figure 10.5-2 shows two parallel elements connected to “Circuit A”.

Wehave V=V, =V, andI =1, +, ==+ = (i+i) L.
1 Z; Z, 1,
= Therefore, Zog = T N T
L, 1,
= This generalizes to the case of n series impedances
1
Zeg =
1 1 1
Ztz ot
i el ]
(a) (b)
FIGURE 10.5-2
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Example 10.5-1 Analysis of AC Circuits Using Impedances

= Determine the steady state current i(t) in the RLC circuit shown 1n Figure
10.5-3a, using phasors and impedances.

R=9Q
— . VVV —
(1) | Z,
vs(H)=100cos100r V Cﬁ) C=1mF =2 V. , Z,

3

N |

L=10 mH

(a) (b)

FIGURE 10.5-3
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Solution

The input frequency is w = 100 rad/s. Let’s represent the circuit in using phasors
and impedances as shown in (b)

Z.(0) =9 Q, Z,(w) = MLC = —j10 Q, and Zs(w) = jowL = j1 Q
The input phasoir is V, =10020°
Using KVL,
Vo =1 (Z1 (w) +Z(w) +Zs (60))
=>1= >
Z)(w) +Zy(w) + Z3(w) :
100£0° 10040° | Z,
9—-j10+j1 922 —45° o Z3
= 7.862£45° A
Therefore,
(D)
i(t) = 7.86cos(100t + 45°) A FIGURE 10.5-3(b)
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Example 10.5-2 Voltage Division Using Impedances

= Consider the circuit shown in Figure 10.5-4a. The input to the circuit is the
voltage of the voltage source,
v.(t) = 7.28 cos(4t + 77°) V

The output is the voltage across the inductor v, (t). Determine the steady-
state output voltage v, (t).

30 3 €

aA'A"

+ +

o0 (G)  084H3u0  7.28/77°v(})  j2.16 2 Vyw)

(a) (b)
FIGURE 10.5-4
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Solution

The input and output are sinusoids of the same frequency. After the circuit has reached
steady state, voltage divider is also satisfied at ac circuit.

Vo, =7.28477°, w =4

v, 2.16£90°
Zr + Z, ° 3£0°+2.16,90°

V,(w) = (—7.28477°) = 4.252131.25°

Therefore, 30 30
AN AN

+ +

UO (t) - 4’.25 COS(4’t + 131.250) V US(I) (I) 0.54 H Uo([) 728@ v C:) j2.16 Q Vo(a))

(a) (D)
FIGURE 10.5-4
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Example 10.5-3 AC Circuit Analysis

Consider the circuit shown in Figure 10.5-5a. The input to the circuit is the
voltage of the voltage source,

vs(t) = 7.68cos(2t + 47°) V

The output is the voltage across the resistor,
v,(t) = 1.59cos(2t + 125°) V

Determine capacitance C of the capacitor.

Ioc™
| |
1 1
C + + V(o) - +
R0 Ct) 10 g Uo_(t) V(o) Ct) o 10 § V ()
» _
(a) (b)

FIGURE 10.5-5
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Solution

The input and output are sinusoids of the same frequency. After the circuit has reached
steady state, voltage divider is also satisfied at ac circuit.

V, =7.68447°,V, = 1.592£125°, w =2

VS VS
V, = Z +ZCv i VC’z r—Zr = (Vo_l)ZR
7.684£47° 1 1
c= (1_5941250 — 1) 1£0°=4.2724—-90° = jZ_C (C 40°) (0.542 —90°)
Therefore,

¢ =0.106 F
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Example 10.5-4 AC Circuit Analysis

Consider the circuit shown 1n Figure 10.5-6a. The input to the circuit 1s the
voltage of the voltage source v (t), and the output 1s the voltage across the
4-Q) resistor, v, (t). When the input is v, (t) = 8.93 cos(2t + 54°) V, the
corresponding output is v, (t) = 3.83 cos(2t + 83°) V. Determine the
voltage across the 9-0) resistor v, (t) and the value of the capacitance C of
the capacitor. c fl;i—c

I I




Solution (1/2)

The input and output are sinusoids of the same frequency. After the circuit has reached
steady state, voltage divider is also satisfied at ac circuit.

V.(w) = 8.93254°, V,(w) = 3.83283°, w =2

V(@) = V,(w) — V() = 3.83283° — 8.93254° = (0.47 + j3.80) — (5.25 + j7.22)
= —4.78 — j3.42 = 5.88,216°

Therefore, the voltage across the 9-Q resistor v, (t) is given

v,(t) = 5.88 cos(2t + 216°) V

MA a ¢—MA—1 b

v (1) i) a 40 §UO(I) V(o) Ci) 40 g V(o)

(a) (b)
FIGURE 10.5-6
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Solution (2/2)

Then, applying KCL at node b, we have

Lo Ic=lL-qao= . - = — =
os—q tlc=14_¢ Zo_q + Z. Zi 0 a(W) Z9_9+ZC Zo o
5.88£216° + _cgas360( L4 inc) < 283483
| {9400 _-L}_ - 5 TJ2C)=—1"5s
J32¢C
1 \ 20 0.958,83° 0 163470
= — = —0.
9" ““ T 588,36° <
0.163447°—%
=C= . = 0.06 F
2]
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Example 10.5-5 Equivalent Impedance

= Determine the equivalent impedance of circuit shown in Figure 10.5-7a at
the frequency w = 1000 rad/s.

400 Q 400 Q
o—e— "\ o—e
|—> == 2uF j300 Q |—P = —/500 Q [] 400 + j300 Q
Zeq O - Zeq O L
(a) (b) (c)

FIGURE 10.5-7

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution

Represent the circuit in the frequency domain shown in Figure 10.5-7(b). Then replace
series impedance by an equivalent impedance, we have the circuit shown in Figure
10.5-7(c). Then find the equivalent impedance of parallel impedances.

Zc(Zgp +17,)
Zc+(Zr+1Z,)

Zeq =Zc||(Zgp +Z,) =

Since w = 1000 rad/s,
Z, =400 O, Z, = jwL =j300 Q,and Z, = MLC = —j500 Q
Therefore,
; —j500(400 + j300)
¢ —j500 + (400 + j300)

= 559.02 — 26.5°Q)

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Mesh and Node Equations

Ohm’s and Kirchhoff’s laws can be used to an ac circuits as well as dc
circuits.

Therefore, mesh and node equations are available with ac circuits as
following convention

V-V,
"3

v, © Va7 oy, v, Vs oy, v, z Ty,
o |_||| o o @ o o [ 1 o Vl - V2
+ V-V, - & - v ov-v, - [ = 7

1 1 1

(a) (b) (c)
I, I L0 A L) v |z M,

d | u-t b=t Jr=n-1,
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Example 10.6-2 Mesh Equations for AC Circuits

= Determine the mesh currents for the circuit below.

AAAY YA

100 80 mH

200 O 50 mH

? NN o Y Y
+
(ﬁ 45cos (5001) V = 25 uF 12.5 uF Vo
| _
FIGURE 10.6-7
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Solution

Represent the circuit in frequency domain.

100 Q L j40 Q
AN Y
1 + Vg - * Vp -
ZC: ](U_C ZL =ja)L '2_"_'1 200 O q j25Q ':'1
’VV\( - Y YTY Y
© ﬂ s -
45 /0° v (* I, - e I,
Apply KVL to each mesh. 12~ 15 l_[ - q s
1001, + j40I, — j25(I, — I,) = 0
20001, — I,) — j80(I, — I;) — 4520 = 0 o0 b o
Ia 1 2 q J'25Q 2
I, = 03742115 [A] e l
12 = 0.575225 [A] 800 v+ -j160 Q =
I, = 0.171228 [A] Q) " q ¥
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Example 10.6-3 Node Equations for AC Circuits with a Supernode

The input to the ac circuit shown in Figure 10.6-10 is the voltage source
voltage
vs(t) = 10 cos(10t) V

The output is the current i(t) in resistor R,. Determine i(t).

NN—¢
—>
i(t)
vg(t) Ci) C=10mF = R,=100Q

FIGURE 10.6-10
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Solution (1/3)

First, we will represent the circuit in the frequency domain using phasors and
Impedances. The impedances of the capacitor and inductor are

.1 . . .
Lo = —j T000010) — —j10 Q andZ; = j10(0.5) =j5 Q

The frequency domain representation of the circuit is shown in Figure 10.6-11

R,=10Q
AN ° ° <>_/W\f\_
—

|

FIGURE 10.6-11

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (2/3)

We can analyze this circuit by node equations. To simplify this process, replace
parallel and series impedances by equivalent impedances as shown in Figure 10.6-12.

.1 . . .
Lo = —j T000010) = —j10 Q andZ; = j10(0.5) =j5 Q

The frequency domain representation of the circuit is shown in Figure 10.6-11

101

R=10Q Vy

FIGURE 10.6-12

]100

Z1—10||(—]10)— —5 —j5 QandZ, =545 Q
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Solution (3/3)

Next, consider the dependent source in Figure 10.6-12. We can find I and also express

the dependent source voltage as
_Vi-Vi

Ry
Apply KCL to supernode containing dependent source identified in Figure 10.6-12 to
get

v, V, Vi V,+10I
= f2_YN N
Z, 1, 1, Z,

Organizing Egs. Into matrix form, we get

= (Zl + Zz)vl + Z1(10 - Zz)l - O

1 o= 2] [71=[5]
Z,.+7Z, Z,(10—-7Z,)|L1 0
Solving these equations, perhaps using MATLAB, gives
V, =4.4721263.4° V ,and I = 0.894432 — 26.6° A
In the time domain, the output current is
i(t) = 0.89443 cos(10t — 26.6°) A

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Example 10.6-4 AC Circuits Containing OP Amps

The input to the ac circuit shown in figure below is the voltage source
voltage

V.(t) = 125 cos(500t + 15) [mV]
Determine the output voltage v, (t).

FIGURE 10.6-13

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution

—WA—— W\
= 10kQ 10 kQ
'8{)0';0
Represent the circuit in frequency domain. j_
1 j400 Q >_r—o V,(m)
Z = —_— =7
¢ JjwC Z, = JjolL @VS(”’) 3009% 2omi
Apply KCL at the each node of OP amp = L L
Vso Ve _ Yo g, yov(1+422) Ly 90y oa
- e _ > = cee
j400 ~ 300 S a 300 ¢ 300+ 400 ° 1)
V.-V, V, V -V,
=0--(2
10000 * 10000 * —j8000 (2)

Equation (2) gives

v _ 16 + j10 v - 16 + j10 300 V. — (0.884/ — 72,5V
° \8+4+j10 ) * \8+j10 J\300+ 400/ ° s

= (0.8842 — 72.5°)(125215°) = 1112 — 57.5°

v,(t) = 111cos(500t — 57.5°)[mV]

™ __e_;}y.; Department of Electrical and Computer Engineering, SNU
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Thevenin and Norton Equivalent Circuit

m  Thévenin and Norton equivalent circuits of
an ac circuit can be determined by
the open-circuit voltage V.,

the short-circuit current I, ) 2 .
and the Thévenin impedance Zt0 Circuit A B Circuit B ( i ) Vv Circuit B C@i Circuit B
e b b

(a) (b (c)

They are related by the equation Clircult# [ Voo | EliutA :|l'sc Circuit A" <—|Z
b b S
Voo = 2Ll °

(a) (b) (¢c)

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Example 10.7-1 Thévenin Equivalent Circuit

= Find the Thévenin equivalent circuit of the ac circuit in Figure shown in
Figure 10.7-3.

200 O 50 uF
AN l—o

36 cos(160t) V Ct) 295 H

FIGURE 10.7-3

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (1/3)

Begin by representing the circuit from Figure 10.7-3 in the frequency domain, using

phasors and impedances. As shown in Figure 10.7-4.
200 Q -j125 Q

NN —o

36 £0° v@) /360 O

FIGURE 10.7-4

Next, we determine the open-circuit voltage and the Thévenin impedance using
circuits shown in Figure 10.7-5.

200 -j125 Q —;1259
NN—— o v
36@3\!@) 1'3600§ Voo ;3609?
6 o 5
(a)
FIGURE 10.7-5

™ __e_;}y.; Department of Electrical and Computer Engineering, SNU
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Solution (1/3)

For the open-circuit voltage, using voltage division, we calculate
j360
Vo =200 + 7360
Next, the Thévenin impedance is determined using circuit shown in Figure 10.7-5
b. Then we calculate

7 — i1, 2000360)
t=7J 200 + 360

Therefore, the Thévenin equivalent circuit is as below

36£0° = 31.4704£29.1° V

= 152.83 —j40.094 = 1582 — 14.7° Q

152.83 — j40.094 O
B

(D 31.47 £29.1° V

FIGURE 10.7-6

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Source Transformation

Thévenin and Norton equivalent circuits of an ac circuit can be transformed

to each other like those of an dc circuit.

Voo = L1

Z¢=2n a a
—O— T O

Circuit B Voo

Voc=2Z¢lge HGal lsc= B = Z;

t
— . 0
b b

(a) (b)

FIGURE 10.7-11

2ep5*,  Department of Electrical and Computer Engineering, SNU
W& Prof. SungJune Kim
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Example 10.7-3 Source Transformation

Use source transformation and equivalent impedance to find the Thévenin
and equivalent circuit of an ac circuit shown in Figure 10.7-3

200 O 50 uF
AN l—o

36 cos(160t) V C) 225 H

FIGURE 10.7-3

2ep5*,  Department of Electrical and Computer Engineering, SNU
WY prof. SungJune Kim




Solution (1/3)

Figure 10.7-12 illustrates the process. Figure 10.7-12a identifies a series combination
of a voltage source and impedance. A source transformation replaces this series
combination with a parallel combination of a current source and impedance in Figure
10.7-12b.

200 Q —-j125Q —-j125Q
W\ {|F—o - —o
+ .
36.0° V C-) j360 Q 0.18,/0° A 200 Q j360 Q
O O
(a) (b)

Then we calculate the equivalent impedance of 200-Q resistor and j360-Q inductor
to obtain Figure 10.7-12c
(200)(j360)  72000£90°

= = 174.84£29.1°
200+ ;360 411.84£60.9°

200]]j360 =

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (2/3)

-j125Q
| o

0.18 A0° A 174.8 /29.1° Q

(c)

Then, Figure 10.7-12 ¢ and d shows a source transformation replacing the parallel
combination with a series combination of a voltage source and impedance in Figure
10.7-12d

—j125Q 174.8 /29.1° Q -j125 Q

]l | 1 |1
1 L | | —

0.18 A° A ‘D 174.8 /29.1° Q C 31.5 /29.1° V

(d) (e)

Department of Electrical and Computer Engineering, SNU
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Solution (3/3)

Then we calculate the equivalent impedance of 174.8229.1°-(Q) impedance and
—j125-() inductor to obtain Figure 10.7-12f

174.8429.1° — j125 = 152.83 + j84.907 — j125 = 152.83 — j40.094

Then, Figure 10.7-12 f shows the Thévenin equivalent circuit of Figure 10.7-3.

152.83 - j40.094 Q3

—

(j 31.5 /29.1° V

(f)

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Superposition

Also, the superposition is available with ac circuits with linear elements.

As we did with dc circuits, when we set all but one input to zero, the other
inputs become 0-V voltage sources(short circuits) and 0-A current
sources(open circuits)

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Example 10.8-1 Surperposition

= Determine the voltage v, (t) across the 8-Q resistor in the circuit shown
in Figure 10.8-1.

2 mF 150 mH
H YN Y e
+
20 cos(507) V C) 8Q Vo () CD 20 cos(107) V
I
FIGURE 10.8-1

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (1/3)

The voltage v, (t) is caused by two sinusoidal sources, one having a frequency of 50
rad/s and the other having a frequency of 10 rad/s. Let v, (t) be the part of v, (t)
caused by 50 rad/s source acting alone, and let v,, (t) be the part of v, (t) by 10 rad/s
source acting alone. Figure 10.8-2 shows each circuits used to calculate v, (t) and

voZ (t) 2 mF 150 mH 2 mF 150 mH
L
I

| = |1 -
1 1
+ -
o é B % PM(I)"W“ 89% "02“),“«?9 20 cos(101) V

- L - L

(b)

(a) -
FIGURE 10.8-2
Then the frequency domain representations are shown in Figure 10.8-3.

-j10Q Jj71.5Q -j50Q JjlLsQ
— 1
+ +
20£0° V C) RQ% Vo1(@) 8Q % Voa(®) 2040° V
I T
(a) (b)
FIGURE 10.8-3

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (2/3)

=10 Q J1.58 —j50 €2 JLsQ
I - || &

[} 1
+
2040° V C) 80 % Vo1(®) g0 % Voo (o) 20 A0° V

) T

+

g

(a) (b)

FIGURE 10.8-3

Using equivalent impedance and voltage division in Figure 10.8-3a, we calculate
8(j7.5)

8+ 7.5
8(j7.5)
8+/7.5
Similarly in Figure 10.8-3b, we calculate
8(=j50)

8 — j50
8(—=j50)
8 — j50

V,, = (20£0°) = 15.46,104.9°

—j10 +

Vy, =

(2020°) = 20.242 — 10.94°
j1.5+

The corresponding sinusoids are
V,1(t) = 15.46 cos(50t + 104.9°) and v,,(t) = 20.24 cos(10t — 10.94°)

Department of Electrical and Computer Engineering, SNU
Prof. SungJune Kim




Solution (3/3)

The response to both sources working together is equal to the sum of the responses to
the two sources working separately, therefore

V,(t) = v,1(t) + v,,(t) = 15.46 cos(50t + 104.9°) + 20.24 cos(10t — 10.94°)
The output voltage v, (t) is plotted in Figure 10.8-4. As expected, it is not sinusoid.

30

20

volt), V

=20

=30

_4 1 1 1 1 1 1
00 0.2 0.4 0.6 0.8 1 1.2 1.4

t, sec

FIGURE 10.8—-4
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Phase Diagram

A phasor diagram is a graphical representation of phasors and their
relationship on complex plane.

Consider a circuit represented in the time and frequency domain in Figure
10.9-1. The input 1s the current of the current source, i(t).

Then phasor voltages across the impedances in Figure 10.9-1(b) are given by

V, = R(I,,,20°), V, = joL(l,,£20°) = wLl,,290°, and V. = MLC (I 20°) = -2 £ — 90°

+vg(t) - + wvi(t) -
+ it . 1 7 +
v (1) i(t)=1,,cos(mt) A G5 Tl Vs
(a) (b)
FIGURE 10.9-1

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Phase Diagram (cont’d)

= Then the voltage across the input current source V; is given by,
I
Vo, =Vr+V, +V,=RI,20°+ wLl,290° + w—"éA —90°

. o1 . 1
=ImLOO(R +]wL_JR)=RIm +j(a)L—R)Im

This phasor is shown in complex plane in Figure 10.9-2(c¢)

Imaginary axis Imaginary axis
V. 4 V4 V.4

Imaginary axis

VL+ VC A

Real axis

(a)

Vi

Real axis

Real axis

|
YV

(b)

Vg

FIGURE 10.9-2
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Example 10.9-1 Phasor Diagrams

= Consider the circuit shown in Figure 10.9-lawhen R =80 Q, L =
8 H,C =5 mF and
i(t) = 0.25cos(10t) A

+vp(t)- + v (1) -
_/V\/\,_/WV\_
" R L -
Ve (1) ‘D it)=l cos@) A ¢ T VC_(”
(a) (b)

FIGURE 10.9-1

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution

Noticing that w = 10 rad /s, we calculate

joL = j80 Qand —j— = —j— = —j20 0

The phasor voltages across the impedances in Figure 10.9-1b are
Vr =80(0.252£0°) = 20£0°V,V, =j80(0.2520°) = 20£90° V/,
and V. = —j20(0.2520°) =52 —90°V
These phasors are drawn in the complex plane in Figure 10.9-2a.
The phasor V; + V. shown in the complex plane in Figure 10.9-2b is given by
V. +V, =20 —j5 =15290°V
Using KVL gives
Ve =Vp+ (V, + V) =20+ 15 = 25236.9°V

This phasor is shown in the complex plane in Figure 10.9-2c

Imaginary axis Imaginary axis Imaginary axis
V4 A

I A I Vi ! Vg
TVe TVe Ve

(a) (b) (c)

FIGURE 10.9-2
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OP-Amps in AC Circuits

Figure 10.10-1 shows two frequently used
op-amp circuits.

The ratio of output-to-input voltage V, /V,
for inverting amplifier (a) is determined by

Vo Zz

vV, 7,

(a) (b)

FIGURE 10.10-1

Then for noninverting amplifier (b) is
determined by

V, Z+1Z,
vV,  Z;

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Example 10.10-1 AC Amplifiers

Find the ratio V,, /V, for the circuit of Figure 10.10-2 when R; = 1 kQ,
R, =10kQ,C; =0F,and C, = 0.1 puF for w = 1000 rad/s.

I(1 -—'\/\\/\,—-
e AAY —
V, Ci) *: ‘ZO
© O

FIGURE 10.10-2

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution

The circuit of Figure 10.10-2 is an example of the inverting amplifier shown in Figure
10.10-1a. Using equation 10.10-3 and 10.10-6, we obtain

R,
Vo Zi _ 1+jwGR, ~ Ry(1+jwCiRy)
Vs Z, Ry R1(1 +jw(3R;)
1+ jwCiRq

Using the given values of R, R,, C1, and C, gives

10%(1 + j103(0)103 10
_ , - = —— =7.072135°
103(1 +103(0.1 X 10-6)10%) 1+

Vo
Vs

2ep5*,  Department of Electrical and Computer Engineering, SNU
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How to Find Complete Response?

To find the complete response of circuits with sinusoidal inputs that are subject to
abrupt changes,

1. Represent the circuit by a differential equations.

2. Find the general solution. This is the natural response v, (t).
3. Find a particular solution. This is the forced response v (t).
4. Represent the response of the circuit as v(t) = vy, (¢t) + v¢(¢).
5. Use the initial conditions to evaluate the unknown constants.

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Example 10.11-1 Complete Response

Determine v(t), the voltage across the capacitor in Figure 10.11-1, both
before and after the switch closes.

2 Q 2 0

12 cos 5tV 50 mF ==~ v(r)

FIGURE 10.11-1

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (1/5)

Step 1: For t < 0, the switch is open and the circuit is at steady state.
Since the open switch acts like an open circuit, we can represent the circuit with
Figure 10.11-2a and its frequency domain representation b.

NN\ AN
40 ) 4Q .
12 cos 5t V. 50 mF == v(t) 12/0°V -4 Q == V(o)

“ FIGURE 10.11-2 "
Using voltage division in the frequency domain gives

—]4 482 — 90°
V(w) = ) ) (1220°) = = 8.4852 — 45°V
In the time domain,

5.66£ — 45°
v(t) = 8.485 cos(5t —45°) V

Therefore immediately before the switch closes, the capacitor voltage is
v(0—) = tlirgl_v(t) = 8.485 cos(—45°) =6V

v(0-)=v(0+)=6V

™ __e_;}y.; Department of Electrical and Computer Engineering, SNU
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Solution (2/5)

Step 2: For t > 0, the switch is closed.

Eventually, the circuit will reach a new steady state. Since the closed switch acts like
an short circuit, we can represent the circuit with Figure 10.11-3a and its frequency
domain representation b.

AN AN
2Q . 20 N
12 cos 5t V 50 mF == v(1) 12/0°V -4 Q =< V(o)

(a) (b)
FIGURE 10.11-3

Using voltage division in the frequency domain gives

487 — 90°
(122£0°) = =10.742 — 26.6°V

2—j4

Viw) = ( 4472 — 63.4°

In the time domain,
v(t) = 10.74 cos(5t — 26.6°) V

™ __e_;}y.; Department of Electrical and Computer Engineering, SNU
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Solution (3/5)

Step 3: For immediately after t = 0, the switch is closed but the circuit is not at
steady state. We must find the complete response of a first-order circuit.

In Figure 10.11-3a, capacitor is connected to a series voltage source and resistor, that
IS, @ Thévenin equivalent circuit. We can identify R; and v, as shown in Figure

10.11-4. ’\/\/\,

C) voe=12cos 51 V. C=0.05F == v(r)

FIGURE 10.11-4
Consequently, the time constant of the circuit is

T=Rv,, =2%X0.05=0.1s
Then the natural response of the circuit is

1
v, (t) = Ke ©° = Ke™10t

™ __e_;}y.; Department of Electrical and Computer Engineering, SNU
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Solution (4/5)

The steady state response for t > 0 can be used as the forced reponse, so

vr(t) = 10.74 cos(5t — 26.6°) V
The complete reponse is

v(t) = v, () + vp(t) = Ke™ 1% 4+ 10.74 cos(5t — 26.6°) V
We can find the constant, K, using the initial capacitor voltage, v(0+):
v(0+) =6 =Ke ®+10.74 cos(—26.6°) = K + 9.6, thus, K = —3.6
Then,
v(t) = —3.6e7 1% + 10.74 cos(5t — 26.6°) V

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (5/5)

Step 4: Summerize the results.
The capacitor voltage, v(t) is,

o(t) = 8.485 cos(5t — 45°) V, fort <0
| =3.6e71% 1+ 10.74 cos(5t — 26.6°) V, fort >0

And Figure 10.11-5 shows the capacitor voltage as a function of time:

Complete Response of a Switched Circuit with Sinusoidal Input

.| v

Capacitor voltage, volts

VUV

1 L L 1 L L L 1
-6 -4 -2 0 2 4 6 8
Time, seconds

FIGURE 10.11-5
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Example 10.11-2 Responses of Various Types of Circuits

The input to the ac circuit shown in figure below is the voltage source
voltage. The output of each circuit is the current i(t). Determine the output
of each of the circuit.

60 i(r) 6Q i(n

NV M
%}m&;u)v 2H]§ élZcosSlV 2H§

(a) (b)

1163)] fL(l) 20 .l'(!)

—_—

j}:{(’) l
1279 u(n) v 6Q 2H

(c)

T 2 0

12\; 2H ( ;126055IV g

(e)

FIGURE 10.1 1—6
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Solution (1/7)

60 i(1)

C>4+8u,(.c) V 2H

o Draw the circuit when t<0, t>=0 before steady state, t>0 after steady state

= (a)

AN— AA— —
Dav MDizv 2w 12 v
(a) (b) (c)
o Initial condition at t=0 4
i(0+) = i(0-) =  [A]
o Find the Thevenin equivalent circuit for figure (b)
R, =6[Q],Voc =12[V] - isc =2[A],7T [5]

o Determine current [
i(t) =isc+ (((04) —igc)e /T =2 —1.33e3t 'A]

Department of Electrical and Computer Engineering, SNU
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Solution (2/7)

= (b) 6a Mo
—AVW

C 12cos bt V 2 H

o There is no switch and input does not change abruptly, so we expect the circuit is at steady

state
o Using Ohm’s law,
6 M) 1220
I(w) = 64710 = 1.032 — 59 [A]

Ci) 12/0°V  j10Q

i(t) = 1.03cos(5t — 59) [4]

2ep5*,  Department of Electrical and Computer Engineering, SNU
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Solution (3/7)

i(1) iy (1)
| (C) —_— Pl
ig(0) l
C) 1262 u() V 6Q 2H

o Apply KCL

12e7t
6

t
ip(t) = , () = %fo v(t)dt +i,(0) = 1.2 + i, (0) — 1.2e™t

i(t) = ip(t) +i(t)

i(t) = 1.2 + 0.8’ [A]
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Solution (4/7)

4Q 2p W

= (d)

CIZV

o Draw the circuit when t<0, t>=0 before steady state, t>0 after steady state

40 20 i(r) 60 i(r) 60 i(r)
— A AAVAY

iz v Mizv 2u3 Oz

(a) (b) (c)
o Initial condition at t=0
i(0+) =i(0—) =0[A]
o Find the Thevenin equivalent circuit for figure (b)
R, =6[02],Voc =12[V] —»isc =2[A],T =7 [s]
o Determine current
i(t) = ige + (((0 +) — ige)e™t/T = 2 — 2¢73t 4]
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Solution (5/7)

= (e) 6 Q ﬂ

o There is no switch and input does not change abruptly, so we expect the circuit is at steady
state.

o Find the Thevenin equivalent circuit for figure (e)
1
R, =6[0],Voc =12[V] - igc = 2[A],T = 3 [s]

o The output current is given as
i(t) = 2 [A]

*‘P Department of Electrical and Computer Engineering, SNU
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Solution (6/7)

20 0

= (f)
%)12(:055: V
t=0

o Applying KVVL for t>0 gives

d
2i(t) +2 —i(t) =0
o Initial condition at t=0 dt
i(0+) =i(0—-) =0[A4]
o The Thévenin equivalent resistance for t > 0 and time constant is given,
L 1
R,=6[0],1= —==

R 3
o Then the natural response of the circuit is

i,(t) = Ke 3t [A]
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Solution (7/7)

o From figure 10.11-10, we can find the steady-state response as the forced response from
representation in frequency

40 20 i) 6o D
—

12

I(w) = =1.032—59°[A =

(w) 6+-]10 [ ] 12;/:/5\:\.-’ W2H -
ir(t) = 1.03 cos(5t — 59°) ’

a  Then, “ v
i) = in(®) + i () r—
= Ke™3' + 1.03 cos(5t — 59°) [4] %Dlw , }10{1;
o Att=0,
i(0) = K + 1.03 cos(—59°) ()
=K+053=i(0+) =0 FIGURE 10.11-10
o Finally,

i(t) = —0.53e73t + 1.03 cos(5¢t — 59°) [4]
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