10-4
Linear Systems Analysis
In the Time Domain 1V

- Transient Response -
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Matrix Exponential

xt)=ex(0) -(a), X=AX - (B)
Matrix exponential e
At 1 242 1 343
e” =1+ At+—At"+—At"+--. (*1)
21 3!
2 3
[ et —14at+ U (@) +j
2! 3!

i(e‘“) CALAT A +---=A{|+At+3A2t2 +}
dt 2 2

:AeAt
X(t) = %(e’“)x(O) = Ae™ x(0) = A x(t)

= (a) is the solution of the matrix differential equation (/)
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Matrix Exponential

) k +k
o oM =exp(At)=ZA t
0 k!
d(e™
)
dt
o eMBN _gMeB  jf AB=BA
elABlt 2 eMeB  if AB=BA
— B — |1 (A+B)t+ (A+B)’ 2 AF B) t° +
! 3!
242 343 242 343
eAteBtz[l+At+A CAT +---j(l+Bt+B L +j
2! 3! 2! 3!
242 242 343 2 3 243 343
:I+(A+B)t+At +ABp4o U BU ABU ABL BU
2! 2! 3! 2! 2! 3!
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How to Evaluate e™

Hence,

mgt _ BA-AB , BA’+ABA+B’A+BAB-2A’B-2AB’ ;

2! 3!

e(A+B)t .

€€

The difference between (A*B)t and "B vanishes,
if A and B commute.
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How to Evaluate e”

(*1) = a) Diagonalized Form

fe»)
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How to Evaluate e”

b) Jordan Form

A, 1 0] e et 0
A=l0 A4 0], — eM=] 0 e 0

0 0 4| 0 0 e~

] _ it et Lo

410 e te t’e
A=10 A4 1] — et=| 0 e te™

0 0 4 0 0 e
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How to Evaluate e*

¢) General A : diagonalize !!

x=Ax+Bu i) Q(1)=det|Al —A]=0 : Characteristic equation.
A:nxn
n sol =4 I=1---,n
i) A : eigenvalue of A
n distinct eigenvalues.

i) (A 1-A)p, =0 p; : eigen vector

AP, =4 P,
2 _

A[pl pn]:[pl pn] ’ AP=PA
L ﬁn_

B _
= P*AP= =A  Diagonalizable if A :n—distint eigenvalues
)Ln
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How to Evaluate e™

Ap, = 4D,
if p'p =1 p,isanormalized eigenvector.

Orthogonality of eigenvector
if A=AT

Ap =4p N pjTApi:ﬂﬁpijiZO
Ap;=4;Pp; p Ap;=4;p'p;=0

A[p1 pn]:[pl pn]

PTAP =A
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How to Evaluate e™

let PXx=Xx, X=PX
X=AX+BuU
PX = APX+Bu

X=P1APX+P'Bu=AX+P'Bu

t
X(t) =e %(0) + [e*? P Bu(r)dz
0
t
P(t) =Pe™ P x(0)+ [Pe™” P Bu(r)dr
0

t
S X(t) =PeMPtx(0) + j Per?) p1Bu(7)dr
0
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How to Evaluate e™

d) General A (-> Jordan form)
repeated Y multiple eigenvalue

det[ 2 1-A]=(2-4)(A-4) A:3x3
(41-A)p,=0 = p

(4L, 1-A)p,=0 = P,

if rank(4,1-A)=2 then p,?

Find p suchthat

AP =P A, 1 — Ap =4p,

A P, :lz P,
A P; =P, +ﬂ“z Ps, (A_/lzl) P; = P,
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Multiple Eigenvalue - Diagonal Form

ex1) 1 0 -1 A-1 0 1
A=(0 1 0 Q(A)=det|21-A|=| 0 A1-1 O
0 0 2| 0 0 A-2
=(2-1) (2-2)
eigenvalue : 4, =1, 4,=1 A, =2
eigenvector : Ap, = 4. p, (41-A)p, =0
0 0 1] (1 0
A, =1 0 0 p.,=0 = choose p,=|0], p,=|1
0 0 -1 10 0]
(1 0 1] (-1
Ay =2, 0 1 0(p;,=0 = p;=
0 0 0 1]
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Multiple Eigenvalue - Diagonal Form

1 0 -1 1 0 1]
P=[p, P, P;J=|0 1 0] P*=/0 1 0
00 1) 0 0 1]
(1 0 O]
= P'AP=(0 1 0|=A
0 0 2
X=AX

X=P1APX = AX
Xt)=eM%0), PX=x =  Px(t)=eMPx(0)
s X(t) =Pe™ P x(0) = e x(0)

et 0 0 et 0 ¢
eM=P|0 & 0 |P'=|0 ¢
0 0 &% 0 0 &%
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Multiple Eigenvalue - Jordan Form

o -
N W N

eigenvalue :

eigenvector :

/11,2 =1,

A-1 -1 =2
Q(A)=det|A1-Al]=| 0 A1-1 -3
0 0 A1-2
=(2-1)"(2-2)
A=l A =2
Ap =4D (Z,I—A)plzo
0 -1 -2 (1]
0 0 -3|p,=0 = p=|0
0 0 -1 0|
(1 -1 2] 5]
0 1 3|p;=0 = p,=|3
0 0 O 1

We can find only
1 eigenvector

for =1

System Analysis Spring 2015
13



Multiple Eigenvalue - Jordan Form

If not able to find 3 independent vectors, find P, which transforms A
as Jordan form.

A4 1 0]
AP=PI=P| 0 4 O
0 0 4
1o
Alp, P, P]=[p P, P]|O 4 O
0 0 4
= [Ap, Ap, Ap]=[pA P+A4P, 4D
Sothat, Ap, =A4p, [L1-Alp=0 = p
Ap=p+4p, [A-Al]lp,=p = P
Ap3:ﬂ3p3 [A_}el]pszo =  P;
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Multiple Eigenvalue - Jordan Form

0 1 2] |1 a
[A-A41]p,=|0 0 3|p,=|0], let, p,=|b
0 0 1] 10  C |

b+2c=1 3c=0, c=0 — b=1 choose p,=|1

1 05 1 0 -5
P=|0 1 3] P*=|0 1 -3
0 0 1 0 0 1]
(1 0 -5][1 1 2][1 5] [1 0]
= P'AP=(0 1 -3|/0 1 3|0 1 3|=|0 1 0 Jordan form
0 0 10 0 2]0 1] |0 2|
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If x=

Multiple Eigenvalue - Jordan Form

o O B+

1
1
0

N W N

let PX =X,

Jt

X(t)=PTAPK =JX =

X = AX,

X

PX

x(t) ="' x(0) ?

o O -

O - Bk

N O O

P9

X(t) =e’ X(0)

X(t) = Pe’ P*x(0) = e*' x(0)
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Multiple Eigenvalue - Jordan Form

1 0 5]e tet 011 0 -5]
et =petPt=|0 1 3/|l0 & O01]/0 1 -3
0 0 1//0 0 e*|[0 0 1|

te! 52 |[1 0 -5
=10 e 3|0 1 -3
0 0 e |00 1

et te! (—5et —3te' + 52 )
=0 ¢ (—3e' +3¢™)
0 0 e”!
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1. Diagonal Form

A=

2. Jordan Form

A=

O O ™ o O ™
O > o >
> O Rl ==

Summary

— €

— €

— e

At

At

et
— e/LZt
et e
0 o™
0 0
ettt
0 e
0 0

System Analysis Spring 2015
18



Summary

3. General A
X=AX+BuU Api:ilpi, PIAP = A

let x=PX

X=PlAPX+PBu=AX+PBu

X(t) =" %(0) + ["? P Bu(r)dz

PX(t) = x(t) = Pe™ P x(0) + j Per™) P71 Bu(r)dr

PeAt P—l — eAt
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Laplace Transformation Method

t
X =Ax+Bu, X(t) = e*'x, +feA“‘” Bu(r)dr
0

Laplace Transformation

s X(s) — %, = AX(s)+Bu(s), X(s)=(s1-A)*x, +(sI-A)* Bu(s)
net =2 (s1-A)

(sl-A)™ =1(|—1Aj

s\ s
:E(I+EA+%A2+%A3---)
sl s S S

:EI+%A+%A2+%A3---
S S S S
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Laplace Transformation Method

Laplace transformation table

L’[t]:l L’{ 1 t”l}:in, L[t () ]|=(-D"

s?' (n—1)! S

dn
ds"

F(s)

= L"l[(s I—A)‘l} =L F I+i2A+i3A2+i4A3--}

S S S S

A AT S AT
2! 3!

ceft = I+At+iA2t2 +£A3t3 Foe
21 3!
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Solution of Linear (Time Invariant) State Equation

Method 1. Diagonalization

Method 2. Laplace Transformation

Method 3. Sylvester's Interpolation Formula
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End of Lecture 10-4
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