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CHAPTERS.
TURBULENCE AND ITS MODELLING
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Turbulence or turbulent flow is a flow regime
characterized by chaotic and

Chap. 3.1: What is turbulence?

suspectedly stochastic property changes.

*» All flows become unstable above a certain Reynolds number.

® Simple ones: two-dimensional jets, wakes, pipe flows, flat plate boundary layers
® More complicated three-dimensional flow

A wake is the region of recirculating flow
immediately behind a moving or stationary
solid body, caused by the flow of
surrounding fluid around the body.

g1

A jet is an efflux of fluid that is projected into a surrounding medium. Jet
fluid has higher momentum compared to the surrounding fluid medium. In
the case where the surrounding medium is assumed to be made up of the
same fluid as the jet, and this fluid has a viscosity, then the surrounding fluid
near the jet is assumed to be carried along with the jet by a process
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called Entrainment (hydrodynamics) WAKE WAKE WAKE






*+* |s the flow turbulence?

-

® External flows

Re, >5x10°

Re,

> 20,000

® Internal flows

Re, > 2,300

® Natural convection

Ra>10°Pr

Laminar boundary

layer

Transition
region ‘(

3.1: What is turbulence?
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-, free-stream turbulence,
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earlier transition to
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350K <Re

200 < Re < 350K

40 <Re <200

5<Re<40

Re<5
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3.1: What is turbulence?

Turbulent Separation Chaotic

Laminar Separation/Turbulent
Wake Periodic

Laminar Separated Periodic

Laminar Separated Steady

Laminar Attached Steady



3.1: What is turbulence?

** For flow around a cylinder, the flow starts separating at Re = 5. For Re below 30,
the flow is stable. Oscillations appear for higher Re.

** The separation point moves upstream, increasing drag up to Re = 2000.

b
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Re =10,000



Turbulence: high Reynolds numbers

Turbulent flows always occur at high Reynolds numbers. They are caused by the complex
interaction between the viscous terms and the inertia terms in the momentum
equations.

Turbulent, high Reynolds number
jet

Laminar, low Reynolds number
free stream flow




Turbulent flows are chaotic

One characteristic of turbulent flows is their ifrégularity or randomness. A full )
deterministic approach is very difficult. Turbulent flows are usually described statistically.
Turbulent flows are always chaotic. But not all chaotic flows are turbulent.
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Turbulence: diffusivity

4
The diffusivity" of turbulencé'causes rapid n&xing | increasediiates of momentum, heat,
and mass transfer. A flow that looks randem but s not exhibitithe spreading of velocity
fluctuations through the suffounding quid"is‘ot tdrbulent. If a flow is chaotic, but not
diffusive, it is not turbulent: ¥ X - :
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Turbulence: diffusivity

The contrails of a jet aircraft are a case in point:
excluding the turbulent region just behind the
aircraft, the contrails have a very nearly constant
diameter for several miles. Such a flow is not
turbulent, even it was turbulent when it was
generated.
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Turbulence: dissipation

Fu-‘" ..4;;. Z
ﬂows are dlsgﬁvatlve Iémetlc energy gets converted into heat due to
viscols shedr stresses. Turbulent flows die out quickly when no energy is
suppli '. Random motions that have insignificant viscous losses, such as
. random sound waves, are not turbulent.
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Turbulence: rotation and vorticity

Turbulent flows are rotational; that is, they have non-zero vorticity. Mechanisms such as
the stretching of three-dimensional vortices play a key role in turbulence.

Vortices




3.1: What is turbulence?

**» Turbulent flow

® Chaotic and random state of motion develops.

® Velocity and pressure change continuously with time.
= |ntrinsically unsteady even with constant imposed boundary conditions

® The velocity fluctuations give rise to additional stresses on the fluid
= These are called Reynolds stresses.
= We will try to model these extra stress terms.

® A streak of dye which is introduced at a point will rapidly break up and dispersed.
= Effective mixing

® Give rise to high values of diffusion coefficient for mass/momentum and heat

oy |

u(t)=U +u'(¢)

Reynolds decomposition
* Mean velocity, 1D, 2D, 3D
* Fluctuation, always 3D

Typical point velocity measurement
in turbulent flow
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3.1: What is turbulence?

¢ Turbulent flow

® |[n turbulent flows there are rotational flow structures called turbulent eddies, which have a
wide range of length scales.

Smaller Structures [arger Structures
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What is this?
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Each of these swirling clouds is a result of a
meteorological phenomenon known as a Karman
vortex. These vortices appeared over Alexander
Selkirk Island in the southern Pacific Ocean. Rising
precipitously from the surrounding waters, the
island's highest point is nearly a mile (1.6 km) above
sea level. As wind-driven clouds encounter this
obstacle, they flow around it to form these large,
spinning eddies.







3.1: What is turbulence?

¢ Turbulent flow

® Largest turbulent eddies

* |nteract with and extract energy from the mean flow

By a process called vortex stretching

= Vortex stretching

The lengthening of vortices in three-dimensional fluid flow, associated with a corresponding increase of the
component of vorticity in the stretching direction—due to the conservation of angular momentum

Increased rotation rate and decreased radius of their cross-sections

Vortex stretching is at the core of the description of the turbulence energy cascade from the large scales to
the small scales in turbulence.

Creates smaller transverse length scales and smaller time scales
Smaller eddies are stretched strongly by somewhat larger eddies

In this way the kinetic energy is handed down from large eddies to progressively smaller and smaller eddies
in what is termed the energy cascade.

Energy cascade » ANGULAR VELOCITY

4 xm-a:nOcﬂ)



http://en.wikipedia.org/wiki/Vortex
http://en.wikipedia.org/wiki/Vorticity
http://en.wikipedia.org/wiki/Conservation_of_angular_momentum
http://en.wikipedia.org/wiki/Turbulence_kinetic_energy
http://en.wikipedia.org/wiki/Turbulence

3.1: What is turbulence?

** Turbulent flow
® Smallest turbulent eddies

= Viscous dissipation in the smallest eddies converts kinetic energy into thermal energy.
= Kolmogorov microscales

® Large eddies Kol
= have large eddy Reynolds number, Rel g
= are dominated by inertia effects Vv
= viscous effects are negligible
= are effectively inviscid

= Highly anisotropic, i.e. the fluctuations are different in different directions

0

= |length scales: 0.1 -0.01 mm

® Small Eddies N
= motion is dictated by viscosity vn ﬂ

* Re=1 Re,, = Q t?u

9

= frequencies : = 10 kHz

YOLDOUL Q™
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= |sotropic

Production Dissipation



3.2: Transition from laminar to turbulent flow

** Transition
® Can be explained by considering the stability of laminar flows to small disturbances
= Hydrodynamic instability

y y
“* Hydrodynamic stability of laminar flows | | | |
® Inviscid instability / /
= flows with velocity profile // /
having a point of inflection. /
" Jetflows e /
= mixing layers and wakes
= boundary layers with — Velocity —> Velocity
adverse pressure gradients sepsion o
® Viscous instability: % Boundary Layers P )gg ”@RM
= flows with laminar profile §-‘A—£\ff e (T'”:m
having no point of inflection _ : ) x
= occurs near solid walls }mﬁ%m AP e
= I N




3.2: Transition from laminar to turbulent flow

** Inviscid instability
® After the flow emerges from the orifice, the laminar exit flow produces the rolling up of a
vortex fairly close to the orifice.

® Subsequent amplification involves the formation of a single vortex of greater strength
through the pairing of vortices. A short distance further downstream, three-dimensional
disturbances cause the vortices to become heavily distorted and less distinct.

® The flow breaks down, generating a large number of small-scale eddies, and the flow
undergoes rapid transition to the fully turbulent regime.

® Mixing layers and wakes behind bluff bodies exhibit a similar sequence of events, leading to
transition and turbulent flow.
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3.2: Transition from laminar to turbulent flow

*» Viscous instability
The unstable two-dimensional disturbances are called Tollmien—Schlichting (T-S) waves.

Re = Re,,

These disturbances are amplified in the flow direction.

If the amplitude is large enough a secondary, non-linear, instability mechanism causes the
Tollmien—=Schlichting waves to become three-dimensional and finally evolve into hairpin A-

vorti

ces.

Above the hairpin vortices a high shear region is induced which subsequently intensifies,
elongates and rolls up.

Flow

SAAR

N T

T-S waves

4
3D distortion
of T-S waves

[ S

Fully turbulent flow

Turbulent
spot
formation

In-phase arrays
of hairpin
vortices (K-type)

Merging of
turbulent spots



3.2: Transition from laminar to turbulent flow

Flow
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3D distortion In-phase arrays Turbulent  Merging of Fully turbulent flow
of T- 5 waves of hairpin spot turbulent spots
vortices (K-type)  formation
T - 8§ waves

T- S Waves




3.2: Transition from laminar to turbulent flow

*» Common features in the transition process
® The amplification of initially small disturbances
® The development of areas with concentrated rotational structures
® The formation of intense small scale motions
® The growth and merging of these areas of small scale motions into fully turbulent flows

** Transition to turbulence is strongly affected by:
® Pressure gradient
® Disturbance levels
® Wall roughness
® Heat transfer

*» The transition region often comprises only a very small fraction of the flow domain
® Commercial CFD packages often ignore transition entirely
® C(lassify the flow as only laminar or turbulent



3.3: Descriptors of turbulent flow

** Necessity of time-averaged properties
® In turbulent flow there are eddying motions of a wide range of length scales.
® A domain of 0.1x0.1mx0.1m contains smallest eddies of 10-100 pum size.
® We need 10°-10%2 mesh points
® The frequency of fastest events = 10 kHz = At = 100us needed.

® DNS of turbulent pipe flow of Re = 10° requires a computer which is 10 million times faster
than CRAY supercomputer.

** Engineers need only time-averaged properties of the flow.



3.3: Descriptors of turbulent flow

*» Time average or mean

At Reynolds decomposition
’ 1 /
p=D+ ¢ CI):quo(t)dt u()=U+u (1)
4
0
At
_’—iJ ‘() dt =0
¢ A7 ¢ =

0

** Variance: the spread of the fluctuations g

RMS values of velocity
components can be measured

J(@f)z ds (by hot-wire anemometer)

At

]

(@) =—
At 0 FRW = hA(T, -T))

N ~ 12

1
Qs = ((9’)2 — _J(QD,)Z ds

PR, = Nuk/dA(T, -T,)

Nu=A1+B1'Ren=A2+Bz' Un




3.3: Descriptors of turbulent flow

**» Turbulent kinetic energy, k

1

b=—| u?+ %+

¢ Turbulence intensity, T,
® Average RMS velocity / reference mean flow velocity

, 1/2
\/1( r2_|_Vr2+W12) (zk)
T =3 A3

! U U

ref ref



3.3: Descriptors of turbulent flow

** Moments of different fluctuating variables

® Definition of second moment

p=0C+¢" y=T+y’ r—

(P,:W,:O 0

® |If velocity fluctuations in different directions were independent random fluctuations, then
uv', u'w"and v'w' would be equal to zero.

® However, although ', v/ and W' are chaotic, they are not independent. As a result the second
moments u'v! u'w’and v'w' are non-zero.

® In section 3.5, we will come across the second moments in the time average of the NS
equations.
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3.4: Characteristics of simple turbulent flows

** Simple turbulent flows

® 3.4.2 Boundary layers near solid walls
= Flat plate boundary layer

Turbulent
layer

—— Overlap layer

~—— Buffer layer

= Pipe flow
é _Laminar boundary _ o Transition _ Turbulent boundary
—_— layer region layer
— Vv
** Reynolds number = { I —
—* v e
=1 D= N
inertia forces = % = 200 A= et
Re — - — 0 _:\ = —r 7 >/
VISCOlUS fO}"C@S ‘ ) %, J‘ Boundary layer thickness, &

** Reynolds number based on a distance y away from the wall
_U

V

Re y: distance away from the wall

® Near the wall =y is small = Re, is small = viscous forces dominate

® Away from the wall =y is large = Re, is large = inertia forces dominate

Viscous sublayer



3.4: Characteristics of simple turbulent flows

¢ Boundary layers near solid walls
® Near the wall

= The flow is influenced by viscous effects and does not depend on free stream parameters.

U=/, p 1, T,)

= Dimensionless analysis

U pu_y 1 _ Y _Uy_ puy
u- =—= | = y aw of the wall y =
" f( P J J7) 5. v u

— Friction velocity and viscous length scale

w,=~/T,/p 5 =2
u

T

® Far away from the wall

= The velocity at a point to be influenced by the retarding effect of the wall through the value of the

wall shear stress, but not by the viscosity itself.

= Length scale: boundary layer thickness (0) Velocity defect law

U=g(y, 6,p, T,) u



3.4: Characteristics of simple turbulent flows

¢ Boundary layers near solid walls

® Very near the wall
= There is no turbulent shear stress = flow is dominated by viscous shear
" y*<5 = shear stress is approximately constant
oU

T(y)=ﬂg=fw

= U=0aty=0,
Tp)

=22
u

— Laminar boundary " Transition Turbulent boundary
— layer region Iayer

— Vv
—= NENE
— = . ?J‘//\}

—_— — oy ok N4 3 A I —_— Overlap layer
-t e £ —— Buffer layer
/ Viscous sublayer
J Boundary layer thickness, 6

Turbulent
layer

vy

f&)

]




3.4: Characteristics of simple turbulent flows

¢ Boundary layers near solid walls
® Very near the wall

+ y+
= Linear relationship between velocity and distance from the wall
= Linear sub-layer, viscous sublayer, viscous wall layer

— Laminar boundary " Transition Turbulent boundary
— layer region Iayer

— 4 N |3
S el

—_— — oy : N _a 3 A I —_— Overlap layer
-t e £ —— Buffer layer
/ Viscous sublayer
J Boundary layer thickness, 6

Turbulent
layer

f&)

vy

]




3.4: Characteristics of simple turbulent flows

** Boundary layers near solid walls
® OQutside the viscous sublayer

= A region where viscous and turbulent effects are both important.
= 30 <y*< 500
= Shear stress varies slowly with distance from the wall.

— von Karman’s constant
» For smooth walls: k~0.4, B:5.5

V
— Laminar boundary ;| Transition Turbulent boundary
— layer region layer
-
e
T—
— —"'7—-\ [
—_— V
R4 - e T TN A -—_— Overlap layer
: g S o = —— Buffer layer
—() - rd S SR
X / Viscous sublayer
‘ ‘ Boundary layer thickness, 6




3.4: Characteristics of simple turbulent flows

** Boundary layers near solid walls
® OQutside the viscous sublayer

= Derivation from Prandtl’s mixing length theory

I = Ky Vf:‘e;—:ﬂ
dy

8U‘




3.4: Characteristics of simple turbulent flows

** Boundary layers near solid walls
® OQutside the viscous sublayer

1
= 30 <y*<500 u"==Iny"+B
= Logarithmic relationship
— Log-law
— Universal
= Log-law layer, overlap layer
vV
— Laminar boundary ;| Transition Turbulent boundary
— layer region layer
-
e
T—
5 J__
— v g ~ /:/ Turbulent
= o RER
S — J T A j} 3 v /4 = — _— Overlap layer
: - — == - = = —— Buffer layer
—() > /’ _H\V.‘ )
i 1scous sublayer
‘ ’ Boundary layer thickness, 6




3.4: Characteristics of simple turbulent flows

¢ Boundary layers near solid walls
® OQuter layer

= |nertia-dominated region far from the wall
= For large values of y, the velocity-defect law provides correct form.
= |n the overlap region, the log-law and the velocity defect law have to be equal

) etz
78 ) u =« 0

T

Law of the wake

V
— Laminar boundary ;| Transition Turbulent boundary
— layer region layer
e
e
—
— - ‘
—_— V
iy - i
2 e e RS Ly \‘ - Overlap |
— —r verlap layer
—_— Dl o - X A/ - Bufferlfaygr
_.0 - rd S N .
X / Viscous sublayer
‘ ‘ Boundary layer thickness, 6




3.4: Characteristics of simple turbulent flows

¢ Boundary layers near solid walls

® Innerregion
= 10-20% of the total thickness of the wall layer
= Within this region there are three zones.
— linear sub-layer: viscous stresses

dominate the flow adjacent to surface
— buffer layer: viscous and turbulent stresses

are of similar magnitude 30
Outer law profiles:
— log-law layer: turbulent (Reynolds) stresses Strong increasing pressure
. Flat plate flow
dominate. 25 — Pipe flow —— /4
Strong decreasing pressure
® Outer region
= |nertia dominated core flow far from wall 20— Linear ur=yt >
. . sut;la ehr. ’ "
= Free from direct viscous effects Eq. (6?”22)\’ o«
=[x S
1715 - | o
¥ v + I
S0r l = Logarithmic
y=0(x) Uir overlap
/ (x)
~t -1 10 —
Outer
70 y) tu;:;];nt Experimental data
{ 5
: v s
AN Ftud Overlap layer
{“"- = Y
Tlam T Viscous wall layer 0 | | |
Tylx) 0 1 10 102 10°



3.4: Characteristics of simple turbulent flows

** Boundary layers near solid walls
® Mean velocity distribution

u' =y’ 4.y
u o U 1 (y
1
b L —=—In| = |+B
Umax_U :Umax _£|n(lj_B:—£|n(lj+A
uT uz’ K K 5

= For smooth wall pipe

= Re=10%
0.316
f = e 0% Darcy friction factor
o0

TW=%fpV2=pr



3.4: Characteristics of simple turbulent flows

¢ Distribution of mean velocity and second moments

'r




3.4: Characteristics of simple turbulent flows

¢ Distribution of mean velocity and second moments
® Fory/0 > 0.8 fluctuating velocities become almost equal

= |sotropic turbulence structure here. (far away the wall)
® Fory/o<0.2large mean velocity gradients
= High values of fluctuation = high turbulence production

® Turbulence is anisotropic near the wall!




3.4: Characteristics of simple turbulent flows

“* Summary
® Turbulence is generated and maintained by shear in the mean flow.

® Where shear is large the magnitudes of turbulence quantities such as the r.m.s. velocity
fluctuations are high and their distribution is anisotropic with higher levels of fluctuations in
the mean flow direction.

® Without shear, or an alternative agency to maintain it, turbulence decays and becomes more
isotropic in the process.
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3.5 Effect of Turbulent Fluctuations on Properties of the Mean Flow

*»» Derivation of the Reynolds-averaged Navier-Stokes equations
® Fluctuating properties

O=D+ ¢ v=Y¥Y+vy

-7 _ 7 T — %_aq) . .
F=V=0 T=0 ZS=T- [ods = | @as

P+yYy=0+Y¥ y-= ¥ =¥ @'Y =0

® Fluctuating vector quantity

a=A+a

diva = . div(ga) = div(ga) = .

div grad ¢ = div grad @



3.5 Effect of Turbulent Fluctuations on Properties of the Mean Flow

*»» Derivation of the Reynolds-averaged Navier-Stokes equations
® For incompressible flow

diva=0
o 1
2y div(uua) = -2 + v div(grad(u))
ol p Ox
) 1
% + div(ou) = Lo + v div(grad(v))
ot p oy
) 1
2 1 div(rm) = —~ 2L 1 v div(grad(m)
ot p 0z

® Substitute

u=U+u u=U+d ov=V+7 w=W+n" p=P+)

® Do time average!



3.5 Effect of Turbulent Fluctuations on Properties of the Mean Flow

*»» Derivation of the Reynolds-averaged Navier-Stokes equations
® Continuity eq.

divu = div(U +u’) = divU = divU

= Continuity equation for the mean flow

® x-momentum equation

0
Z + div(uu) = 2 + v div(grad(u))

ot p Ox

| ¥
T () = 2 v div(grad()) =




3.5 Effect of Turbulent Fluctuations on Properties of the Mean Flow

*»» Derivation of the Reynolds-averaged Navier-Stokes equations
® y- and z- momentum equation

74 - 1 oP
— + div(V'U) Hdiv(v'a")|= ——— + v div(grad(}))
ot p dy Convective momentum transfer
5 5 due to turbulent eddies
w — 1 JP
2+ divorU) +|div ;p’u’)| — 2% L v div(grad())
ol p 0z

® Rearrange = Reynolds-averaged Navier-Stokes equations

2l + div(UU) = _1op + v div(grad(U))

ot p Ox
L[ d=pu™)  I=pu'?) a(—pu'_m')} oW 1 oP
+H — + + R v = —— v
p{ o EY Oz > + div(W'U) b o + v div(grad(W))
1 {8(—pu’_w’) I=p'w’) a(—p%}
aV 1 oP 1 + +
— +div(V'U) = ——— + v div(grad(})) pl ok dy dz
ot P &y
—ou'v —"2 —no'
L] depu') | I=p”) | Ipr'n)
P ox dy 0z




3.5 Effect of Turbulent Fluctuations on Properties of the Mean Flow

*»» Derivation of the Reynolds-averaged Navier-Stokes equations

® Extra stress terms = turbulent shear stress
= Normal stresses and shear stresses

72 72

T = _pufz I_'lfl’ =—pv T..=—pw-

T, =T,=—pu'v T, =T,

xy Xz

— ’r 7’ — _ R
=—puw T, =T, =—pPuvw

= Called the Reynolds stresses
= Very large compared with the viscous stresses in a turbulent flow

® Extra transport terms in scalar equation

b |
— + div(®PU) = — div(I'y grad D)
ol p

g Y 'y
ox dy 0z

+ S(I)



3.5 Effect of Turbulent Fluctuations on Properties of the Mean Flow

¢ Effect of density fluctuation

® Small density fluctuation: do not affect the flow significantly
= RMS velocity fluctuations: < 5% of the mean speed
— Density fluctuations are unimportant up to Mach numbers around 3 to 5.
= RMS velocity fluctuations: > 20% of the mean speed

— Density fluctuations affects the turbulence around Mach numbers of 1.

ap .
— +div(pU) =0
dt

A(pU - oP . ANpu'®) Npu'v) Npu'n

PY) | aiv(p00) = —22 + div( grad ) + | ~2L4D) _puv) dpuw)| o
ol ox ox dy oz

ApV . oP . Apu'v’) Apv?) IApvw

BV @ divip70) = =22 + div(u grad 7) + | ~2PL2) _pv])  cpow) + Sy
7 dy v dy dz

ApI Lo 0P [ o ) apn

W) div(p 0y =~ + div(ps grad W) + | — (puw) _dApvw) dpw)| o
dt 0z ox dy 0z

_(i) .y N ~ £, —_Uf _m,
APD) 1 div(pBD) = div(Ty grad &)+ {_5’(‘” ¥ _Hpry) P fﬂ)] s
ol o (?)! oz
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3.6 Turbulent Flow Calculations

¢ Three methods to calculate turbulent flow
® Turbulence models for Reynolds-averaged Navier-Stokes (RANS) equations

= Attention is focused on the mean flow and
the effects of turbulence on mean flow properties.
= Extra stresses (Reynolds stresses) are modelled .

— k-emodel
— Reynolds stress model

® Large eddy simulation (LES) DNS
= This is an intermediate form of turbulence calculations oy
which tracks the behaviour of the larger eddies.

= Space filtering of the unsteady Navier-Stokes equations
— Passes the larger eddies and rejects the smaller eddies
— The effects on the resolved flow (mean flow + large eddies)
due to the unresolved eddies are included by means of

a so-called sub-grid scale model.
® Direct numerical simulations (DNS)
= Mean flow and all turbulent velocity fluctuations
= The unsteady NS equations are solved on spatial grids

that are sufficiently fine
= Resolve the Kolmogorov length scales and the fastest fluctuations RANS




3.6 Turbulent Flow Calculations

** Three methods to calculate turbulent flow

Injecmon
of energy Dissiparion of
energy
O © /
Dissipating
Large scale Flux Of energy eddies
| eddies -
— 3/4
/ Resolved " ___{l/ Re®
DNS Apns
Resolved HM odeled
LES ALES
Resolved Modeled
e .




3.6 Turbulent Flow Calculations

** Three methods to calculate turbulent flow

K)

l 308

Instantaneous Racis
Temperature ' g

I292

-es

Temperature .
Izez

LES RANS V-LES

3D, unsteady 3D, unsteady

Steady / unsteady
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** Reynolds stresses and scalar transport terms

H, qof 1” qof D),(D,

® Itis necessary to develop turbulence models!

No. of extra transport equations

Zero
One
Two

Seven

Name

Mixing length model
Spalart—Allmaras model
k—€ model

k—m model

Algebraic stress model
Reynolds stress model
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*»» Eddy viscosity and eddy diffusivity
® Viscous stress oc rate of deformation of fluid elements
® For an incompressible fluid

u;, o, 07% o, du v
= Us; = " —+—

EW =T,=H = U
dv; o, V

+
(9952 o, dy Ox

® Boussinesq (1877): Reynolds stress oc mean rate of deformation of fluid elements

—_pulu — L:%(Efﬂ+tu+}}7)

Turbulent kinetic energy per unit mass
= 1 : Turbulent or eddy viscosity

o;=1ifi=jand 0, =01if i #
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*»» Eddy viscosity and eddy diffusivity

| OX
oV | 1 (
—pV 21, E}—gp(u +V +W)
=—pW —Zyt{%}—ép(u +V'°+w )
oz | 3
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*»» Eddy viscosity and eddy diffusivity
® Turbulent transport of a scalar

oD
—pul¢f =T —
pu;® .

!

= [[:Turbulent or eddy diffusivity

= Since turbulent transport of momentum and heat or mass is due to the same mechanism — eddy
mixing — we expect that the value of the turbulent diffusivity is fairly close to that of the turbulent
viscosity.

= Turbulent Prandtl number

K

O,
y

— Most CFD procedures assume this to be around unity.

O'rzl
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** RANS models
® Mixing length models

® k-emodel T _ an n an 2 rS
o Li=—Puu; =H, (9\.} (9;‘»"‘,- o gp ij
o
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** Mixing length models

Attempts to describe the turbulent stresses by means of simple algebraic formulae for w4, as a
function of position
Kinematic turbulent viscosity v,

= Turbulent velocity scale (9)

= Turbulent length scale (£)

V[: ‘L[!:

Most of the kinetic energy of turbulence is contained in the largest eddies.

Turbulence length scale is therefore characteristic of these eddies which interact with the
mean flow.

U
When there is significant velocity gradient (9— , 2D problem
94

vV, = Prandtl’s mixing length model




3.7 RANS Equations and Classical Turbulence Models

** Mixing length models

® Turbulent Reynolds stress

—_ J— . ,,..."’ J—
T_r_r - r}’_l‘ - _p uv = p

Flow

Mixing layer

Jet

Wake

Axisymmetric jet

Boundary layer (dp/dx = ()
viscous sub-layer and
log-law layer (y/L <0.22)
outer layer (y/L =0.22)

Pipes and channels
(fully developed flow)

av|ou
(9-],’ a]!

Mixing length ¢,,

0.07L
0.09L
0.16L
0.075L

Ky|1 — exp(—y*/26)]

0.09L

L[0.14=0.08(1 — y/L)* = 0.06(1 — y/L)"]

L

Layer width

Jet half width
Wake half width
Jet half width

Boundary layer
thickness

Pipe radius or
channel half width
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** Mixing length models
® Scalar transport

oD 1 .
— + div(PU) = — div(I', grad @)
ot p

n _aﬂ (D . af) 09 . (9!17 (p + S(D 2D problem
ox dy oz

JD
—po@ =T, —
pee dy

o, = 0.9 for near wall flows

o, = 0.5 for jets and mixing layers |— Rodi(1980)

o, = 0.7 in axisymmetric jets _
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** Mixing length models
® Advantages
= Easy to implement and cheap in terms of computing resources

= Good predictions for thin shear layers: jets, mixing layers, wakes and boundary layers
= Well established

® Disadvantages
= Completely incapable of describing flows with separation and recirculation
= Only calculates mean flow properties and turbulent shear stress
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** k-emodel
® If convection and diffusion of turbulence properties are not negligible, and it causes
significant differences between production and destruction of turbulence, as in the case of
recirculating flows, then the mixing length model is not applicable.

® The k-¢ model focuses on the mechanisms that affect the turbulent kinetic energy.

® Some preliminary definitions

k(t)=K +k

K = k

Mean kinetic energy Turbulent kinetic energy  Instantaneous kinetic energy
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% k- model
® Deformation tensor and stress tensor

\'l 4 S.'l:]’ S X T'l. \ T'l.]' ,z'-.\‘.i:
Si= S Sy e Li={ T Ty T
\n. \ \n. ) S,‘:-,‘:- T.':.\‘ T:]’ ’z::,':
- — !,
si(t) = Si+ 5
- — \’ — . — \’ —
Sl._\.(I) = S.r.r + 5:_1, = 5‘]{}r(t) - S‘},‘}, + Sy = 5’::.-:(1) - S:::: TS5 =

S.\;]*([) = S.\;]* + S:;]* = 5?)*.1‘([) = S_}*.r + \;1 =

oU oW | 1| ow o]
+ +
oz ox 2| dz oy

s.\‘.-:.(Jr ) =S v T s’:: = s::..\‘(z ) =S a T *21 =

5.0 =S, + s; =5,(0) =S, + s’] =

N = o=
[
S5
~
_|_
¥|F
I
NS
H\
_|_
QD
| 1
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¢ k- model
® Product of vector and tensor

b“ blz [713 ﬂlb“ -+ 532[721 + (3-31731 r 6'1 r
ab; = ab;=[ay ay as|| by by bys | =| arbyy + aybyy + azbs, | =|c;| =¢=c¢
b31 [732 !?33 a’IbIS + (52!723 + 65-3b33 L':.;

® Scalar product of two tensors

W, . b= aybyy + apby + aybis + ay by + ayby; + arzhy;
+ (5311731 + 51-32[732 + 55-331733
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** k-emodel
® Governing equation for mean flow kinetic energy K
= (x-directional Reynolds eq.) x U
= (y-directional Reynolds eq.) x V

= (w-directional Reynolds eq.) x W
= Sum

d(pK)

+ div(pKU) = div(—PU + 2uUS,; — pUu/u)) = 2uS; . S;+ pulu/ . S,

q

Transport  Transport  Rate of Rate of destruction
Rate of change  Transport  Transport p ransp : :
N ) of K by of K by VISCOUS of K due to
of mean kinetic +of Kby =of Kby + . ° = e e . —
- ’ viScous Reynolds  dissipation  turbulence
energy K convection  pressure )

stresses stress of K production



3.7 RANS Equations and Classical Turbulence Models

** k-e¢model
® Governing equation for turbulent kinetic energy k
= (x-directional Reynolds eq.) x u’
= (y-directional Reynolds eq.) x v’
= (z-directional Reynolds eq.) x w’

= Sum
dpk) .. S __
P + div(pkU) = div(—p'u’” + Zuu —pu . u] uf) — 2‘us,} - puju; .S,

Rate of change of Transport  Transport Transportof Transportof  Rate of Rate of
turbulent kinetic + of £ by =of kby  + k£ by viscous + k£ by Reynolds — dissipation + production
energy & convection  pressure stresses stress of k of k&

. 9] 2 _ [ @ : é : @ : du dv ’ du dw dv  ow ’

=2Usy s ==2u(s1] + 53 + $53 + 2‘17 + 2‘ 3 T 2‘ 3) ‘D‘“]ZM&-) +{8_r] +[a:}]+[$+ﬁl +[a;+a\} +{a~+alw+’ud"

€= 2\/3;]- S

ij Rate of dissipation of turbulent kinetic energy per unit mass
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** k-e model
® k- model equations (standard k-¢ model)

= Two model equations
-k
- &
/63/2

O=k"7 (=— . dissipation, [m?/s3]
E

= Small eddy variable to define the large eddy scale!

= Because at high Reynolds numbers the rate at which large eddies extract energy from the mean
flow is broadly matched to the rate of transfer of energy across the energy spectrum to small,
dissipating, eddies if the flow does not change too rapidly.

U, =
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** k-e model
® k- model equations (standard k-¢ model)

opk) + div(pkU) = div L] grad ‘(’} + 21,5 . S~ pE

or o,

P [ 2
(PE) | div(pev) = div| 2 grad e} ; clggzu,sg, S, - czgp%

O¢

C,=009 0,=1.00 0,=130 Cp=144 Cp=192
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** k-e model
® k- model equations (standard k-¢ model)

d(pk — — - -
(PE) + div(pkU) = div(-p"u’ + 2uv’s], — p5u/ . u/u)) = 2us); . s — puju] . S,
U, U\ 2 1(8U, oU,
€= T.=—puju; =M -+ —L | ——pko; Si == Ly
j = —P U ur( o, a‘J 39 ] j 2( X, o j
Ty = _pa -
U, -

d(pk)
ot

+ div(pkU) = di{ﬂ arad k} +

Oy
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** k-e model
® k- model equations (standard k-¢ model)

+ div(pkU) =|div(—p"0 + 200’s) = p3u] . ufu])|= 20s]; . 5 — pulu] . S,
Transport
terms

+ div(pkU) = +20,S; . S; — pe

d(pk)

d(pk)
ot

Modeled using the gradient of k
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** k-e model
® k- model equations (standard k-¢ model)

Ak
(g )+ div(pkU) = div| 2 grad k} +2uS, . S, — pe
[ O, ‘ '

(9 — 2
(58) + div(peU) = div] £ grad e} + CIEEZMS;; 8- Czep%
I - ’

= Production and destruction of turbulent kinetic energy are always closely linked.

= Dissipation rate is larger where prgduction of k is large.

E(Clg 2145 - Sy = ngpg)

E A,z
K to make the terms dimensionally correct u, = Cpot = pC,—
oU. U\ 2
T uu; = U : L ——pkd.
= TP, ‘u{ dv; Ok, 3 PrO;
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** k- model: Boundary conditions
® k- model equations: elliptic equation by virtue of the gradient diffusion term
® Inlet: distribution of k and ¢ must be given
® OQutlet, symmetry axis

% -0, o¢ -0
on on
ok o¢
® Free stream: k and ¢ must be givenor — =0, —=0
on on
® Solid walls: approach depends on Reynolds number
® |[n real simulations,
= Attheinlet
k3/2
k=2(U,T)F e=C | 1 =0.07L
3 the rate of turbulence production
- High Re case = rate of dissipation
- 1 - - urz u,’
u =—InEy” for 30<y <500 k= £=—=

K C Ky
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% k- model

) 2 2
the rate of turbulence production p_thga_ M [8U N GVJ z&(ﬁj .

= rate of dissipation D ploy ox o\ oy
o u.
wall function PV
oy Ky
kz
turbulent viscosity model 1, = Cpt = pC,—
€
oU
Wall shear stress T, = ,Ouf = 1, a—y
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** k-emodel
® c-equation: main sources of accuracy limitations
® Boussinesq isotropic assumption I U an 2 ES.

= Causes problems in swirling flows ov;
= Flows with large rapid extra strains

= Secondary flows in long non-circular ducts
— Driven by anisotropic normal Reynolds stresses
— Cannot be predicted

Advantages:

* simplest turbulence model for which only initial and/or boundary
conditions need to be supplied

* excellent performance for many industrially relevant flows

* well established, the most widely validated turbulence model

Disadvantages:
* more expensive to implement than mixing length model (two extra PDEs)
* poor performance in a variety of important cases such as:
(1) some unconfined flows
(1) flows with large extra strains (e.g. curved boundary layers, swirling
flows)
(11) rotating flows
(iv) flows driven by anisotropy of normal Reynolds stresses (e.g. fully
developed flows in non-circular ducts)
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% k- model

kEpsilon, Velocity field, z/H=0

Standard k-¢

1.0

L, U Magnitude (m/s)
0 64 13 19 2

- NonlinearKEShih, Velocity field, z/H=0

...........

0.0 10 2.0 x/H 3.0
- U Magnitude (m/s)
13 20 726

0 6.5 39
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** RANS models
® Mixing length models

® k-gmodel
o

+* LES and DNS
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