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𝑆 =
𝑈

𝑇
+ 𝑁𝑘(ln𝑍 − ln𝑁 + 1)

14.1 Thermodynamic Properties from the Partition Function

for Maxwell-Boltzmann Distribution

𝑔𝑗𝑒
−𝜀𝑗/𝑘𝑇 6 × 1023 molecules

𝑆 = 𝑘 ln𝑊

cf. 𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁

𝜇 = ቇ
𝑑𝐹

𝑑𝑁
𝑇,𝑉

𝜇 = −𝑘𝑇(ln 𝑍 − ln𝑁)

𝐹 = 𝑈 − 𝑇𝑆 = −𝑁𝑘𝑇(ln 𝑍 − ln𝑁 + 1)Helmholtz function

Partition function
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14.1 Thermodynamic Properties from the Partition Function

(1) Internal energy

𝑈 =𝑁𝑗𝜀𝑗 =𝑔𝑗
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇 𝜀𝑗

𝑍 =𝑔𝑗𝑒
−𝜀𝑗/𝑘𝑇

ቇ
𝜕𝑍

𝜕𝑇
𝑉

=𝑔𝑗
𝜀𝑗

𝑘𝑇2
𝑒−𝜀𝑗/𝑘𝑇

𝜀𝑗 fixed

∴ 𝑈 =
𝑁

𝑍
𝑘𝑇2 ቇ

𝜕𝑍

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2 ቇ
𝜕 ln𝑍

𝜕𝑇
𝑉

Partition function
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14.1 Thermodynamic Properties from the Partition Function

(2) Gibbs function

𝐺 = 𝜇𝑁 = −𝑁𝑘𝑇(ln 𝑍 − ln𝑁)

(3) Enthalpy

𝐻 = 𝐺 + 𝑇𝑆

= −𝑁𝑘𝑇 ln 𝑍 − ln𝑁 + 𝑇
𝑈

𝑇
+ 𝑁𝑘(ln 𝑍 − ln𝑁 + 1)

= 𝑈 + 𝑁𝑘𝑇

= 𝑁𝑘𝑇 1+𝑇
𝜕 ln𝑍

𝜕𝑇
𝑉
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14.1 Thermodynamic Properties from the Partition Function

(4) Pressure

𝑃 = − ቇ
𝑑𝐹

𝑑𝑉
𝑇,𝑁

= 𝑁𝑘𝑇 ቇ
𝜕 ln𝑍

𝜕𝑉
𝑇

cf. 𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
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𝑍 =𝑔𝑗𝑒
−𝜀𝑗/𝑘𝑇

14.2 Partition Function for a Gas

• Partition function

= න𝑔(𝜀)𝑒−𝜀/𝑘𝑇𝑑𝜀 = න
0

∞4 2𝜋𝑉

ℎ3
𝑚3/2𝜀1/2𝑒−𝜀/𝑘𝑇𝑑𝜀

=
4 2𝜋𝑉

ℎ3
𝑚3/2න

0

∞

𝜀1/2𝑒−𝜀/𝑘𝑇𝑑𝜀

𝑛𝑥

𝑛𝑦

𝜀 + 𝑑𝜀

𝜀
𝑔 𝜀 𝑑𝜀 : number of quantum state 𝜀 < < 𝜀 + 𝑑𝜀

cf.

g 𝜀 𝑑𝜀 =
𝜋

6
𝑉

29/2𝑚2/3

ℎ3
3

2
𝜀
1
2𝑑𝜀 =

4 2𝜋𝑉

ℎ3
𝑚
3
2𝜀

1
2𝑑𝜀

𝑘𝑇

2
𝜋𝑘𝑇

𝒁 = 𝑽
𝟐𝝅𝒎𝒌𝑻

𝒉𝟐

𝟑/𝟐
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14.2 Partition Function for a Gas

Successive terms of the partition function sum for (a) low temperature; 

and (b) high temperature. The energy level spacings are comparatively 

large for a small volume.

(a) (b)
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14.3 Properties of a Monatomic Ideal gas

ln 𝑍 =
3

2
ln𝑇 + ln𝑉 +

3

2
ln

2𝜋𝑚𝑘

ℎ2

𝑃 = −
𝜕𝐹

𝜕𝑉
𝑇

= 𝑁𝑘𝑇 ቇ
𝜕 ln 𝑍

𝜕𝑉
𝑇

=
𝑁𝑘𝑇

𝑉

𝜕 ln𝑍

𝜕𝑉
𝑇

=
1

𝑉

𝜕 ln𝑍

𝜕𝑇
𝑉

=
3

2
∙
1

𝑇

The partition function depends on both volume and temperature

𝑈 = 𝑁𝑘𝑇2 ቇ
𝜕 ln 𝑍

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2
3

2𝑇

𝑃𝑉 = 𝑁𝑘𝑇

𝑈 =
3

2
𝑁𝑘𝑇
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14.3 Properties of a Monatomic Ideal gas

𝑆 =
𝑈

𝑇
+ 𝑁𝑘(ln 𝑍 − ln𝑁 + 1)

=
𝑈

𝑇
+ 𝑁𝑘

3

2
ln𝑇 + ln𝑉 +

3

2
ln

2𝜋𝑚𝑘

ℎ2
− ln𝑁 + 1

The calculation of entropy

=
5

2
𝑁𝑘 + 𝑁𝑘 ln

𝑉(2𝜋𝑚𝑘𝑇)3/2

𝑁ℎ3
Sackur-Tetrode Equation
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14.3 Properties of a Monatomic Ideal gas

Statistical approach

𝑠 = 𝑐𝑣 ln 𝑇 + 𝑅 ln 𝑣 + 𝑠0

𝑇𝑑𝑠 = 𝑑𝑢 + 𝑃𝑑𝑣

𝑑𝑠 = 𝑐𝑣
𝑑𝑇

𝑇
+ 𝑅

𝑑𝑣

𝑣

Classical approach

𝑠 = 𝑆/𝑛, 𝑁𝑘 = 𝑛 ത𝑅 𝑐𝑣 =
3

2
𝑅
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14.4 Applicability of MB Distribution

𝑍 = 𝑉𝑛𝑄 = 𝑉
2𝜋𝑚𝑘𝑇

ℎ2

3/2

𝑔𝑗 ≫ 𝑁𝑗

𝜀𝑗

𝜀1

𝑔𝑗 𝑁𝑗

𝑔1 𝑁1

Maxwell-Boltzmann distribution: valid under dilute gas

Maxwell-Boltzmann distribution

𝑁𝑗

𝑔𝑗
=
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇 =

𝑁

𝑉

1

𝑛𝑄
𝑒−𝜀𝑗/𝑘𝑇
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14.4 Applicability of MB Distribution

For Helium,

𝑚 = 6.65 × 10−27 kg

𝑇 = 273 K

k = 1.381 × 10−23 J/K

ℎ = 6.626 × 10−34 J∙s

𝑁𝑗

𝑔𝑗
=
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇 =

𝑁

𝑉

1

𝑛𝑄
𝑒−𝜀𝑗/𝑘𝑇~ 4 × 10−6

𝑁

𝑉
=
6 × 1026

22.4m3
≈ 3 × 1025 𝑚−3

Number of particles 

per unit volume

𝑛𝑄 = 7 × 1030 𝑚−3
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14.5 Distribution of Molecular Speed

𝑓 𝜀 =
𝑁 𝜀

𝑔 𝜀
=
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇

𝑁 𝜀 𝑑𝜀 :  # of particles 𝜀 < < 𝜀 + 𝑑𝜀

𝑍 = 𝑉
2𝜋𝑚𝑘𝑇

ℎ2

3/2

𝑔(𝜀) =
4 2𝜋𝑉

ℎ3
𝑚3/2𝜀1/2

For an ideal gas,

The density of states is given by

Maxwell-Boltzmann distribution
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14.5 Distribution of Molecular Speed

𝑁 𝜀 𝑑𝜀 =
𝑁𝑒−𝜀/𝑘𝑇

𝑉
2𝜋𝑚𝑘𝑇
ℎ2

3/2
∙
4 2𝜋𝑉

ℎ3
𝑚3/2𝜀1/2𝑑𝜀

=
2𝜋𝑁

𝑁𝑘𝑇 3/2
𝜀1/2𝑒−𝜀/𝑘𝑇𝑑𝜀

𝜀 =
1

2
𝑚𝑣2,  𝑑𝜀 = 𝑚𝑣𝑑𝑣

𝜀1/2𝑑𝜀 =
(𝑚𝑣2)1/2

2
𝑚𝑣𝑑𝑣 =

1

2
𝑚3/2𝑣2𝑑𝑣

𝜀 is the single particle kinetic energy. Thus
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14.5 Distribution of Molecular Speed

𝑁 𝑣 𝑑𝑣 :  # of particles 𝑣 < < 𝑣 + 𝑑𝑣

𝑁 𝑣 𝑑𝑣 =
2𝜋𝑁

2𝜋𝑘𝑇 3/2
∙
1

2
𝑚3/2𝑣2𝑑𝑣 ∙ 𝑒−𝑚𝑣2/2𝑘𝑇

= 4𝜋𝑁
𝑚

2𝜋𝑘𝑇

3/2

𝑣2𝑒−𝑚𝑣2/2𝑘𝑇𝑑𝑣

𝑑𝑁𝑣 = 𝑁𝛼3𝑒−𝛽
2𝑣2 × 4𝜋𝑣2𝑑𝑣 = 4𝜋𝑁𝛼3𝑣2𝑒−𝛽

2𝑣2𝑑𝑣

𝜌 𝑉

cf. from kinetic theory,

𝑑𝑁𝑣 = 4𝜋𝑁(
𝑚

2𝜋𝑘𝑇
)3/2𝑣2𝑒−𝑚𝑣2/2𝑘𝑇𝑑𝑣
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14.7 Entropy Change of Mixing

𝑁

𝑁1 𝑁2

• Effect of mixing

∆𝑆 = −𝑛 ത𝑅(𝑥1 ln 𝑥1 + 𝑥2 ln 𝑥2)

∆𝑊 =
𝑁!

𝑁1! 𝑁2!
=

𝑁!

(𝑥1𝑁)! (𝑥2𝑁)!



17/17  

14.7 Entropy Change of Mixing

∆𝑆 = 𝑘 ln𝑊 = 𝑘[lnN! − ln 𝑥1𝑁 ! − ln 𝑥2𝑁 !]

∆𝑆

𝑘
= 𝑁 ln𝑁 − 𝑁 − 𝑥1𝑁ln 𝑥1𝑁 − 𝑥1𝑁 − {𝑥2𝑁ln 𝑥2𝑁 − 𝑥2𝑁}

= −𝑁(𝑥1ln𝑥1 + 𝑥2ln𝑥2)


