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Convex Optimization

= General Optimization Problem

minimize f,(x) X= (X, X070 %)
subjectto f (x)<0, i=1,2,..m f:R* >R
_ f:R" >R
h(x)=0, 1=12,..,p h iR > R

= Example

minimize - [ Blog,(1+P,(»)y/P)p(»)dy

subject to [~ (P,(»)/P)p(y)dy <1

= A problem is a convex optimization problem if
- Objective function & Inequality constraint functions: convex
- Equality constraint functions: linear (or affine)

= Convexity guarantees some nice properties to solve it.




Convex function (1)

f :R" > R isconvex
iIf dom f isaconvexsetand forall x,y edom f and @ with0 <6 <1,
f(X+L-0)y)<0f(X)+(1-0)f(y)

(y, f(y))

(x, T (X))
T (k1= 0)y, B () + (1-0) T (y)

(x+(@1-0)y, f(x+(1-0)y))

h:R" > R™ is affine
if itisasum of a linear function and a constant, i.e.,
h(x)= Ax+b where AcR™"andbeR"




Convex function (2)

First-order Condition

—— = (y, f(y))
When f is differentiable,

f isconvex if dom f isa convex set, (v, FO)+VE(X) " (y—x))

fF(y)2f(x)+VE(x)'(y-x) =

Second-order Condition

When f is twice differentiable,
f isconvex if dom f isa convexsetand

VZf(x)>0 forall xedom f




Primal Problem & Dual Problem

= Primal Problem

minimize f,(x)
subjectto f.(x)<0, 1=12,....m
h(x)=0, 1=12,..,p

= Lagrangian L:R"xR"xR” »R
m p
L(X’/I’U) = fO(X)+Zﬂi fi (X)+Zuihi(x)
i=1 i=1

— Lagrangian multipliers: 1 =(4,4,,-:,4,) v=(0,0;,---,0,)

= [ agrange Dual Function
g(4,v) = ing L(x,A,0)

— D: adomain of a decision vector x




Lower Bound Property (1)

Suppose x is a feasible point for the primal problem:
f.(X)<0 and h(x)=0

m P
Since 120, > A f,(X)+> vh(X)<0
i=1 i=1

Then, L(X,A,0)= fo(i)+zm:ﬁ.i fi(i)+zp:uihi(i) < f,(X)
Thus, g(4,v)= |Xng L(x,/l,u_) = L()?,l,u_) < f,(X)

Since g(4,v) < f,(X) holds for every feasible point X, g(41,v) < f,(x")

g(1,0)< p forany A >0andanywv,

p :optimal solution of the primal problem




Lower Bound Property (2)

Example: = minimize f (x) =) L(x,A) = f,(X) + Af, (x)
subjectto  f,(x) <0 g(ﬂ,)zirlf L(x,A) for A>0




Geometric Representation

Q= {(£,(0), £, (0, ++, £,(0), (0,0, (%), h, (X)), F,(X) eR"xR” xR | x € DJ
p =inf{t|(u,v,t)eQu=<0,v=0}

l"' i
‘\\\
) Aot +t = g(Aa)
/ .
.// o Au+t= g()\*)
A+t = f}(/\) ) \ Au+t = 9()\1)\\\
i u




Lagrange Dual Problem

= What is the best lower bound from the Lagrange dual function?
= |Lagrange Dual Problem

maximize g(4,v)
subjectto 4. >0, 1=12,...m

— This dual problem is a convex optimization problem, although the
primal problem is not convex

— Thus, generally it is easier to solve than the primal problem.

= Duality
—  Weak Duality (always holds): d” < p’

Solution of Lagrange dual problem

— Strong Duality: d" = p~




Strong Duality Condition

= Convex Primal Problem

minimize f,(x)
subjectto f.(x)<0, i=12,..,m
Ax=D

— f,(x), f,(x),---, f..(X):convex functions
= Slater’s constraint qualification
There exists an x e relint D such that
f(x)<0, i=1---,m,
Ax=D
—  Xx: strictly feasible point

= When the primal problem is convex
— if Slater’s condition holds, strong duality holds




Strong Duality Condition

"  Primal Problem

minimize f,(X)
subjectto f,(x)<0, i=1,2,...m
h(x)=0, 1=1.2,..,p

= [agrange Dual Problem

maximize g(4,0) =inf (fo(x) +> AT+ uh (x))

subjectto 4 >0 foralli
= Strong Duality: f,(x)=g(4,0v")
—  X": primal optimal point, (1*,0"): dual optimal point
— g1, 0") =inf (fo(x)+Z:il/’ti*fi(x)+zi:ufhi(x)

)
= fO(X*)+Zin;1;ti* fi (X*)+Zip:10i*hi (X*) ? =
< £, (X) ? —




KKT Optimality Conditions

" fy, f, f,h,--,h shouldbe differentiable.
" (A W)
= inf (f VAR " v'h
inf (£,00+ X7, 47600+ X, '(X))E V() + X ATV + Y7 0, Vh (x) =0
= fo(x) +Zim:121* f,(x) +Zip:10i*hi (x7)
= fo(X*)

= KKT conditions

? iﬁf-*fi(X*FO = 2 f,(x")=0

f(x)<0, i=1---,m
h(x) =0, i=1--,p
A >0, i=1--,m
A f(xX)=0 i=1--,m,

V() +D . A VE(X)+D." 0 Vh(x) =0,




Example: Water Filling (1)

= Problem Description

— The problem is to allocate power to a set of n subchannels so that the
total data rate is maximized.

— The total power allocated to n subchannels is fixed to P-.

=  Problem Formulation
—  P;: the power of subchannel i,
— X; : the normalized power of subchannel i: P,/P;
— .- SNR of subchannel i when the transmission power is P;

— Total data rate: Zn:BIogz(1+§7ij:Zn:BIogz(1+xi7i)
i=1 E i=

i=1




Example: Water Filling (2)

=  Primal Problem (Convex Problem)

minimize =" In(l/y; +X;)

subjectto x>0, 1' x=1

= | agrangian

=S In@Wy+x)=> Ax+oQ. x-1)




Example: Water Filling (3)

=  KKT condition:

—  X": primal optimal point, (A*,0%): dual optimal point

X >0, 1"'x" =1, A >0, X >0, 1'x =1,
* 1 -
]“I 0’ |:]_,...’n, : v > — |:]_,...,n’
1 /,L* * O . 1 ]7/7/I+XI
PR +0 = ’ I = 1“'1n- * x * H
]7/7/i+xi Xi (U _1/(]7/7/i+xi ))201 |:11”'1n1
= Solution
e * 1 1
— ifo'<y, x >0 = v = —— —
]7/7/|+X v yi

ifo' >y, x <0 = x =0

X*_¥ﬁf—yﬂ if y, >0

0 if y. <v




Convex Optimization

b

Formulate a primal problem
Derive the Lagrangian
3. Construct the Lagrange dual function
— Concave
— Not necessarily differentiable
4. Solve the Lagrange dual problem (convex optimization)
— There are various methods

— Gradient (subgradient) method
= differential: projected gradient method
= not differential: projected subgradient method

5. Prove the strong duality

Ind




Gradient/Subgradient Method

= Consider the following general concave maximization:

maximize g(A)

subjectto A€ y (where  is a convex set)

=  The methods generate a sequence of feasible points {A(k)} as

Ak +1) = [A(K) + a(k) xs(K)],

— s(k): a gradient(subgradient) of g at the point of (k)
It depends on whether g is differentiable or not.
— [],: the projection onto the feasible set y

— a(k): a positive step size at the kth iteration




Subgradient Method

= Subgradient property

g(y) < g(x)+s(x)x(y—x) Gradient property =
49X +Vg(x) (y=X)
<9

— s(X) is a subgradient of g at x
= Simple example

g(2) = min{f, (x) + A, (x)}
x(A) = argmin{ f,(x) + Af,(x)}

g(u) = min{fy (x) +u f,(X)}
< o (X(A) + p fL(x(2))
= o (X(2) + A F,(X(A)) + (1= 2) F,(X(4)
=g(A)+(u—2) f,(x(4))

%

f,(x(4)) is a subgradient of g at A




Subgradient Method for Solving Lagrange Dual Problem

" Foragiveni,v
X(A,0)=argminL(x, A,0)

xeD

—arg min{fo(x) +> AR+ vh (x)}

xeD

" Subgradientsof gat (1,0): f,(x(4,v)), h.(x(4,v))

= For obtaining an optimal 4" ,0"
A0 200 4 5005 £ (x4, p0Y)

. D = p® 4 50 5k (x40, p®))

}@ convergeto A, v

5 : positive step size at the kth iteration
o0 o 2
5950,5" 69 =003" (69 <o (ex. % =c/k)
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