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COST MINIMIZATION



Introduction

 A firm is a cost-minimizer if it produces any given 
output level y at smallest possible total cost.

 c(y) denotes the firm’s smallest possible total cost 
for producing y units of output.

 c(y) is the firm’s total cost function.
 When the firm faces given input prices 

(w1,w2,…,wn), the total cost function will be 
written as

c(w1,…,wn, y).
 How to find the cost function?
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Cost minimization(2-inputs)

 Formulation
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Cost minimization(2-inputs)

 F.O.C.
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Cost minimization(2-inputs)

 Iso-cost
• All combinations of inputs that have some given level 

of cost
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Cost minimization(n-inputs)

 Formulation
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Cost minimization(n-inputs)
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 Definiteness of a Bordered Hessian matrix
• Let n=# of variables, m=# of constraints
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H

• If the determinant of bordered Hessian has the same 
sign as (-1)n and if (n-m) leading principal minors 
alternate in sign, then ND (negative definite)

• If the determinant of bordered Hessian and (n-m) 
leading principal minors have the same sign as (-1)m, 
then PD (positive definite)

 Second-order condition
• Bordered Hessian matrix should be PD



Cost minimization(n-inputs)

 Second-order condition
• 2-inputs case (n=2, m=1)
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Cost minimization(n-inputs)

 Second-order condition
• 3-inputs case (n=3, m=1)
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Cost minimization

 Example: Leontief technology
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Cost minimization

 Example: Linear technology
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• Since the inputs are Perfect substitutes, the firm will 
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*
1

1 2
*
2

,  if  
0

yx y yw wa
a bx

 = <
 =

*
1

1 2*
2

0
,  if  

x y yw wy a bx
b

 =
 >

=

( )* * * *
1 2 1 2 1 2Any ,  such that ,  if  y yx x ax bx y w w

a b
+ = =

• Cost function
( )1 2 1 2, , min ,y yc w w y w w

a b
 =  
 



Cost minimization

 Example: Linear technology
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Cost minimization

 Linear technology(Another approach)
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Cost minimization

 Example: C-D technology
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Cost minimization

 Example: CES technology
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Cost minimization
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• Conditional factor demand function
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Hoteling’s lemma

 Profit max. 
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• Given profit function, how to get factor demand function 
or supply function? 
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Hoteling’s lemma (generalized version)

• Assuming that the derivative of profit function exists and 
pi > 0,  
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Shepherd’s lemma

 Cost min. 
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• Given cost function, how to get conditional factor 
demand function? 
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Shepherd’s lemma

•
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Profit max. vs. Cost min.

 Profit max. 
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