Laplace Transformation I|




Why use Laplace Transform?

Algebraic Manipulation of ODE

solve the ODE

System described by
u(t) ———» ODE

time domain transform system -

representation

Us) — pi  System described by
"transfer function"

— > Y(s)

Solution of ODE is hard.

Tranform in to a “domain” where solve by multiplication Laplace domain is a frequency
it’s easier to solve domain.

Solve in the new domain Integration, Differentiation
Perform “inverse” transform. becomes multiplication, division.
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Laplace Transformation

. Definition: £ [f(t)] Lj f (t)e“dﬂ: F(s)
0—
£: f(t) = F(s) , s=c +jo (complex variable)

Integration from O-

f(t) : a time function such that f(t)=0 for t<O

1
LI1(t)] =3 £[50)]-1
LIt -t,)] = e: L [5(t —tO)] —e .1
: Aw
B[Ae—at] _ % L’[ASIH a)t] = R
04
1 L[Acoswt] = Sz'js >
10,
At] =2
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Useful Theorems

Theorem 1. Linearity
Laf (t)]=aF(s)

Theorem 2. Superposition

L1, 1,(0)]=F(s) £ F,(s)

Theorem 3. Translation in time.

o]

Llf(t-a)l(t-a)]= j f(t—a)l(t—a)e *dt (a>0)

0

= ]O f()l(r)e*"™dr (let.t—-a=7)

= ]3 f(o)l(r)e e Pdr = (- f(r)l(r)=0 for r<0)

f(t) u(t) f(t-a) u(t-a)

et

0 t 0 t
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Useful Theorems

Theorem 4. Complex differentiations
[ﬁ[tf t]=-2 F(s)}
ds

1
L’[1]=% L’[t-l]:—%lz(s):s_z

f[t2]=£[tot]=—% iz]% f[tf(t)]=—%F(s)

proof) let. F(s)= [ f(t)edt

0-

9 E@) = T%[ f(t)e ™ |dt =—th (e dt =— £[tf (t)]

ds

similarly, z[tzf(t)]z(—l)zj—;F(s) L[t 1 ()] = (-1)" jsnn

F(s)

Theorem 5. Translation in the s—-domain
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Useful Theorems

Theorem 6. Real Differentiation

d
d —5.E(s)— f(0—
Df (t) = f (1 4’[0It f()]=s-F(s)-1(0-)

proof) let. L’[—f(t) =j dif(t)e-stdt
0-

—T f (t)e *dt(-s)

0-

=—1(0-)+s-F(s)
{S-F(s)—f(o—) ]

. —st|®
= f(t)e .

similarly, £[D?f (t)]=.£[D-Df (t)] = £[Df '(t)]

—s{s-F(s)— f(0-)} - f (0-) =s?-F(s)—s- f (0-)— f '(0-)
d"

Ll

f()]=s"-F(s)—s"- f(0)—s"2- f '(0-)
= 000
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Useful Theorems

Theorem 7. Real Integration

5 f(©dt=D"tf(t)-D 1 (0)

f (t)dt mf dr-e*dt t )
U X } ” (F)dz-e f{jf(t)dt}j(s)g (0)
© S S
Lo -
=—e ! (r)dr —I—ge f (t)dt
:lj.f(r)dr +_Ie‘5tf(t)dt [F(S)Jr 10 }
5% o S0 S S

Theorem 8. Complex Integration

£{¥} = f F(s)ds
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Useful

Theorem 9. Final value Theorem

Theorems

l[imf® 5 limsF(s)

t—>ow s—0

Theorem 10. Initial value Theorem

|imf(t)=ﬁimsF(s)

t—0 S—>o0
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Inverse Laplace Transformation

L:f @)= F(s)
L1FE(s) > f(b)

C+jw
f(t)zﬁ'l[F(S)]z% I F(s)e’ds ( ¢ : real constant )

c-jo
*» Inverse Laplace Transformation by Partial Fraction Method

_P(s) a,s"+a,,s"++a
Q(s) s"+b 5" +---bs+bh,

F(s) (n>m)
s"+b s"+---+bs+Db, — real complex conjugate, a, b : real num.

=(s—c,)(s—c¢,)-- (s’ +d;s+d,)

a,

pis + p,

S—C, S—C, s’ +d;s+d,

= F(s) =
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Examples of Inverse Laplace Transformation

1 a b c
ex) F(s)= > = + >+

(s+2)°(s+3) (s+2) (s+2)° (s+3

a(s+2)(s+3)+b(s+3)+c(s+2)° =1
let s=-2,thanb=1, lets=-3,thanc=1

d _ _
s+2: 1 5 a+c-(s+3) (s+2): 1 :
s+3 s+3 s+3 (s+3)

-1 1 1

+ +
(s+2) (s+2)*> (s+3)

a(s+2)+b+c-

~a=-1Lb=1c=1 F(s)=

=> Inverse Laplace Transformation

f)=—e" +te™ +e™ (partial
fraction method)
1
10 10><Z><4 10 4

) (5) S°+65+25 (s+3)°+4° 4 (s+3)7+4°

)= %sin Ate™
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Solution of Differential Equation by Laplace Transformation

> )
X(t)  spring
K

mass mr+ Br+ Kx =TI
F (1) > ma = r+ DT+ r

B
damper

y'+2y'+4y=1 y(0)=0,y(0)=2

4 I
L.T:| s?Y (s) —sy(0) — y'(0) + 2{sY (s) — y(0)} + 4Y (5) :%
- J
4 )
(s + 25 4+ A)Y (s) = =4 2= 2511
o > J
2s+1 1 1 s+1-1
Y(s) =— === _
s(s“+2s+4) 4s 4(S+1)z+(\/§)
y(t)=1—lcos 3te“+isin 3te™
4 4 43
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Laplace Transform Table

Item no. £ F(s)
L. 5(1) 1
2. u(t) 1
s
3 tu(t) I
2
4 "u(t) nl
Sn.—i—l
5. e “u(r) |
S+ a
6. sin wru(t) @
52 + w?
7. cos wtu(t) S
52 + C!)2

Nise Ch.2
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Laplace Transform Theorems

Item no. Theorem Name
l. LIf()]) =F(s) = Joo f(t)e dt Definition
2. Llkf(1)] = kF(s) Linearity theorem
3. Lfi(t)+ f2(1)] = Fi(s) + Fa(s) Linearity theorem
4. Lle ™ f(1)] = F(s+a) Frequency shift theorem
5. LIf(t—=T)] = ¢~ 5T F(s) Time shift theorem
| s ali
6. [ f(at)] _1 F( s ) Scaling theorem
a a
7. P ﬁ] _ sF(s) — £(0-) Differentiation theorem
| dt
8. d*f S _ ‘ Differentiation theorem
Lo = s°F(s) — s f(0-) — f(0-)
dr
9. P d"f] _ F(s) — i gk k=110 Differentiation theorem
| " | k=1
10. el e F(s Integration theorem
2| Jo_ f(z)d7] =¥ g
11. f(o00) = lin}) sF(s) Final value theorem'
| e
12. f(0+) = lim sF(s) Initial value theorem®

§— 00




End of Laplace Transform
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