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Introduction

= A firm is a cost-minimizer if it produces any given
output level y at smallest possible total cost.

= ¢(y) denotes the firm’s smallest possible total cost
for producing y units of output.

= ¢(y) i1s the firm’s total cost function.

= When the firm faces given input prices
(Wy,W,,...,W,), the total cost function will be
written as

C(Wy,...,W,, Y).
= How to find the cost function?



Cost minimization(2-inputs)

= Formulation . Lagrangian
min ¢ = WX, +W,X,

X% |

st. (¥, %)=y L =wx, +wp %, = A(F (%% )~ )

= .O.C.
oL o e Conditional factor demand function
5=V fx)=0 :
. X (W1’W2’Y)

of X .
i: 1_2 (Xl 2>:0 Xz(Wl’Wziy)
0%, 0%,
i—w _ﬂ@f(xf Xz)—O
ox, - ox,  Cost function

(W, Wy, Y )= WX (W, Wy, )+ Wy X (W, Wy, )



Cost minimization(2-inputs)

= F.O.C.
oL ﬁf(xf,xz)_
a—Xl—Wl_ﬂ« aXl =0 A *Wl* i *WZ*
oL af(X:’Xz) of (Xl,XZ)/8X1 of (Xl’xz)/axz
—— =W, —4 =0
X, OX,

= Optimality condition

w _ (%.%)/o% MR
W, ﬁ(x;,x;)/@xz MP2

I I

Economic rate of Technical rate of
substitution substitution

~TRS(X, ;)




Cost minimization(2-inputs)

= |SO-cost

 All combinations of inputs that have some given level
of cost

C=WX +W,X
1™ 2732 X2)\

X_E W1Xl

i W, W,

Optimal

W
Tangency condition oW,
MP, (X[, X, *
- 1(X1* i):TRs(xf,x;)z—ﬂ X2
MP, (%, %; ) w, Iso-quant
o fxux) =y’
AN >

X1



Cost minimization(n-inputs)

= Formulation .
e Lagrangian

min ¢ =Ww-X

st. f(x)=y L(ﬂ’x):""'x"l(f(x)—y)
= F.O.C.
5_L:y_f(;():0 « Conditional factor demand function
oA

of (x X (W,y), i=1..,n
i=Wi A (X)—O i=1..n
OX; OX
» Optimality condition » Cost function
w af(i*)/axi C(V”v,y):iwix:(v”v,y)

Wi of (i*)/axj



Cost minimization(n-inputs)

= Second-order condition
e Bordered Hessian matrix should be PD

= Definiteness of a Bordered Hessian matrix
e |et n=# of variables, m=# of constraints

_ (0 B
H=|
B" A

o |If the determinant of bordered Hessian has the same
sign as (-1)" and if (n-m) leading principal minors
alternate in sign, then ND (negative definite)

e |If the determinant of bordered Hessian and (n-m)
leading principal minors have the same sign as (-1)™

then PD (positive definite)



Cost minimization(n-inputs)

= Second-order condition
e 2-inputs case (n=2, m=1)

L (2%, %, ) = WX, + WX, = A( (%, %,)-Y)

oL _
oA

] izwl—ﬂvf1
0%,

i:W2 —Af,
OX,

y—f (X1vX2)

F.O.C.= DL(/L §<)

o -f -f,
H=D’L(4x)=| -f, -if, -Af,

S.0C.  |A|<0
—f, —if, /lfj




Cost minimization(n-inputs)

= Second-order condition
 3-inputs case (n=3, m=1)
0o -f —f -f

|:|= _fl _ﬂ’fll _lflz _)l’f13
—f, —aAf,, -Af, —Af,
—f, —-Af, —-Af, -Af,
S.0.C.
B 0 -f f,
‘H‘<O

-f, -Af, —-Af,
-f, —-Af,, -4f,

<0




Cost minimization

= Example: Leontief technology

y— {axl,if ax, <bx,

f (%, %, ) =min{ax,bx, | bx,, If ax, = bx,

« Thus If we want to produce y, we only need

X, -y x;:%, for any w,, w,.

a
e Cost function

. Co(ww,
C(Wl,Wz,y)=W1X1+W2X2: a+ O y



Cost minimization

= Example: Linear technology

f(x,X,)=ax +bx,

 Since the inputs are Perfect substitutes, the firm will
use whichever is cheaper.

oY
{Xl Ca, if W1X<W2%

<,

: y
a ,ﬁmg>%1

X, =0 X

N %

Ol O

Any (xlxz) such that ax; +bx; =y, if Wll
a

— y
=W, b
y

c(w,w,,y)= min{wlg,w2 %}
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Cost minimization

= Example: Linear technology

min w; X, +W,X,
st. ax,+bx, =y
X, 20,X,20
e Lagrangian
L(/I,yl,yz,xl,xz):wlxl+wzx2—/’L(ax1+bx2—y)—ulxl—y2x2
« K-T condition
W, —al—y =0
W, —bA— 4, =0
ax, +bx, =y
X, 20,420, 11X, =0
X, 20,6, 20, 1,X, =0
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Cost minimization

= Linear technology(Another approach)

(i)x, =0,x, =0
No solution unless y=0
(i) x, =0,x, >0
W=ﬂ.a-|-,LLl W. W
20, :O ! _1>_2
=s w, = Ab a b
From ax, +bx, =y, x;:%
(i) x, >0,x, =0
. .y W, w,
Similarly, x, == when —<—=
g a a b
iv) x, >0,x, >0
P w, = Ab a b

Any (X1 Xz) such that ax, +bx, =y
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Cost minimization

= Example: C-D technology

. _ A-1/b,l/b,,—-alb
min W, X, +W,X, X, = ATTYTX

- -1/b,,1/b ,—alb
min W, X, +w (A . X )
st. AX'X) =Y 1% W, Y X

 F.O.C

ac/ox, = w, _%Wz A-LD yl/bxl—(a+b)/b ~0

e Conditional factor demand function

r -b/(a+b
aw, T

_bw1 |

XI (Wl’ W, y) — AV(ath) 1/(a+b)

y

_aw q-al/(a+b)
> _ p-U(atb) 2 1/(a+b
Xz(Wliwz’y)—A == y (a+)

| bw, |

e Cost function

b -a
* * a+h a+h al(a+ a+ a
(W, Wy, Y) = WX +W,X, =A@ {(%)a J{EJ"" ]\,\,1 ((210) /(D) i (as0)
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Cost minimization

= Example: CES technology f(x.x)=(x+x)"

min W, X, + W, X,

st Xp+xp_yp L(ﬂX X) Wi Xy + W, X, — (X1p+xé)_yp)
LA 2 =

« F.O.C.

W, —Apx =0 ---(1)
W, —Apxf™* =0 ---(2)
X' ¥y =yt ()

* Solving (1) & (2), and inserting them into (3)

3 p L, 2,
le = Wlp_1 (ﬂp)ﬁ Wlp_l (lp)p—l —I—sz_l (lp)p—l =y’
Nl P A
¢ =w (Ap) o o
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Cost minimization

e Conditional factor demand function

O S e
—ywr-l p-1 p-1
X, (wl,wz,y)—w1 WA+ W y
[ o p Y
* _yp-1 p-1 -1
xz(wl,wz,y)_w2 W+ wy y

e Cost function

C(W,, Wy, Y) = WX, + W, X,

_ p-1 p-1
=YylwW T +W,
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Hoteling’s lemma

= Profit max.
Max 7 =p- f(>~<)—iwixi
X i=1

x. (W, p) : Factor demand function y(p) = f (X (p,W)): supply function
Profit function: z(p,W) = p- f (¥) =3 wx
i=1

« Given profit function, how to get factor demand function
or supply function?

= Hoteling’s lemma

0z (p, W) and Y(P,W)=
oW, op

or(p,W)

% (p,W) =~
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Hoteling’s lemma (generalized version)

e Assuming that the derivative of profit function exists and

pi> 0, yi(g):a’;gp) fori=1...n

 Proof

Suppose ¥ is profit-max output at p .
Define the function of price vector p

o(5)-=(5)-5-7
Forany p=p ,g (B) >0 since n(B) is @ maximized profit,
and if p=p ,g(p)=0

Thus g (B) reaches a min. value of 0 at p

w(p) or(v)
F.O.C. = —y =0, i=1..,n
op, P,

This is true for all choices of B
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Shepherd’s lemma

= Cost min. minc=w-x
s.t. f(i =Yy

x. (W, y) :Conditional factor demand function
Cost function: c(W, y)= iwi X (W,y)
i=1

« Given cost function, how to get conditional factor
demand function?

= Shepherd’s lemma

_ oc(w, y)
oW,

X (W, y)
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Shepherd’s lemma

® Letx (W,y) be the conditional factor demand for input i.
If the cost function is differentiable at (W, y), and w,>0 for i =1,...,n, then
oc(W,y)
OW.

X (W,y)= i=1..,n

 Proof

Let X be the cost-min. bundle that produce y at price w

Define the function of W such that g (va) - c(va, y)—v~v->~<

Then g (\TV) <0 since c(v~v, y) IS the cheapest cost,
and g (va) =0
Since g (W) obtains the max. value of 0 when w=w

ag(\Tv*) ac(\Tv*,y)
oW ow

-x =0,i=1..,n
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Profit max. vs. Cost min.

= Profit max.

max z = py- Zm:Wi X X; (p, W) : Factor demand function

i=1 y (p, W) :Supply function 7[( P W)
st. fT(X)=y
o N :87r(p, N) y* i :_aﬂ(p,VV)
Hoteling’s lemma Y(p,W) o (P, W) ow

= Cost min.

min c=w-x x."(W, y): Conditional factor demand C(W’ y)
st. T(X)=vy

. - oc(W,
Shepherd’s lemma X (W, y) = cé\\/,vv )

20



	슬라이드 번호 1
	Introduction
	Cost minimization(2-inputs)
	Cost minimization(2-inputs)
	Cost minimization(2-inputs)
	Cost minimization(n-inputs)
	Cost minimization(n-inputs)
	Cost minimization(n-inputs)
	Cost minimization(n-inputs)
	Cost minimization
	Cost minimization
	Cost minimization
	Cost minimization
	Cost minimization
	Cost minimization
	Cost minimization
	Hoteling’s lemma
	Hoteling’s lemma (generalized version)
	Shepherd’s lemma
	Shepherd’s lemma
	Profit max. vs. Cost min.

