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0. INTRODUCTION
General 3

_

= Numerical modeling has become an indispensable tool in fracture analysis,
since relatively few practical problems have closed-form analytical solutions.

= Stress-intensity solutions for literally hundreds of configurations have been
published, the majority of which were inferred from numerical models.

= Elastic-plastic analyses to compute the Jcrack-tip-opening displacement
(CTOD) are also becoming relatively common..

» More efficient numerical algorithms have greatly reduced solution times in
fracture problems. For example, the domain integral approach enables one to
generate K'and Jsolutions from finite element models with surprisingly coarse
meshes.

= Commercial numerical analysis codes have become relatively user friendly, and
many codes have incorporated fracture mechanics routines.

= This chapter will not turn the reader into an expert on computational fracture
mechanics, but it should serve as an introduction to the subject.
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2. Traditional methods in Computational Fracture Mechanics

Stress and Displacement Matching

% Stress Matching Method

= On the crack plane (g = 0), K| is related to the stress normal to the crack plane

as follows: K,=lim[o,, .\I,:""27rr] (60=0) c. =0, = K,

r—0

\‘-"; 2nr

= The stress-intensity factor can be inferred by plotting the quantity in square
brackets against distance from the crack tip, and extrapolatingtor =0

% Displacement Matching Method

= K, can be estimated from a similar extrapolation of crack-opening displacement

u,
= For plain strain
Eu_ (2
K;=lim L o=m)
ro | HI=VvI) N F

» For plain stress

Eu_ |2
KI=1im[—fJL.:£} O =)

r—sl) \oF

“Displacement Matching Method give more accurate
estimates of Kthan Stress Matching Method because
stresses are singular as r — 0 but displacements are
proportional to/r near the crack tip”

.
u :iKM/_y for plane strain Ch. 4.1
Y OE 21

=—K, ,/— for plane stress
E 2r ¥

Local coordinate system for stresses and
displacements at the crack tip in a finite element

or boundary element model.
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3. Energy Domain Integral
Theoretical Background i

_
“ Similitude in Fatigue

The generalized definition of J requires that the contour surrounding the crack tip be

vanishingly small.
du,
J = limj {(H’+ 7)o, —o } ndl
I

r,—0 7 Ox

Q

where Tis the kinetic energy density. Various material behavior can be taken into
account through the definition of w, the stress work.

Consider an elastic-plastic material loaded under quasistatic conditions (7= 0). If
thermal strains are present, the total strain is given by

total

£, —€ +€p+a’®5 —€’”+€

where a is the coefficient of thermal expansion and O is the temperature relative to a
strain-free condition. The superscripts € p, m, and tdenote elastic, plastic,
mechanical, and thermal strains, respectively.

The stress work is given by
EM m
W= ' (F dE’

0
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3. Energy Domain Integral

Theoretical Background

" |tis not feasible to evaluate stresses and strains along a vanishingly small
contour.

o
J = limJ {(w+ T, —o,—2 } ndl
rO

Fo—>0 Yy axl

= Let us construct a closed contour by connecting inner and outer contours,
*=T,+T,+I_—T,.

= For quasistatic conditions, where 7= 0,

du,
J:J.r* 0, = —woy |gmdl - 2, 74-qdTl

axl L +1_

m;=-nonl,,
m =0and m,=t1lonl_andT,.

= g = arbitrary but smooth function that is equal
to unity on I'yand zeroon I';

= No crack-face tractions
= the second term becomes zero.

Inner and outer contours, which form a
closed contour around the crack tip
when connected by I', and I_.
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3. Energy Domain Integral
Theoretical Background

= Applying the divergence theorem J_J' {U du, e }]m T
- "f—r _ r_
) du, . 0
J:J. a_ (Tﬁ.]—'ll—“'é” q lﬂl‘{ aF aF
* ox, dx
4 ! : -“-(a—xz—al dXdyZm(FldX-i- de)/)

R c
a : oW - -
:J-[UU;?_“(LJ )q (HJr IJ/L/M]Q'H{ i auj. ) dw —0
’ : . L= ox, % ox, | ox, | From (3.2)

1 1

when there are no body forces and w exhibits the properties of an elastic potential
and divide winto elastic and plastic components.

= y — & £ ¢ ~F .. — .. — — .
i~ Je. w=w’+un?f = ,[;. (Ty.(féﬂ. + L .S'y.de ; Sy =0y 3 Ufﬂlfﬁ[j

S;is the deviatoric component of the stress tensor

= For a linear or nonlinear elastic material under quasistatic conditions, in
the absence of body forces, thermal strains, and crack-face tractions.

d
J = J[U Y Hﬁ]dqcﬂ
r,l a‘x

= The gfunction is merely a mathematical device that enables the generation of an

QUEID
area integral, which is better suited to numerical calculations. ..’%z
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3. Energy Domain Integral
Finite Element Implementation
N ee———————————————————
= The g function must be specified at all nodes within the area or volume of
integration. The shape of the gfunction is arbitrary, as long as g has the
correct values on the domain boundaries.

= |n a plane stress or plane strain problem, for example, g =1at ', which is
usually the crack tip, and g = 0 at the outer boundary.

where

_ n = number of nodes per element
glx.) Ny, -
' q; = nodal values of ¢

N, = element shape functions, which

| ‘ v Crack Front

Examples of g functions in two dimensions, Definition of g in terms of a virtual
with the corresponding virtual nodal nodal displacement along a three-
displacements: (a) the pyramid function and dimensional crack front
(b) the plateau function vt“‘,{o}"
B o N
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3. Energy Domain Integral
Finite Element Implementation

= The spatial derivatives of g are given by

u. g
n 2or3 J:J Grj ] —1/1"5“- —=dA
9 _ 2 2 aN, agk BT P
ox, dJg, o
where §; are the parametric coordinates for the element.
= |n the absence of thermal strains, path-dependent plastic strains, and body
forces within the integration volume or area, the discretized form of the
domain integral is :
_ r}u g }rj
J = EZ{H o, L—wo,, Ja ]Let[agk]} w,
A% or V¥ p=l1 1
Z auj
— Gq- 2
. 7 ox, T
crack faces
= mis the number of Gaussian points per element, and w,and ware
weighting factors. The quantities within {} , are evaluated at the Gaussian
points.
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4. Mesh Design

Arrangement of nodes

= When both crack faces are modeled, there are usually matching nodes along each
crack face. If these matching node pairs have identical coordinates, a small gap is
maintained between the crack faces not to merge the nodes.

= At the crack tip, quadrilateral elements (in two-dimensional problems) are usually
collapsed down to triangle, degeneration of a quadrilateral element into a triangle
= exhibits a 1/r strain singularity, plastic singularity element.

Do Not Merge
Coincident Nodes!
———

i

T 000 0 02,
P4

Symmetry Plane

A Small but Finite Gap Between
Crack Faces Avoids Having
Coincident Nodes

Examples of nodes on the crack plane
in two-dimensional finite element and
boundary element models.

Degeneration of a quadrilateral element into
a triangle at the crack tip.
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4. Mesh Design
Arrangement of nodes

11

“*Elastic singularity element and Plastic singularity element

Y4 point node mid-side nodes

Nodes 1.2.5
are not tied

Nodes 1,2.5
are tied

5 ® 3 5 x
2 6 E 2 6 >
‘4 L/4 ’:}< 3L/4 ’i i‘ L2 b‘d L2 b‘
(a) (b)
1/+/r singularity, 1/r singularity, Deformgd shape of plastic _
Elastic singularity element Plastic singularity element singularity elements. The crack-tip
elements model blunting, and it is
possible to measure CTOD.

Vi

2%
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4. Mesh Design

Spider-web design

12

_

For typical problems, the most efficient mesh design for the crack-tip region has
proven to be the “spider-web” configuration, which consists of concentric rings of
quadrilateral elements that are focused toward the crack tip.

The elements in the innermost ring are degenerated to triangles.

Since the crack tip region contains steep stress and strain gradients, the mesh
refinement should be greatest at the crack-tip.

The spider-web design facilitates a smooth transition from a fine mesh at the tip to a
coarser mesh remote from the tip.

This configuration results in a series of smooth, concentric integration domains
(contours) for evaluating the Jintegral

v
A )
v UK :
Half-symmetric two-dimensional Quarter-symmetric three-dimensional model @*;.;.2
pea.

model of an edge-cracked plate. of a semielliptical surface crack in a flat plate.

kY




4. Mesh Design
Spider-web design .

_

Elastic analyses of stress intensity or energy release rate can be accomplished with
relatively coarse meshes since modern methods, such as the domain integral
approach, eliminate the need to resolve local cracktip fields accurately.

The area and volume integrations in the newer approaches are relatively insensitive
to mesh size for elastic problems. The mesh should include singularity elements at
the crack tip, however, when the domain corresponds to the first ring of elements at
the tip.

If the domain is defined over a larger portion of the mesh, singularity elements are
unnecessary because the crack tip elements contribute little to J.

In a large-strain, nonlinear-geometry analysis, it is customary to begin with a finite
radius at the crack tip. Note that the crack-tip elements are not collapsed to
triangles in this case. Provided the CTOD after deformation is at least five times the
initial value, the results should not be affected by the initial blunt notch.

Crack-tip region of a mesh for large strain
analysis. Note that the initial crack-tip radius
is finite and the crack-tip elements are not
degenerated.
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4. Mesh Design

Application of force

= Many problems require forces to be applied at the boundaries of

the body.

r
(a) Point force applied to a single node. (b) Distributed foree applied to elastic
NOT RECOMMENDED. elements.

F

Linear Elastic Elements

Elastic-Plastic Elements

(¢) Finite radius indenter. (Nodes omitted
for clarity.)

Examples of improper (a) and proper (b and
c) methods for applying a force to a
boundary.
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5. Linear Elastic Convergence Study
Convergence study model s

_

= These analyses were performed on a through-thickness crack in a flat plate
subject to either a remote membrane stress or a uniform crack face
pressure. The plate width was 20 times the crack length, so the model
approximated the so-called Griffith plate, where the width is infinite.

Close-up of the crack tip region of the baseline

quarter-symmetric two-dimensional plane strain model
used in the convergence study

)%A.
&

B
o A
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5. Linear Elastic Convergence Study

Dimensionless stress-intensity factor 0
_
= The Jintegral was converted to the Mode | stress intensity factor K2
G ="
E

= The 1/4-point node location in the collapsed elements in the first ring improves the J
estimate in the first contour but has little effect on the second and higher contours.

= The stress-intensity factor computed from the Jintegral is within 0.3% of the

theoretical solution despite the fact that the baseline mesh is not particularly refined
at the crack tip.

1.04

K} Through Thickness Crack in Flat Plate
- Subject to a Uniform Crack Face Pressure

[ J.integral method is an efficient Way to o T 2D Plane Strain Analysis
compute K7, in that a high degree of mesh Loz

refinement is not required.

= 1/4-point node location elastic singularity

elements are not necessary, provided the o 14~ Pom e
integration domain includes more than just 098 Mt Pt Node i
the first ring of elements. —

0.96
1 2 3 4 5

Contour #

Dimensionless stress-intensity factor
inferred from a J-integral analysis !;,\]03
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5. Linear Elastic Convergence Study
Stress-matching vs. Displacement-matching method 17
e ——————————————————

= Stress-Matching method vs. Displacement-matching method for Remote
membrane stress and Uniform crack face pressure.

.- K. =li By |2m @=m)
K,=lim[o,27r] (6=0) b ot B

r—l
r—0

1 : 1.05
Through Thickness Crack in Flat Plate
2D Plane Strain Analysis

#=0

Through Thickness Crack in Flat Plate
2D Plane Strain Analysis

(2)
K/ i 0=

o, N2rr

" { o Tei f7 ~ o ACSUTC
(o3 -\/,‘:'I'a‘ O T e o Ta Uniform Crack Face Pressure
Remote Membrane Stress
0.8 1
—8— |/4 - Point Nodes in
First Element Ring
—&— Mid-Side Nodes in
First Element Ring
A
0.6 095
'?v
Uniform Crack Face Pressure
0.4 0.9 v | .
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
rla ra
Dimensionless stress-intensity factor Dimensionless stress-intensity factor
estimated from the normal stresses in estimated from the displacements behind .
front of the crack tip the crack tip. ?ﬁ%
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5. Linear Elastic Convergence Study

Stress-matching vs. Displacement-matching method

_

= Stress-Matching method vs. Displacement-matching method for Remote
membrane stress and Uniform crack face pressure.

Eu_ 2
KI=]im[ : 'E} (@=m)

|
24
rso | HA=v7) \ 1
1.05
Through Thickness Crack in Flat Plate|
Uniform Crack Face Pressurc
KI( ) 2D Plane Strain Analysis
= = 1 O0=r
o na | —@— 1/4 - Point Nodes in
‘ First Element Ring
1 —&— Mid-Side Nodes in
First Element Ring
0.95
0.9
0 0.02 0.04 0.06 0.08 0.1

r/a

Effect of elastic singularity elements at the
crack tip on K, estimated from opening
displacements behind the crack tip in the
baseline model.

K,=lim[c, 27r] (6=0)

—0

Through Thickness Crack in Flat Plate
2D Plane Strain Analysis

o, ~N2rr 9=0 ST k" L
..7 ‘ ] = A
o’-\/ﬂa A ‘/.//./.

a :
0.9 Remote Membrane

Stress

0.8 —@— Baseline Model

—d— 2x Refinement

8x Refinement

Uniform Crack Face Pressure

0 0.02 0.04 0.06 0.08 0.1

rla

Effect of mesh refinement at the crack tip on
K, estimated from normal stresses in front of
the crack tip..

OPen INteractive Structural

18

)%A
&

B
2=
Ze g



5. Linear Elastic Convergence Study

Mesh refinement effect and Poisson ratio effect

1.05
Through Thickness Crack in Flat Plate
Uniform Crack Face Pressure
K () 2D Plane Strain Analysis
: 6=r
o
(o} wa

~—&— Basclinc Modcl

—&— 2x Refincment

8x Refinement

0.95

09
0 0.02 0.04 0.06 0.08 0.1

rla

Effect of mesh refinement at the crack tip on
Kl estimated from opening displacements
behind crack tip.

v= 0.3 : a real three-dimensional effect
v = 0: the three-dimensional model
blelhaves like a two-dimensional plate
Through Thickness Crack in Flat Plate
Subject to Uniform Crack Face Pressure
K
e e 108
o \ra
I & £ 3 £ 3 2k £ 3 £ 3 £ 3 A
—— =03
—k— =)
0.95
0.9
05 -04 -03 -02 -01 0 0.1 02 03 04 05

z/t

Through-thickness variation of the Mode |
stress-intensity factor inferred from a /-

integral analysis of the three-dimensional
model
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5. Linear Elastic Convergence Study
Mesh refinement effect

3x crack-front refinement
- = A //<\§

\ /
4 ")\

—A

/A
\/
A

TV

\ A
\\

/.
S S
/

\

\\\

I\

7

v

ANRARY!

Refinement along the crack front of the

three-dimensional model

The value on the free surface
continually decreases with refinement
along the crack front.

“The theoretical value of the J
integral on the free surface of a

three-dimensional body is zero.”
1.1 1

Through Thickness Crack in Flat Plate
Subject to Uniform Crack Face Pressure
v=03

—&— Standard Crack Front Refinement
—&— 3x Crack Front Refinement
9x Crack Front Refinement

0.95

05 04 03 02 -01 0 01 02 03 04 05

z/t

Effect of crack-front refinement on the
through-thickness variation of

OPen INteractive Structural - ©
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5. Linear Elastic Convergence Study
Summary -

e —————
* |n summary, the domain integral method is the most efficient
means to infer stress-intensity factors solutions from finite element
analysis.

= |f one’s finite element software does not include such capabilities,
the displacement-matching technique is an acceptable alternative,
provided the mesh refinement is sufficient for convergence. The
stress-matching method requires a very high level of mesh
refinement, so it is not recommended.

» Finally, the level of mesh refinement required for convergence is
problem-specific, since it depends on the geometry and loading.

» The convergence results presented here are for purposes of
illustration and should not be used as the sole basis for
demonstrating convergence for a different problem.
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6. Analysis of Growing Cracks
Cell-type mesh
e ———————————————
= Moving the crack tip in a focused mesh normally entails re-meshing.

= A new focused mesh with a slightly longer crack must be created. Re-
meshing is appropriate for elastic problems because stress and strain are
not history dependent.

= Crack growth by re-meshing is possible in principle, provided the prior
plastic strain history is properly mapped onto the various models created
at each step. However, this approach is highly cumbersome.

= A better alternative is to create a single mesh that accommodates crack
growth. One such mesh configuration is the ce/l mesh.

22

Three common methods to advance a
crack in a cell mesh.

v" Removing elements

v" Release nodes

v' Use cohesive elements

Cell-type mesh for analysis of IR AN N 2t
crack growth in a semielliptical | | .~ |~
surface crack in a flat plate ’ U




6. Analysis of Growing Cracks

Cell-type mesh =

_

= [rrespective of the numerical crack growth strategy each increment
of crack advance corresponds to the element size.

= For this reason the crack growth response in a finite element
simulation is mesh dependent.

* |n real materials, the crack growth response (e.g., the Jresistance
curve) depends on material length scales such as inclusion spacing.
A finite element continuum model does not include microstructural
features such as inclusions, so element size is the only available
length scale to govern crack growth.

» Crack growth simulations usually need to be tuned to match
experimental data. One of the key tuning parameters is the element
size in the cell zone on the crack plane.
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