Nuclear Reactor Safety Analysis li

- Computational Fluid Dynamics for Nuclear Thermal Hydraulics
-0

Cho, Hyoung Kyu

Department of Nuclear Engineering
Seoul National University

Sep. 4, 2013

NUTHEL



CHAPTER2.
CONSERVATION LAWS OF FLUID MOTION AND
BOUNDARY CONDITIONS




2.1 Governing Equations of Fluid Flow and Heat Transfer

*** The governing equations of fluid flow represent mathematical statements of the
conservation laws of physics.

® The mass of fluid is conserved.

® The rate of change of momentum equals the sum of the forces on a fluid particle
= Newton’s second law
® The rate of change of energy is equal to the sum of the rate of heat addition to and the rate
of work done on a fluid particle
= First law of thermodynamics

® Continuum assumption
= Fluid flows at macroscopic length scales > 1 um
= The molecular structure and motions may be ignored.
= Macroscopic properties

— Velocity, pressure, density, temperature
— Averaged over suitably large numbers of molecules

= Fluid particle
— The smallest possible element of fluid whose macroscopic properties
are not influenced by individual molecules.




2.1 Governing Equations of Fluid Flow and Heat Transfer

*** Control volume
® Sixfaces:N,S,E,W, T,B
® The center of the element: (x, vy, z)

*** Properties at the volume center
p=p 21
p=p Xy, z1)
I'=T(x,y,2z1)

u=u(x,y, zi)

** Fluid properties at faces are approximated

by means of the two terms of the Taylor series.

® The pressure at the W and E faces

|

(XJ/Z)n 0z
____________ E

p——=Li6x p+—5o0x



2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.1 Mass Conservation in Three Dimensions
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® Net rate of flow of mass into the element

{pu _ dpi) 15&}5}/5,2 — [pz L+ 8((;)21)_5xj 0y 0z

X

+ [pv Apo) 15)/)5 B (pb-k ‘9(’”)% ]éx&

')

+ [pw a(pw 15zJ5&5 - (pm+ (gw);SzJ&x&/
2

Mass conservation/ Continuity Eq.



2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.1 Mass Conservation in Three Dimensions

@ + div(pu) =0
ot

® For an incompressible fluid, the density pis constant.




2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.2 Rates of change following a fluid particle and for a fluid element
® Lagrangian approach/ changes of properties of a fluid particle
® Total or substantial derivative of ¢
® ¢ Function of the position (X,y,z), property per unit mass

Dé _
D

® A fluid particle follows the flow, so

dx/dt =u
dy/dt=v
dz/dt =w

® Hence, the substantive derivative of ¢ is given by




2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.2 Rates of change following a fluid particle and for a fluid element

D¢
O E defines the rate of change of property ¢ per unit mass.

D¢
® pE The rate of change of property ¢ per unit volume
Do dp dp I I 9P Do (0
= +Uy—+v— + w—= +u . grad p—=p|—+u.grad ¢
Di o odx dy 9z o grad ¢ D1 Z

® Eulerian approach/ changes of properties in a fluid element
= Far more common than Lagrangian approach
= Develop equations for collections of fluid elements making up a region fixed in space



2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.2 Rates of change following a fluid particle and for a fluid element
® LHS of the mass conservation equation

d .
op + div(pu)
ol
® The generalization of these terms for an arbitrary conserved property
8 ) Rate of increase N M c?f oW gLy
(p ¢) + div ( p Qbu) (of P volume}r[out of .ﬂuld element
per unit volume
J _ d J :
PO .+ distodu=p| Lt . aad 3] 46| L.+ Aiw(ou)
ot ot ol
D¢ ) ap .
——=p|—+u. grad — + div =0
P, P(at g ¢J > (pu)
Rate of increase Net rate of flow Rate of increase
of ¢ of fluid + of ¢ out of = of¢fora

element fluid element fluid particle




2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.2 Rates of change following a fluid particle and for a fluid element
® Relevant entries of ¢ for momentum and energy equations

Dy
r-momentum u p—u oApu) + div(puu)
Di
D ;
y-momentum v p—v Apv) + div(povu)
Dt
D
Z-momentum 72 p'—m opm) + div(pmwu)
Dt ot
DE J(pE
energy E p— (pE) + div(pEu)
Dt ot




2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.3 Momentum equation in three dimensions

® Newton’s second law

Rate of increase of
momentum of
fluid particle

Sum of forces
= on
fluid particle

/ Surface forces

Du Dv Dw .
P Di P Dt P Dt

Pressure = normal stress = p

Viscous stress = 7

7jj - stress component acts in the j-direction
on a surface normal to i-direction

Pressure force ( p)
Viscous force (7)

Body forces

Centrifugal force
Coriolis force
Electromagnetic force
Gravity force




2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.3 Momentum equation in three dimensions

® Xx-component of the forces due to pressure and viscous stress
= On the pair of faces (E,W)

dp 1 or,, 1 op 1 ot 1 dp 0T,
D | - L | |oyse+ | | p+ Lo |+ | o+ Ll || ySe = | L+ Lo | ey
{(p ox 2 AJ (f. ox 2 xj]& { {p ox 2 \J+(t' 5 ov 2 x]]& [ ox ’ oy ] e

= On the pair of faces (N,S)
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|
n the pair of faces (T,B) N P
' dp 1
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2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.3 Momentum equation in three dimensions

® Xx-component of the forces due to pressure and viscous stress
= Total surface force per unit volume

a(_p + Txx) n az_-]w i 8T;:x
ox dy 0Oz

® Xx-component of the momentum equation

Rate of increase of Sum of forces
momentum of = on
fluid particle fluid particle




2.1 Governing Equations of Fluid Flow and Heat Transfer

*» 2.1.3 Momentum equation in three dimensions

Rate of increase of Sum of forces
momentum of = on
fluid particle fluid particle

® Xx-component of the momentum equation

— ot
Du o(—p+7_) L0 o7.. S,
Dt ox oy 0z “

Yo,

® y-component of the momentum equation

Dv Jdr, Jd-p+71,) OJT., Body force
p — X) + ( p ‘].‘).) + 3) + Sﬂ/b,
D A 0—)36 Q]/ az S My — O
® z-component of the momentum equation S, =0

D _ aT\: n &L}: + &(_p + T::.) n

SMr, SVI: = _pg
Dt dv oy oz

o,




2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions

® The first law of thermodynamics

DE

p— &

Dt

Rate of increase
of energy of
fluid particle

Net rate of Net rate of work

heat added to + | done on
fluid particle fluid particle

® Rate of work done by surface forces

® In X-direction,

+ — 4+

a(_p + Txr) an‘ a1’-:\

o dy Oz

® Iny and z-directions,

ox

S {a(u(—p +1.)  dwt,)  dwt,)

} O0x 0y 02

dy 0z

8(@’;\1],) n a(v(_p + 7’?){)'))

+

J(vT,)

ox dy

pé

} 0x 0y 0z

IAwt,,) N Awt,,) N d(w(—p + 7..))

|

ox dy 0z

} Ox 0y 0z




2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions
® Total rate of work done on the fluid particle by surface stresses

a(Z‘z(_p + Tu)) n a(u’z‘_-y.v) n a(M/L.:x) Sy 5)/ Sz
o dy 0z ‘
+ a(v%f) + &(U(_p + 1’3{)/)) n a(vr;;)r) 536'6)/52 _a(up) . a(Up) . a(Wp) —
Ox oy 0z ‘ ox dy 0z

IFWQJ<%mJ+&Mﬂ+@m

Ox 9y 0.
ox dy oz } V302

a(ur\x\') 4 a(”tyr) + a(uT::.\‘) 4 8(01-,\'_11) + a(vr]{)l)
o dy oz ox dy

[—div(pua)] + {

2T | AWt At | At
0z ox dy oz




2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions

Rate of increase Net rate of Net rate of work
of energy of =| heat added to | + done on
fluid particle fluid particle fluid particle

® Net rate of heat transfer to the fluid particle

= |n X-direction,

dq. 1 dg. 1
——0r |- | g, +——
HQL oy 2 x] (% oy 2

" |ny and z-directions,

Uy 5085 s 62

(9)} 82

5xj] 0y0z =

g+ —-=0
Jq dz 2
+—=.=0
Qy 2 Y
~ |
s T Bq 1
=~ o — = OX
T | T 2
—e : ) [—.
_9%9 1 |
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4 \\\\q_% 15}/
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2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions

Rate of increase Net rate of Net rate of work
of energy of =| heat added to | + done on
fluid particle fluid particle fluid particle

® Total rate of heat added to the fluid particle per unit volume

aq.r _ agy _ ag: _
dv  dy 0z

® Fourier’s law of heat conduction

q=—kgrad T in vector form

—div q = div(k grad 7))




2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions

Rate of increase
of energy of
fluid particle

Net rate of Net rate of work
heat added to + done on
fluid particle fluid particle

+ Energy Source

DE
P Dt

® Energy equation

= E:Sum of internal energy and kinetic energy

div(k grad 7))

a(”f\\-) i a(”r:'\) I a(1"(:\') + a(rrl:)') i a(?t]jr)

[—div(pu)] +
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P Dt
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/ 2 X
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dy oz o dy oz

+ div(k grad T) + .5,

X
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2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions
® Kinetic energy equation

— %)
pDu :6( p+rxx)Jr T +5T2x S, ‘U
Dt Ox oy 0z '
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2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions
® Total energy equation — kinetic energy equation

DE dut,)  dwt,) dut,)  Ivt,) Dizl + o4 o] oy e[ Py O, O
pE__d“(pu)+[ ox " dy " Jz ’ v e Dr i dy T

N A(v1,) N A(vt,,) N d(wt,.) . A(wt,,) N dwrt,.) 2. T, i I, B I,

& = EX EY CTAE TN
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+w “+—L 4+ —=|+u.S,

v
E=i+3*+ >+ n?)
® Internal energy equation
Di , du du du

—=—pdivu+div(kgrad 7))+ 7,—+ 7,— + T,,—
le‘ P vk ) ox dy oz

7 on dy " 0z
dw dw ow

+C—+ T ,—+¢ + 9,
vy T dy 2




2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions
® For the special case of an incompressible fluid, temperature equation

§ =g
DT d d d d
pc—=div(k grad T') + 7, —u+f —u+T —u+T 2
Dr " Ox oy o= " Ox
dv dv dw dw dw
+t¢,—+¢,—+%,—+%,—+¢,—+3




2.1 Governing Equations of Fluid Flow and Heat Transfer

** 2.1.4 Energy equation in three dimensions
® Enthalpy equation

h = hy = Total enthalpy

hy=i+p/p+5(P+*+mw?)=E+p/p

® Total enthalpy equation

DE =—div g(u,l-"'-") (9(1”'.-]’-\‘) a(Z'VL-:-.\‘) &(UT.\'_)') a h a
= —div (Pll) + + + + (p 0) + le(p}lD u) = le(k grad T) + gp
4

pE ox ady oz ox

L Iery)  9en) | dmr) At At

dy oz ox dy oz N J (u T.r.\-) N a(u 'Lj},_‘.) N d (u T,;.\.)
+ div(k grad T) + S, ox dy 0z

e | A6t | A6

p%:%+div(pEu):%—%+div(phou)—div(pu) ox dy oz
Art) At | At

PR Y PR

+

+ .5,




2.2 Equations of State

L)

* Thermodynamic variables

L)

p,p,iand T

® Assumption of thermodynamic equilibrium

L)

» Equations of the state

L)

® Relate two state variables to the other variables

p=pp, T) 1=up, T)

L)

* Compressible fluids

L)

® EOS provides the linkage between the energy equation and other governing equations.

L)

*** Incompressible fluids
® No linkage between the energy equation and the others.
® The flow field can be solved by considering mass and momentum equations.



2.3 Navier-Stokes Equations for a Newtonian Fluid

** Viscous stresses T; in momentum and energy equations
® Viscous stresses can be expressed as functions of the local deformation rate (or strain rate).
® In 3D flows the local rate of deformation is composed of

= the linear deformation rate
= the volumetric deformation rate.

® All gases and many liquids are isotropic.

*** The rate of linear deformation of a fluid element
® Nine components in 3D

ol
. . . - L —
® Linear elongating deformation | | L x
® Shearing linear deformation components s
,q’_

*¢* The rate of volume deformation of a fluid element




2.3 Navier-Stokes Equations for a Newtonian Fluid

** Viscous stresses T; in momentum and energy equations

auy dx auy
tan o = axau — 8()3(u
dx+—*dx 1+—*
OX OX T
u,(x, y+dy)
c’;uX d ou,
C
tan g = y = %
ou ou
dy+—"dy 1+ Ay
oy oy
au A dx
tan o =~ — ) tan IB ~ 8ux «————— Ux, )
aX ay P l« u (x+dx, y) >
>
Vo =C+f The rate at which
two sides close toward each other
B 1
Sxy _7/xy



2.3 Navier-Stokes Equations for a Newtonian Fluid

** Newtonian fluid
® Viscous stresses are proportional to the rates of deformation.
® Two constants of proportionality

= Dynamic viscosity (4): to relate stresses to linear deformations
= Second viscosity (A): to relate stresses to volumetric deformation

. . €y +€,+e, = @+@+ o =divu
** Viscous stress components dv dy dz
du dv dw 1({du dv 1(du Ow o _1fdv dw
S§,.=— §,=— §.=— Sy =S =T| —+— See =S = | — T —/— Syz = Sy = T
X O Yy a]’ 2z 5 xX) ) ) 8]’ a‘, 2| 9z oy 2| Jdz a),
ou v

) - 8
£ +Adivua T.= ZH&_j + 1divu

_ B du dv T =1 = @-I-@ T,.=T.,=MU i-l-@
Ty =T =H 3_)f ’ EN WS T h dz  ox S dz  dy

® Second viscosity

T, = Zug + A divu T, =2U




2.3 Navier-Stokes Equations for a Newtonian Fluid

“* Momentum equations

- - ou 9
P Du_otp+r,) + 0Ty + o, +S5 T, = 2;1@ +Adiva  T,=7T,=U H o To= T, =l =+
Dt ox - o R 0 s O

Dv dp ou v d dv . Dw dpr O du Jdw d dv  Ow
p—=———+ Ul —+—|| +—| 2u—+Adivu p—=——>+—|U| —+— | |+ —| U| —+—
Dr dy ox dy ox dy dy Dt dz  Ox dz O dy dz  dy

+ £y {u{az + 5’)/” + Sy, +£[2ug+ldlv u] + S




2.3 Navier-Stokes Equations for a Newtonian Fluid

** Rearrangement

0 ou , d du Jdv d du OIw
—| 2u—+Adivu |+ —| Y| —+— || +=—| U| —+—
ox ox dy dy ok 0z oz Ox

I (), () () [of au) 2 0\ of aw) .
_ = = e 2 = ivu
oo | Ty o T e ) T e Mo T M | T e Mo [T

** N.-S. equations can be written as follows with modified source terms; S, =5, +[s\]

Du ap
— =—— +div rad u) +.5,,,
P Dt ox (K R
D
p_D: — _% + div(u grad v) + .Sy,
Dw dp .
p— = ——++ le(ﬂ grad W) + SM.:

Dt 0z



2.3 Navier-Stokes Equations for a Newtonian Fluid

“* For incompressible fluids with constant u

[$11:] = i % + i + 9 [ 9" —I—i(;tdivu)
T o a ov | dy : dv | Oz H ox | Ox
0 [au) 0 (ﬁv) o [awﬂ {a [8@1] 0 [8\/) o [awﬂ
ul —| — |+ + = 1 + +
L?x ox) oy\ox) 0z\ ox ox\ Ox) oOx\0dy) ox\ oz

O(ou ov ow
= U +—+ =0
ox\ox oy oz




2.3 Navier-Stokes Equations for a Newtonian Fluid

** Internal energy equation

Di d d d
p—Z =—p divu+ div(k grad T) + 7:”—“ + it o !
Dr dv T dy oz
ov dv dv o i T
F Cy—t Ty—t Ty— = 2jj— — =2Uu—
N Ty 3y F B L, = Z,Lla +Adiva T, Zﬂa] +Adivu 1, Z,Llé) + Adivu
.y dw ‘1, dw i ow iS5 ou N v o o N ow PR v N o
E — E — _— Vs = T = ol Ciay xz b T an T B yz = tzy =
" oy " dy " oz A dy ox dz  Ox | ’ dz dy
® Dissipation function ®
= Always positive
= Source of internal energy due to deformation work on the fluid particle.
= Mechanical energy is converted into internal energy or heat.
[ il 2 2 2] 2 2 A
ou dv dw du Jdv du dw dv  dw o
O=pu2(|—| +|— — | |+ ]| =—=+— —+— | +|—+— | } + Adiv u)
ox dy oz dy ox dz  Ox dz  dy

|



*** Governing Equations of Fluid Flow and Heat Transfer

2 div(pu) =0
ot

DM :6(_p+z-xx)+af)’x _|_az-zx +S

Review

P
Dt Ox oy oz M
Dv Jdr, Jd-p+1,) JT,
p = . + ( p ))) + = + S/VI]I
Dt Ox dy 0z ‘
pDW B JT,. n 3’[} N N+ 7..) S 5 1 stress component acts in the j-direction
o Mz T .
Dt oy dy o0 on a surface normal to i-direction
p% = i) & Aut,,) " d(u 1_-,'_\-) 4 d(u T..) + (9(1‘72\;,.) pg =—p div u + div(k grad T) + T_”ﬁ + T)-.rﬂ + E_\_ﬂ
Di dy dy oz ov Dt ox dy dz
v dv dv
+ a(t‘r)ll') g a(?f«‘;l') + 8(”"5\»;) 2. a(n)rl"‘:-) 3 a(n)?’.::.:.) t T‘U'T + T-]'-Vg + T“]E
” ” ” ” ” + T @+z‘ @+r @+ S;
+ div(k grad T) + S, o Moy Tox




2.2 Equations of State

L)

* Thermodynamic variables

L)

p,p,iand T

® Assumption of thermodynamic equilibrium

L)

» Equations of the state

L)

® Relate two state variables to the other variables

p=pp, T) 1=up, T)

L)

* Compressible fluids

L)

® EOS provides the linkage between the energy equation and other governing equations.

L)

*** Incompressible fluids
® No linkage between the energy equation and the others.
® The flow field can be solved by considering mass and momentum equations.



2.3 Navier-Stokes Equations for a Newtonian Fluid

** Viscous stresses T; in momentum and energy equations
® Viscous stresses can be expressed as functions of the local deformation rate (or strain rate).
® In 3D flows the local rate of deformation is composed of

= the linear deformation rate
= the volumetric deformation rate.

® All gases and many liquids are isotropic.

*** The rate of linear deformation of a fluid element
® Nine components in 3D

ol
. . . - L —
® Linear elongating deformation | | L x
® Shearing linear deformation components s
,q’_

*¢* The rate of volume deformation of a fluid element




2.3 Navier-Stokes Equations for a Newtonian Fluid

** Viscous stresses T; in momentum and energy equations

¥ )
—————— A
! | »
! |
| | L~ \
] | r \
: I \
3
¥ e \ 3
7 \ \ e
\
# /‘,
I X X
“/ _: Translation Rotation
A}
%
%
i i B
] | I
! J I I
J B -
- X - X
Angular deformation Linear deformation

Fig. 5.5 Pictorial representation of the components of fluid motion.

All gases and many liquids
are isotropic.

o .XV a

{a) Original particle i#) Particle after time As ic} Rotational component (d) Angular deformation component

Fig. 5.7 Rotation and angular deformation of perpendicular line segments in a two-dimensional flow.



2.3 Navier-Stokes Equations for a Newtonian Fluid

** Viscous stresses T; in momentum and energy equations

auy dX auy
tan o = axau — 8()3(u
dx+—*dx 1+—*
OX OX T
u,(x, y+dy)
c’;uX d ou,
C
tan g = y = %
ou ou
dy+—"dy 1+ Ay
oy oy
au A dx
ou
tana ~ — ~«a tan f ~ —% ~ -~ uxy)
aX IB 8y ﬁ X l« u (x+dx, y) >
>
Vi =& + [ The rate at which
two sides close toward each other
B 1
Sxy - _7/xy

2



2.3 Navier-Stokes Equations for a Newtonian Fluid

** Newtonian fluid
® Viscous stresses are proportional to the rates of deformation.
® Two constants of proportionality

= Dynamic viscosity (4): to relate stresses to linear deformations
= Second viscosity (A): to relate stresses to volumetric deformation

. . €y +€,+e, = @+@+ o =divu
** Viscous stress components dv dy dz
du dv dw 1({du dv 1(du Ow o _1fdv dw
S§,.=— §,=— §.=— Sy =S =T| —+— See =S = | — T —/— Syz = Sy = T
X O Yy a]’ 2z 5 xX) ) ) 8]’ a‘, 2| 9z oy 2| Jdz a),
ou v

) - 8
£ +Adivua T.= ZH&_j + 1divu

_ B du dv T =1 = @-I-@ T,.=T.,=MU i-l-@
Ty =T =H 3_)f ’ EN WS T h dz  ox S dz  dy

® Second viscosity

T, = Zug + A divu T, =2U




2.3 Navier-Stokes Equations for a Newtonian Fluid

“* Momentum equations

- - ou 9
P Du_otp+r,) + 0Ty + o, +S5 T, = 2;1@ +Adiva  T,=7T,=U H o To= T, =l =+
Dt ox - o R 0 s O

Dv dp ou v d dv . Dw dpr O du Jdw d dv  Ow
p—=———+ Ul —+—|| +—| 2u—+Adivu p—=——>+—|U| —+— | |+ —| U| —+—
Dr dy ox dy ox dy dy Dt dz  Ox dz O dy dz  dy

+ £y {u{az + 5’)/” + Sy, +£[2ug+ldlv u] + S




2.3 Navier-Stokes Equations for a Newtonian Fluid

** Rearrangement

0 ou , d du Jdv d du OIw
—| 2u—+Adivu |+ —| Y| —+— || +=—| U| —+—
ox ox dy dy ok 0z oz Ox

I (), () () [of au) 2 0\ of aw) .
_ = = e 2 = ivu
oo | Ty o T e ) T e Mo T M | T e Mo [T

** N.-S. equations can be written as follows with modified source terms; S, =5, +[s\]

Du ap
— =—— +div rad u) +.5,,,
P Dt ox (K R
D
p_D: — _% + div(u grad v) + .Sy,
Dw dp .
p— = ——++ le(ﬂ grad W) + SM.:

Dt 0z



2.3 Navier-Stokes Equations for a Newtonian Fluid

“* For incompressible fluids with constant u

[$11:] = i % + i + 9 [ 9" —I—i(;tdivu)
T o a ov | dy : dv | Oz H ox | Ox
0 [au) 0 (ﬁv) o [awﬂ {a [8@1] 0 [8\/) o [awﬂ
ul —| — |+ + = 1 + +
L?x ox) oy\ox) 0z\ ox ox\ Ox) oOx\0dy) ox\ oz

O(ou ov ow
= U +—+ =0
ox\ox oy oz




2.3 Navier-Stokes Equations for a Newtonian Fluid

** Internal energy equation

Di d d d
p—Z =—p divu+ div(k grad T) + 7:”—“ + it o !
Dr dv T dy oz
ov dv dv o i T
F Cy—t Ty—t Ty— = 2jj— — =2Uu—
N Ty 3y F B L, = Z,Lla +Adiva T, Zﬂa] +Adivu 1, Z,Llé) + Adivu
.y dw ‘1, dw i ow iS5 ou N v o o N ow PR v N o
E — E — _— Vs = T = ol Ciay xz b T an T B yz = tzy =
" oy " dy " oz A dy ox dz  Ox | ’ dz dy
® Dissipation function ®
= Always positive
= Source of internal energy due to deformation work on the fluid particle.
= Mechanical energy is converted into internal energy or heat.
[ il 2 2 2] 2 2 A
ou dv dw du Jdv du dw dv  dw o
O=pu2(|—| +|— — | |+ ]| =—=+— —+— | +|—+— | } + Adiv u)
ox dy oz dy ox dz  Ox dz  dy

|



2.4 Conservative form of the governing equations of fluid flow

Mass

X-momentum

y-momentum

Z-momentum

Internal energy

+ EOS

op

L 4 div(pu) =0

Ot

o(pu)

ot

o(pv)

ot

o(pw)

ot

o(pi)

+div(pun) = — 2 +div(u gradu)+S,,

ox

op

+div(pvu) = Y +div(u gradv)+S,,,
y :

+div(pwa) = — P +div(u grad w)+ S,

oz

+div(pin) =—-pdiva+div(k grad T)+® + §,

u,v,w, p,i, 0, T

This system is mathematically closed!




2.5 Differential and integral forms of the general transport equations

** General form of fluid flow equations

d
(g ?) | div(pgu) = div(T grad ¢) + S,
f
Rate of increase Net rate of flow Rate of increase Rate of increase
of ¢ of fluid + of ¢ out of = of ¢ due to + of ¢ due to
element fluid element diffusion sources
Temporal term  Convective term  Diffusive term Source term

® By setting ¢, /1, S¢,

¢=1u,v,w,i 0 .
=0, 1,k -+ div( pu) =0
S, =0,(Sy; —0p/ 3%, !

Differential form




2.5 Differential and integral forms of the general transport equations

¢ Starting point for computational procedures in FVM
® Integration of the general form over a 3D control volume (CV)

J@dV+ Jdiv(quu)dV: JdiV(F grad @)d ) + JS(Z,dV
]

® Gauss’s divergence theorem
= Volume integral < surface integral

Jdiv(a)d V= Jn .adA

Cv A

= n-a: component of vector a in the direction of the vector n normal to surface element dA

%[JPQMVJ + Jn,(p¢u)dA = Jn . (I'grad ¢)dA + JS¢dV

Cv A A Cv

A special case of the Reynold’ transport theorem




2.5 Differential and integral forms of the general transport equations

¢ Starting point for computational procedures in FVM

%([pgbdl/j + Jn.(p(bu)dAz Jn . (I'grad ¢)dA + JS¢dV

Cv A A CV

® Intime-dependent problems
= |Integrate with respect to time t over a small interval At

J;(Jp¢dVJdt+Jfn.(p(bu)dAdt :J[n.(F grad ¢)dAdt+JJS¢dVdf
[

At CV At A Ar A At Cv



2.10 Auxiliary conditions for viscous fluid flow equations

** Initial and boundary conditions for compressible viscous flow
® Initial conditions for unsteady flows
= Everywhere in the solution region, p, Uand T must be given at time t=0.

® Boundary conditions
= On solid Walls

— No-slip condition: U= UW

— Fixed temperature 6"‘

— Fixed heat flux T = TW k % — _qw

= On fluid boundaries

— Inlet o, U and T

— Outlet a a
u u,

—Ppru = |:n H = |:t

on on

= Qutflow boundaries
— Far from solid objects in an external flow
— Commonly, no change in any of the velocity components in the direction across the boundary

-p=F, 0=F

— Open boundary



2.10 Auxiliary conditions for viscous fluid flow equations

¢ Initial and boundary conditions for compressible viscous flow

® Symmetry boundary condition

dQ/dn = ()
® Cyclic (periodic boundary condition)

¢, = ¢,

Velocity = 0, temperature or

heat flux given
Solid wall B I \ "
7, Y Inflow Open boundary Outflow
boundary

boundary
—
Inflow: Outflow
boundary boundary Density, Flow Velocity = O, temperature or
velocity and Ead heat flux given
temperature
Flow e
Density, — \
velocity and
temperature

given
™~ Solid object

/ /// / A Open boundary
4

Solid wall Velocity = O, temperature or

heat flux given / \
As inflow bc where flow into Or as outflow bc where

domain through open boundary flow out of domain




2.10 Auxiliary conditions for viscous fluid flow equations

¢ Initial and boundary conditions for compressible viscous flow
® Symmetry boundary condition

dQ/dn = ()
® Cyclic (periodic boundary condition)

¢, = ¢,

. IS LIS v

Inlet be \ Wall be Outlet bc
\ Solution region Symmetry bc /
_ _ _ e _
SIS LSS SIS LSS Inflow AN

- %22%\
LU 0 Outflow

bc
Wall bc

Cyclic bc

Cyclic bc

Y Z
'///% ////7/////




