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Introduction

¢ The convection of a scalar variable ¢ depends on the magnitude and direction of the
local velocity field.

*** How to find flow field?

® In the previous chapter, we assumed that the velocity field was somehow known.

® In general the velocity field is, however, not known and emerges as part of the overall
solution process along with all other flow variables.

** Governing equations (2D steady-state N-S egs.)

0 ﬁ . d|( Ju dp
EX 07x dy| oy o

&—(puu) + f(pvu) =

d 9 () + d (poe) = d 8@ d|( dv dp

— |+ .
Ox dy x| o dl | I

%(Pu) u %(Pv) =




Introduction

** New problems
® Non-linearities

= The convective terms of the momentum equations contain non-linear quantities.

= All three equations are intricately coupled because every velocity component appears in each
momentum equation and in the continuity equation.

® The pressure-velocity linkage

= The most complex issue to resolve is the role played by the pressure. It appears in both momentum
equations, but there is evidently no (transport or other) equation for the pressure.

= |f the flow is incompressible the density is constant and hence by definition not linked to the
pressure.

= In this case coupling between pressure and velocity introduces a constraint in the solution of the
flow field

— If the correct pressure field is applied in the momentum equations the resulting velocity field should satisfy
continuity.

® Can be resolved by adopting an iterative solution strategy such as SIMPLE
= Patankar and Spalding



Introduction

¢ SIMPLE algorithm

® The convective fluxes per unit mass F through cell faces are evaluated from so-called guessed
velocity components.

® A guessed pressure field is used to solve the momentum equations

® A pressure correction equation, deduced from the continuity equation, is solved to obtain a
pressure correction field, which is in turn used to update the velocity and pressure fields.

® To start the iteration process we use initial guesses for the velocity and pressure fields.
® The process is iterated until convergence of the velocity and pressure fields.

—(puu)+—(pvu)— i 811 + I u&’u &p +.5,
ox ox 07@ dy| oy ox

0 0 d(| odv d[| odv dp
—(puv) + —(pov) = u— | + u -—+.5,
ox dy |’ o dy| oy oy

d d
: (pu) + > (pv) =
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The staggered grid If you stagger, you walk very unsteadily, for
example because you are ill or drunk.



The staggered grid

* Where to store the velocities?

“* If the velocities and the pressures are both defined at the nodes of an ordinary CV a

highly non-uniform pressure field can act like a uniform field in the discretized
momentum equations.

® Checker board problem pptpp | | Pptbw
® The pressure at the central node (P) o b —p 2 2

= does not appear = =

o do/dx, dp/dy o Ox Ox
= Zero at all the nodal points PE Prr
even with the oscillations 20y
= Zero momentum source
® This behaviour is obviously Checker board pressure field
non-physical.
— < ‘N <> L £
wo] sl 10| w| 10| 0
“* Solutions Lo e et ]
® Use a staggered grid . i:i_;_im R
® Rhie-Chow interpolation FT0) ) GRET) () (T e
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The staggered grid

** Harlow and Welch (1965)
® Scalar variables J+1

" Pressure
= Stored at e

- i+ 1
® Velocities s

= Storedat —>and T

= y-direction: T

® Scalar node j
= (1J)

® Velocity node
= (i,J)
= (Lj)
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** Harlow and Welch (1965)
® Scalar variables

= Pressure
= Storedat e
® Velocities
= Storedat —and T

= y-direction: T

® Scalar node
= (1J)

® Velocity node
= (i,J)
= (Lj)
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j+1

The staggered grid
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+* Harlow and Welch (1965)
® Scalar variables

= Pressure
= Storedat e
® Velocities
= Storedat —and T
= x-direction: —»

= y-direction: T

® Scalar node
= (1J)

® Velocity node
= (i,J)
= (Lj)

The staggered grid
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** In the staggered grid arrangement

® Pressure gradient
= At (i,J) and (l,))

o _pp—bw 9 _ Pr—2Ps
ox o, dy 0,

[¥)

® Advantages
= No checkerboard problem
= No interpolation to calculate
velocities at cell faces

N
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The momentum equations

** On staggered grid
® Scalargrid: I-1, I, 1+1, ...., J-1, J, J+1, ....
® Velocity grid: i-1, 1, i+1, ..., -1, j, j*+1, ....
® Backward staggered grid . | . |
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The momentum equations

¢ Discretized momentum equation

® x-directional momentum eq.

d d Jd|( du d| du dp
—(puu) + —(pou) = + -—+S5
o (pu) % (pou) - [/J &r} £y [H 5.’)’] o o

[V-(ptu)av = [(pu)-AdA =" (piiu)- A

= (puu), A, - (puu), A, +(ovu), A, - (ovu), A
= (ou),u A, —(ou),u, A, +(ov),u, A —(ov),uA
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The momentum equations

¢ Discretized momentum equation

® x-directional momentum eq.
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The momentum equations

¢ Discretized momentum equation

® x-directional momentum eq.

jV(pﬁU)dV ZI(,OUU)ﬁdAZZ(pUU)A -1 s+1] o |1+t |
f & K i
:(pUU)eAe—(,OUU)WAW-F(IOVU)nAn—(pVU)WAN E i i
- (o) u, A — (o), 0, A, + (o), 0, A, — (o0),0,A Y N T T
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WE v ] iP T iE
u, u, Uu. u g ; ;
= Dependent on the differencing method E v i s V i
— upwind, hybrid, QUICK, TVD i-1,-1 S Lol —m



¢ Discretized momentum equation

® x-directional momentum eq.

The momentum equations

8p+S

9 oy 2oy = g2 2 [, 0
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The momentum equations

¢ Discretized momentum equation

® x-directional momentum eq.

[v-u(vu)av = [ u(Vu)-idA =" (uvu)- A
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The momentum equations

¢ Discretized momentum equation

® x-directional momentum eq.

d d Jd|( du d| du dp
—(puu) + —(pou) = u + u -—+ 35, ! Upsia |
ox dy vl ox dy\ oy v | m1dea] —— | A
l | N I
0 — -p, | y |
J‘(_pjdv _ Pe — Py AV = Py = Pias AV N — 4_ _________ R _} ______ i
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The momentum equations

¢ Discretized momentum equation

® x-directional momentum eq.

P 0 d( du d[ du Ip
7 +— = * "
£y (puu) Y (pou) O (“ ER } dy [‘u dy ] o

FeueAe o |:wuw'A\/v + FnunAn o FsusAs
Uiag — Ui, Uiy — Ui, Ui ja— Ui, Ui, —Ui
: : . : : n , , . , ,
(ﬂe Xig =X jAe (ﬂw Xi = Xig jA\N (/Un Xige1 — X3 JAH [:Us Xig— Xi,Jles

pI,J T pl—l,J
XI,J o XI—l,J

AV S, AV

Pryg—Pray S
di,]ul’j = zdnbunb o ‘ i l AV;.! + SA V;l

u

a; sU; 7= Zanbunb T (pf—l,] _' p[,_?)Ai,jT T bi,_?




The momentum equations

¢ Discretized momentum equation

® vy-directional momentum eq.

s )l

j+1l-—-1

d
ox

do
ox

dv
(';h:

dp
dy

I (puv) + i(pvv) = +.5,
al

X

}_

‘ ar ;U5 ; = 28,V + (B1 521 — P1 )AL + [71,‘," j——ﬁ-?v—,_;j——”ir ————— 2 %[;—-- E""E"%; j
g ,
|
|
-1, J— 14> I J=1—> I+1,J-1
J-1 L ™ So ™ ©
-1 i+1,J-1
‘ di,]ui,] o Zdii!)ul?/) T (p[—l,] o p],})Ai,] £l bi,‘? ‘ i
|
Y [P L e $ ___________ —
/ !— Vij-1

o F.F,F.F :include the velocity, non-linear part, use the previous iteration values

= |terative solution method is required.

® Given a pressure field p, discretized momentum equations of the form can be written for
each u- and v-control volume and then solved to obtain the velocity fields.

® If the pressure field is correct the resulting velocity field will satisfy continuity.

® As the pressure field is unknown, we need a method for calculating pressure.
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The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

® Patankar and Spalding

® Guess-and-correct procedure for the calculation of pressure on the staggered grid
arrangement

® Initiation of the SIMPLE calculation

= Guess:p”

® Solve the discretized momentum equations
= A % %
éll"}' U 1-"7 — Zél”[] Z[”]} + (p [_1,‘7 i p ],7)/41’7 _|_ b!."7

- R % % ¥
ay;V71;= 2,00+ (P Ty~ Dprp A+ by

= |ntermediate velocity % ,
- p=p" TP
— Two systems of equations
— For U* and V* U= lﬁe + M,
/
v=v%+7

= Pressure correction, velocity corrections



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations
a; g1}y = 2yt + (P r1g—DpipAi g+ by
a U, = Zanbunb + (pl—l,J — P )’A\,J + bi,J

ai g (i g — uy) = 2y, — ) + (P17 — 071, — Pry— P9 A g

d],_/'(v[,j o U?/) - Edﬂb(vﬂb o Uj?,) T [(p],]—l o p?ﬁ?—l) o (p],] o pf?)]Al,]

— 1k ’
" ’ ’ ’ = +
a; qU; 1= Dyl + P17~ 0194 5 e S

— ¥ 4
u=u" +u
’r ’ ’ ’
a[,‘jv L= Zdﬂbvnb + (p],]—l o p[,])AI,_j * ,
V=0"+7



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

’ ’ e )
aj gU; 3= zanbunb + (pf—laj B p],])A,-,}

’r ; ’ 3
a[,.fv et Zanl)vnb + (p[,]_l _ j)],])ALJ-

Omission of these terms

® For simplicity, the following two terms are dropped. Is the main approximation
of SIMPLE
Z A Un Z AnpVip STEP 1: Solve discretised momentum equations
aiJ U::J = ZapUh,+ (pT—l,J - PTJ) A+ by
ai’J Ui,J = (p|—1,J — pl ' )Ai,.J a; VT,] = ZapV it (p#;,J—:L_ pT,J) A, + by
N n Express u and v using p’
al,jVI,j_(pl,J—l pI,J)AI,j P &P

I4

w;y=d; 5(pr-1.7— P13 -
’,"7 e , % ,’] where d; ;= -7 and dy ;=
v =dj(prg-1—P19) a; v ar;

A Li




The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations
STEP 1: Solve discretised momentum equations

’r / ’
u; 3=d; {(pr1.7— P19
aj U::J = Eanb“ﬁb"' (pT—l,J - pTJ) A+ b,

’7 ’ Y
v[aj o d[aj (p[a.7—1 p[,]) a; VT,' = Zanbvtb_l' (p#;,l—l_ DT,J) A+ by

Express u and v using p’

=u ?%7 + dz’,j(p],—l,] - Pf,j)

le',]
/ /
v =01t dr(pry1—21y
p=p*+p
/ /
Uiy 3= U4y 3+ Ay 3(Pr 7= Prer ) u=u*+ 1
v=v¥+7

_ sk 4 /
V71 =07 1+ dr (D1 g— D1 41)

® Solve the momentum equations with guessed pressure and guessed velocities for non-linear

terms.
® The predicted velocity should satisfy continuity equation.




The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations
® Continuity equation on scalar node

d & . . 0 Scalar control volume
E(pu) +§(p‘) - (continuity equation)
- | |
= _ | |
> oi-A=[(puA), —(puA), |+ [(vA), —(ovA)] 4 N v L
f | |
|
_ _ | |
_ [(pUA)i+1,J - (IOUA)i,J ]+ [(IOVA)I SE (IOVA)I N ]_ 0 ____ F—————1 ___Q"TL____+ —————— e 1
| |
: :
- : . i . J
w w: = : e E
STEP 1: Solve discretised momentum equations | |
aiJ UTJ = ZapUh,+ (pT—l,J - pTJ) A+ b, - - i’""g"%“"% —————— —=—==]J
a,vi = ZanV st (pﬂ;,J—l_ PT,J) A+ by I |
| GRS U S S
Express u and v using p’ ‘ | D
-1 i / i+1 I+ 1

Derive the pressure correction eq. ‘




The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations
® Continuity equation on scalar node

/ /’
Uiy, 7= UTs1 gt divy 5(Pr 7= Pre1. )

_ * ' 4 /7
Vr i1 =V T d],j+1 (PJ,] —p 1,‘7+1)

[(pUA)i+1,J _(IOUA)i,J ]"' [(PVA)|,1+1 _(pVA)I,j] =0

[Pi+1, 7Ai+1, 7 (U 5 + d1'+1,_7(19},} =P 1,+1,‘7))
= PigAi Wiy + d; J(pry g —P19)]
+[pr 1 Ar i (0F 1 + dp (D 7= D1 341))
— prA (0T +d (15— pr))]=0



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

® Continuity equation on scalar node
= Rearrange

I4

(041, 3441, 7(u 1 3+ divy (P75 PJ’+1,3))
— P gA; (U7 5 + dz’,](p],—l,‘? . PJ’,‘;{))]

+[pr 1 Ar (07 41 + d[,j+1(p[,,] B Pf,,;m})
o p[,jA],j(v?j W d[,j(lp[,,]—l o p;,?b)] = O

[(pdA)i41 3+ (pdA); 3+ (pdA); ;41 + (pdA); ]l5;7
= (pdA);s1. 7|251'+1, A+ (pdA),; 5 1’—1,] + (pdA), J'+1P1’,]+1 + (pdA )1,.,P£‘7—1

+ [(pu*A), 1 — (pu*A);sy 7+ (pv*A); ;= (Pv*A); j11]




The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

® Continuity equation on scalar node
= Cell pressure correction equation

[(pdA);s1 5+ (pdA); 3+ (pdA); 41 + (PdA); P17 5
= (pdA)i+1 301417+ (PdA); gPr-1 g+ (PAdA) jp ] g+ (PAA) ;9] 51
+ [(pu*A )iy — (pu*A )ir1,7+ (pv*A Jga— (pv*A )1 j+1

Ay 3pr 3= ey, 901013+ Ay gP1-1 3t Ap gl g Y ar 1 pr 91 H b7 5

Arg=Aar, g7 A 37 a7 741 T a7 79

’
Qre1,g ar1y ar g+1 ary1 |bry

(PdA)jvry | (PdA);y | (PdA)f jn (pdA), ;| (pu*A); 3 — (pu*A)is1 5
+ (pv*A); ;= (pv*A); i




The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

® ContinUity equation on scalar nOde ‘ STEP 2: Solve pressure correction equation ‘

= Collect the cell pressure equations for all cells 81 Py = 81y Play + 81y Pras+ 8 Pl + 8ygaa Ploss + b

= System pressure correction equation

ar ]pf,,j = A1, 7P I,+l, T d]—l,]p;—l, gTay ]+1Pf’,‘7+1 i ﬂ],]—ll)f',]—l + 171,, 7

Py
Py
—& 0 v TRy &y Ty o T, |l Py T bI,J

p|+1,J

pI,J+1



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

® Solve the pressure correction equation

= Pressure correction p’ can be obtained. STEP 3: Correct pressure and velocities
p:p*+p' P = Piy+ Py
Uy = UTJ + di) (P, — PI)
— * _I_ ’ * 4 /7
U=1u U Vij = Vij+ dij (Pl — Pi)
v=v*+7

Ui 3= U ?%7 L3 di,j(pll—l,] — p],,])

_ % 4 ’
v, =05t d (P11 = Pry)
Not the final solution. Why?

di,]”ff.? = Za,,,,u ’,fb T (p;—l,.? _pf,,])Ai,j‘ ai,Jui',J = (p;—l,J - pll,J )A\J
ﬂ],jvjf,j = Zdnbvf:b + (pfl,]—l _ p_;,}’)A[,j al ,jv; g (pII,J—l o pl \J )AI N

F.,F, F,F.

e w?



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations

® Under relaxation

p=pT+yp

STEP 3: Correct pressure and velocities

*
P =P+ P

* ’ ’
new — p % ’ Uy = Ui+ diy(Pia,s— P1J)
=Pt O

*
Vij =Vi+d (Pl —pl)

Pressure under-relaxation factor
0< a, < 1

ew 1
" = o+ (1 — o)ub

O a?v i (1 . az‘)v(n—l)

u- and v- velocity under relaxation factors

A correct choice of under-relaxation factors a is essential for cost-effective simulations.

Too large a value of a may lead to oscillatory or even divergent iterative solutions, and a value
which is too small will cause extremely slow convergence.

Unfortunately, the optimum values of under-relaxation factors are flow dependent and must be
sought on a case-by-case basis.



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations
® Discretize momentum equations from the second iteration

[ll',]ul',_? — Z,(l”[,un[, + (p[—l,] o p],])Aﬂ] el bl‘v]

Cll"] _ (l]"] i
7%‘,_;{ = 2yt + (P g— 1) Aig+big+ | (1 —0) ”517 )

u u

(l],] v],] — Zﬂl”b Ui?b + (p]’]'_l = p[’y)A],] —|— b]’]

Cl[ df' 1
a/ Zdub Vb + (pf 71 p[ 7)A[/ T b[/ ( a) a/ U([]j] )

(@ v



The SIMPLE algorithm

** Semi-Implicit Method for Pressure Linked Equations
® Pressure correction equation from the second iteration

4 4 / 7 4 /’ /7
arsPry= a1, 7P+, 5T A 3P -1, 3T A g+1Prga1 T Ap P71 T 171,.7

7
Ny a1,y 741 ay g1 by

(0dAvry | (pddy | (pdd)n | (pdA), | (o)~ (pu )
+ (pv*A) ;= (pv*A) 41




( START )

- Initial guess p*, u*, v*, ¢*

Y

STEP 1: Solve discretised momentum equations

* * * *
ay Uiy = ZanUpp+ (Pla,— P1) A+ by

ayj VT;' = ZappVht+ (Dﬁ,1_1— pTJ) A+ by

u*, v*

STEP 2: Solve pressure correction equation

8y Py = 81,y Py + 8nay Plea,s + 8get Plges + 8ppat Plass + bl

Set
p, u*=u
v, 9% =¢
A

2

P

STEP 3: Correct pressure and velocities
P =P+ Py
Uy = uly+ dy (Pras— D7)

* , ,
Vij = Vit d (Pl — Pl

p, u, v, ¢*
Y

STEP 4: Solve all other discretised transport equations

81,01, = 8, 1P, + B Pra, s+ 8jet Grumt + B Gra + by

No

Convergence?

The SIMPLE algorithm




