Lecture Note of Design Theories of Ship and Offshore Plant

Design Theories of Ship and Offshore Plant
Part Il. Optimum Design
Ch. 4 Linear Programming Method

Fall 2015

Myung-Il Roh

Department of Naval Architecture and Ocean Engineering
Seoul National University

Resian Theories of Ship and Offshore Plant. September 2013, Myung.: LLRoh ’!dlﬂb 1

Contents

M Ch. 1 Introduction to Optimum Design

M Ch. 2 Enumerative Method

M Ch. 3 Penalty Function Method

M Ch. 4 Linear Programming Method

M Ch. 5 Applications to Design of Ship and Offshore Plant

Desian Theories of Ship and Offshore Plant 2015, Myung:| L Roh L4 dlnb 2

2016-08-29



4.1 Linear Programming Problem

Simplex Method

4.4 Examples for Linear Programming

Ch. 4 Linear Programming Method

4.2 Geometric Solution of Linear Programming Problem
4.3 Solution of Linear Programming Problem Using

Resian Theories of Ship and Offshore Plant. September 2015, Myung.Il Roh ’!mmn—dl“b g
.
Classes of Search Techniques (1/4)
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4.1 Linear Programming Problem

Resian Theories of Ship and Offshore Plant. September 2015, Myung.Il Roh

sydlab s

Linear Programming Problem

M Linear Programming (LP) Problem

it is convex.

B Therefore, the LP problem is convex, and
if an optimum exists, it is global
optimum.

M Linear Programming Method

B This is the method to solve the linear
programming problem.

B George B. Dantzig proposed a kind

method, “the Simplex method”, i

N
~

6

. g . Objective
B This problem has linear objective function:
function and linear constraint functions
in the design variables.
B Since all functions are linear in an LP Constraints:
problem, the feasible set or feasible
region defined by linear equalities or
inequalities is convex.
m Also, the objective function is linear, so X,

K,

Minimize f =—-4x,—5x,
Subjectto x, —x,>—4
X +x,<6

X,%,20
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Property of the Linear Programming Problem

M The objective function and constraints

represent the linear relationship among
the design variables.
B This problem has one objective function
and constraints.

B The objective function is to minimize or
maximize.

The constraints are represented as the
equality constraints (=) or inequality
constraints (>, <).

To use the Simplex method, the design
variables have to be nonnegative in the
LP problem.

B [f a variable is negative, it should be
transformed to nonnegative.

® Ex) x = -y (x is negative, y is positive)

B If a variable is unrestricted in sign, it can
always be written as the difference of
two nonnegative variables.

® Ex) x = y — z (x is unrestricted in sign and

Objective .. _ ~
function: Minimize f =—4x, —5x)
Subjectto x, —x, >—4
Constraints: X, +X, <6
xl b x2 Z O

v Example of problem which has nonnegative variables

+ Distribution of the feed for animal: the amount of the
feed can not be negative.

+ Distribution of the material for products: the amount
of the material can not be negative.

v Example of variable which is unrestricted in sign
+ Profit of the shipyard = Price of a ship - Shipbuilding
cost

y and z are nonnegative.)

Example of the Linear Programming Problem: Problem with
Two Variables and Inequality Constraint(“<")

Objective L. B
function: Maximize f = 4)(l + 5x2
Subjectto x, —x,> -4

Constraints: X, +x2 <6

X,%, 20

Maximization problem can be transformed
to a minimization problem.

The right hand side of the constraints can
always be made nonnegative by multiplying
both side of the constraints by -1, if
necessary.

Minimize f =-4x,—5x,
Subjectto —x, +x,<4

X +x,<6

Why should we transform the maximization problem to a minimization problem?
If the problem is not transformed to a minimization problem, we also have to find the method
which can solve the maximization problem and minimization problem.

Resian Theories of Ship and Offshore Plant. 2015, Myung:|l Roh




4.2 Geometric Solution of
Linear Programming Problem

Resian Theories of Ship and Offshore Plant. September 2015, Myung.Il Roh

sydlab -

Geometric Solution of the Linear Programming Problem

Minimize f =-4x —5x,
Subjectto —x, +x, <4
X2

X+ X, <6 Infeasible

solution

X,%, 20 \\5/

Basic feasible solution 2~

X

7

. The solution of a LP problem lies on a
vertex point of the polygon.

. The vertex points mean the
intersection of the constraints.

. The vertex point (A, B, C, D, E, F) are
called “Basic solution”.

. Basic solution in the feasible region (A,
B, C, D) are called “Basic feasible
solution”.

. The basic feasible solution minimizing
the objective function is an optimum.

-~

F Infeasible solution Basic feasible

solution

2

KL, N
4 {{GBasic feasiblex N xl

3 N
~solution N

10
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4.3 Solution of Linear Programming
Problem Using Simplex Method

Resian Theories of Ship and Offshore Plant, September 2015, Mvung. ILRoh

I!dlﬂb 1

Solution of Linear Programming Problem (1/3)
- Transformation of “<” Type Inequality Constraint

Minimize  f =—4x, —5x,
Subject to :

For “<" type inequality constraint, we introduce a nonnegative slack variable.

-5 t+x, <4 & —x+x+x =4

Slack variable (nonnegative)

Standard form of the Linear Programming Problem

1. Right hand side of the constraints should always be nonnegative.
2. Inequality constraint should be transformed to an equality constraint.

2015 Myung:ll Roh ’“dlnb 12
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Solution of Linear Programming Problem (2/3)

To transform “<” type inequality constraints
to the equality constraints, we introduce a

-

Transforming the

nonnegative slack variable.

Mim'mize f = —4x] - 5x2 inequality constraints to Mim'mize f = —4)(:l —%
. the equality constraints . P ————— ER
Subjectto —x,+x, <4 Subjectto! —x, +x,+x; | =4 |
1
1
X +x,<6 X+ X, +x,=6 |
X,%,20 XXy, %5,%, 20
R . Because the number of variables (4) is larger than the number
L=x +x, X, =4 of equation (2), there are many sets of solution.
I
i x, + X, +x, = 6 | » If we assume the value of two (=4-2) unknown variables, we can

obtain the solution.

® When we use the “Simplex method”, the two unknown variables

are assumed to be zero.
At this time, the variables set to zero are called “nonbasic variables”,
the remaining ones are called “basic variables”.

When the number of unknown variables is n and the number of linearly independent equations

(equality constraints) is m (n2m),
- The degree of freedom is (n-m).

e

- If we assume the value of (n-m) unknown variables (degree of freedom), we can obtain the solution.
- In the “Simplex method"”, the (n-m) unknown variables are assumed to zero.

Solution of Linear Programming Problem (3/3)uininize 1 =4, -5z,

Subject to—x, + X, + X, =4

Noqbasic Basic Solution LocationAof Objective
(asz’ui‘:ibbleezsw variables | (. ) (fc:ns:(lzz:::,) function
It | @ew) 4, 0, 0, 10y F 16

Gpxg) 1| () : © 6 20! E -30

@ 1| e fo, 0, 46 Va0l
| Gz 1 Gnx) |6 0, 10, 0) ! LD |24

o) | Gox o, 4 o 21 ' s : a0 ! x2
] N T 200 L gt Jeaged]
|(1) Select the two variables assumed to be zero (Total 6 sets). | 6\1
‘(2) Substitute the 6 sets into the equations @, @ and calculate
the value of the basic variables (vertex point). Bas‘ic feasihl

\ 4
|(3) Find the basic feasible solution among the 6 basic variables. |

(4) The basic feasible solution minimizing the objective
function is the optimum.

Q: Do we have to find all vertex points and calculate the value of
the objective function? It’s inefficient!

~

X, +X, +x,=6

X1, X5,Xy,X, 20

XN, =4 === (D) Convert }he
inequality

Xt +x, =6 === ® constraints to

Xy, Xy, X5,%, 20 the equality
constraint

Each vertex point is
obtained by assuming the
value of the two variables.

Infeasible /' #
4 solution

General solution (,ff a LP problem: X . X =F# Infeasible Initial basic feasible solution N

Simplex Method” starts at the initial basic feasible solution & in the Simplex method \\ x
solution and finds the optimum by improving the - - 1
objective function through iteration. » We can 7 Basic feasible A D Basic fe\as@le
minimize the number of calculating the vertex points. solution 2 4 6 14

solution "\
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Solution of Linear Programming Problem by Using Simplex Method (1/7)
- Classification between Basic Variables and Nonbasic Variables

- In this example, we can solve this problem by assuming the two variables as the nonbasic variables (=0).

Mark the basic variable

: Nonbasic variable (=0)

Transform the inequality included in each row

Nonbasic variable “ Basic variable ‘ O : Basic variable

constraints to the T

equality constraints. v

Minimize f =—4x —5x, Row 1: X,
Subjectto —X, +X, <4
X +x, <6 Row 2: X,
X, %, 20 Row 3:

Type of variables Explanation

Nonbasic variables A variable set to zero in variables
A variable obtained by setting the nonbasic

Basic variables ; - . N
variable and solving the equations simultaneously

Method to classify
Objective function is only composed of the nonbasic variables.

Each basic variable appears in only one row.

-
&

Solution of Linear Programming Problem by Using Simplex Method (2/7)

- Interchange of Basic and Nonbasic Variables

«— 4/1=4

Row 1t X3 [ —X [+X,4X; =4

Row2: X, | X, |+X, +x,=6 <«—e1=6

=f-0

: Nonbasic variable (=0)
: Basic variable

Row 3: —4x1—5x2

X)Xy, X5,%, 20

Interchange the basic variable
included in the Row 1, i.e., x3 and
the nonbasic variable, i.e., x2.

) ) 1 The greatest reduction in the objective function can be achieved by increasing x2,
Nonbasic variable: X1, X3| because its coefficient is most negative. » The nonbasic variable x2 should be

- replaced by a basic variable.
Basic variable: , x4, x2

x3 or x4 should be a nonbasic variable.

Because two variables should be the nonbasic variables (=0),

Right hand side parameter in each row

Positive coefficient of the element
in the selected column

Select the variable whose coefficient is positive and the row having the smallest
= | positive ratio in the constraints ® x3 is selected as the nonbasic variable.

<Ref.> What would be done if we do not select the row having the smallest positive ratio?

16
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Solution of Linear Programming Problem by Using Simplex Method (3/7)

- Pivot Operation

Type of variables Explanation

Method to classify

Nonbasic variables A variable set to zero in variables

Basic variables

A variable obtained by setting the nonbasic
variable and solving the equations simultaneously

Objective function is only composed of the nonbasic variables.

Each basic variables appears in only one row.

X5 Xy, X5,X, 20

Row 1l X; | —X |[+X, 4X; =4 «—an=4
Row2: X, | X, |+X, +x,=6 <«—e1=6
Row 3: —4x,|—-5x, =f-0

: Nonbasic variable (=0)
: Basic variable

Interchange the basic variable included in the
> Row 1, i.e., x3 and the nonbasic variable, i.e.,
x2. Rearrange the Row 1 as: X, =4 +X, —x;
and substitute this into the Row 2 and 3.
X +(4+x-x) +x, =6
=2x X +x, =2
—4x, -5(4+x,-x;) = f
= -9x, +5x, = f+20

Nonbasic variable: X1, @ x3

, x4, x2

Basic variable:

Pivot on the selected variable (x,: 15t Row, 2" Column)

Pivot: It is the same concept with Gauss-
Jordan elimination. This eliminates the
selected variables from all the equations
except one equation.

Row 1: )(,‘2 — Xl
Row2: X, | 2x,
Row 3: — 9)(;1

XXy, X5,X, 20

+X,+ X5

=4
—-X; +x, =2
=f+20

: Nonbasic variable (=0)
: Basic variable

+5x;

17

Solution of Linear Programming Problem by Using Simplex Method (4/7)
- New Basic Variable (“Vertex Point”) after Pivot Operation

Type of variables Explanation

Method to classify

Nonbasic variables A variable set to zero in variables

Basic variables

A variable obtained by setting the nonbasic
variable and solving the equations simultaneously

Objective function is only composed of the nonbasic variables.

Each basic variables appears in only one row.

Row1: X, | —X, +X,+X, =4
Row 2: X, 2x1 —X; +x4 =2
Row 3: — =
9x, +5x, =f+20
: Nonbasii iable (=0)
X, Xy, X5,X, 20  Basio variablo

f2 Infeasible

Nonbasic variable: X1, x3
x2, x4

Basic variable:

Substitute x1=x3=0 into the equations (Row 1 and 2) ® x2=4, x4=2

» New solution B (x;, x5, X3, x;) = (0, 4, 0, 2)
Value of the objective function at B = -20

Infeasible
solution

solution

Initial basic feasible solutio)
/ in the Simplex method

A 2 4 6

2016-08-29



Solution of Linear Programming Problem by Using Simplex Method (5/7)
- Interchange of Basic and Nonbasic Variables

Type of variables Explanation

Method to classify

Nonbasic variables A variable set to zero in variables

A variable obtained by setting the nonbasic

Basic variabl N . . N
asic variables variable and solving the equations simultaneously

Objective function is only composed of the nonbasic variables.

Each basic variables appears in only one row.

Row 1: X, || — X X, + X; =4

Row2t X, || 2x, —X; +X, =2 «—an=1

Interchange the basic variable
included in the Row 2, i.e., x4

Row 3:

-9x, +5x;,
X5 X,,X5,X, 20

=f+20

: Nonbasic variable (=0)
: Basic variable

and the nonbasic variable, i.e.,
x1.

) i The greatest reduction in the objective function can be achieved by increasing
Nonbasic variable: ) X3, x4 x1, because its coefficient is most negative.
<

» The nonbasic variable x1 should be

replaced by a basic variable.

Basic variable: X2,

Because two variables should be the nonbasic variables (=0),
» x2 or x4 should be the nonbasic variable.

Right hand side parameter in each row _

Positive coefficient of the element
in the selected column

Select the variable whose coefficient is positive and row and the row having the
smallest positive ratio in the constraints.

» x4 is selected as the nonbasic variable.

<Ref.> What would be done if we do the row having the negative coefficient?

19

Solution of Linear Programming Problem by Using Simplex Method (6/7)

- Pivot Operation

Type of variables Explanation

Method to classify

Nonbasic variables A variable set to zero in variables

A variable obtained by setting the nonbasic

Basic variables : N N N
variable and solving the equations simultaneously

Objective function is only composed of the nonbasic variables.

Each basic variables appears in only one row.

Row 1: X, ||| — X; X, + X5 =4

Row2t X, || 2x, —X; +X, =2 «——an-1

Interchange the basic variable
included in the Row 2, i.e., x4

Row 3:

-9x, +5x,
X, Xy, %5,X, 20

= £+20

: Nonbasic variable (=0)
: Basic variable

and the nonbasic variable, i.e.,
x1.

Nonbasic variable: x3, x4

Pivot on the selected variable (x,: 2" Row, 1st Column)

@

Basic variable: X2,
(Row 1+ 0.5XRow 2) —>| Row 1: X, x2
(0.5XRow 2) —>| Row 2:_)('1 ‘xl

(Row 3 + 4.5XRow 2) —>| Row 3:

X)Xy, X5,X, 20

+0.5x; +0.5x, =5
-0.5x,+0.5x, =1
+0.5x;+4.5x, = f+29

: Nonbasic variable(=0)
: Basic variable

2016-08-29
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Solution of Linear Programming Problem by Using Simplex Method (7/7)
- New Basic Variable (“Vertex Point”) after Pivot Operation / Stop to Simplex

Type of variables Explanation Method to classify

Nonbasic variables A variable set to zero in variables Objective function is only composed of the nonbasic variables.

A variable obtained by setting the nonbasic

. - . N Each basic variables appears in only one row.
variable and solving the equations simultaneously ac sic variables appears in only o

Basic variables

Row 1: X, x,+0.5x;,+0.5x, =5
Because the coefficients of the
Row 2: X, |/ X —0.5x,+05x. =1 objective function are nonnegative,
el 3 4 the current solution is the
Row 3: — optimum.
N O'5x3 + 4.5)(?4 f +29 ®» Stop the Simplex method
: Nonbasic variable(=0,
xl ° xz s x3 ’ X4 2 O : B::icavs:i;lzlr;a o0 X Inf .

Nonbasic variable: X3, x4
Basic variable: x1, x2

Substitute x3=x4=0 into the equations (Row 1 and 2) ® x1=1, x2=;

» New solution C (x;, X, X3, x,) = (1, 5, 0, 0)
Value of the objective function at B = -29

Infea.sible Initial basic feasible solution N
solution i in the Simplex method N X,
— . T
A 2 4 6 2y

Solution of Linear Prog ramming Problem | Pivot: It is the same concept with Gauss-Jordan

elimination. This eliminates the selected

by USIng Slmplex Tableau variables from all the equations except one
equation.
Basic Nonbasic variable g yariable Basic varilable
bl -
variable e Vx| x| x| bi[bia
Row 1: X3 | —X X, T =4 | +——4/1=4 Row 1:| x3 -1 1 1 0 4 4
Row 2: X, X X, +x,=6 <+«—6/1=6 Row2: | x4 | 1 1 0 1 6 | 6
Row 3: _4x1 _5x2 = f'_() Row 3: | Obj. | -4 -5 0 0 f-0
................................... | Pivot on x2(15t Row and 2" Column) |[s==sssssreeses
b bl New Row 2 = (Row 2 - Row 1)
Basic Non as(I::o;/arla € Basic variable New Row 3 = (Row 3 + 5XRow 1)
variable 4/-1=-4 i
Row 1:X2 —X + X3 + X3 =4 (If the coefficient of the variable is x1 x2 x3 x4 bi bi/ai
negative, the variable is not selected. .
Row 2:X, 2x, —X, +x, =2 | ~—212=1 Rowti) e | 4 | 1 | 1 ] 0] 4|4
Row 2: 4 2 0 -1 1 2 1
Row 3: -9x +5x; =f+20 o X
Row 3: | Obj. | -9 0 5 0 f+20
........................................................................... | Pivot on x1(2" Row and 15t Column) [sssssssssaesas
New Row 1=(Row 1+ 0.5XRow 2)
Basi Nonbasic variable Basic variable New Row 2 = (0.5XRow 2)
a:‘i‘;h (=0) 1 New Row 3 = (Row 3 + 4.5XRow 2)
vari
—* T P
1 2 3 4 bi bi/
Row 1: X, X, +0.5x,+0.5x, =5 X | X2 | 3 | x4 | bl |bijai
05 : 05 1 Row 1: | x2 0 1 0.5 [ 0.5 5
Row 2: X X, —0.5x; +0.5x, =
! 1 3 4 Row 2 | x1 | 1 0 [-05[05]| 1
Row 3: +0.5x, +4.5x, = f+29]| Row 3: [0b1y 0 | 0 | 05 | 45 129
Because all the coefficients of the objective function are nonnegative,
the current solution is the optimum. (x,=1, x,=5, X;=x,=0, f=-29) 22

2016-08-29
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Solution of Linear Programming Problem (1/2)
- Problem with “>" Type Inequality Constraint and Two Design Variable

PoA=xx5)

Maximize z=y, +2y,

@ B.
¥ Optimum Point = (0, 6)
f=12

Subjectto 3y, +2y, <12
2y, +3y,26
20

Y, is unrestricted in sign.?
Minimize I =~y ~2y, aximization problem can be transformed
Subject to 3y, +2y, <12 to a minimization problem.
1 2 =

The variable unrestricted in sign is expressed
> . . .
2),+3y,26 with two nonnegative variables.

y,20 D=y =)

¥, is unrestricted in sign.  Letbe X, =),,x, = V1,X3 =Y.
Minimize [ =-x, —2x,+2x,
Subject to 3x,+2x,—2x, <12

2x,+3x,—3x,26

X, %y, %, 20

23

Solution of Linear Programming Problem (2/2)
- Transformation of “>" Type Inequality Constraint

Minimize  f = —x, —2x, +2x, [Review] For “<” type inequality constraint: we introduce

Subject o 3x +2x. —2x. <12 1’: a nonnegative slack variable.
D S S— 3%, +2x, = 2x,+x, =12
i2x, +3x, —3x; > 6! -

X5 %,,%, 20

For “>" type inequality constraint, we introduce a surplus variable and artificial variable.

2x,43x,-3%,26  ®»  2x+3x,-3x,— X, +x,=6

Surplus variable Artificial variable (nonnegative)
(nonnegative)

“The reason why we introduce the artificial variable”
At starting the Simplex method, we assume the original design variables (x,, x,, x;) as “nonbasic
variables” (x;=x,=x;=0), -x;=6.
®» This violates the nonnegativity requirement.
For satisfying the requirement, we introduce the variable x; artificially.
However, the artificial variable should be equal to zero in the feasible region, because x; is
augmented artificially.

Desian Theories of Ship and Offshore Plant 2015, Myung-Il Roh ’“dlnb 24
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Solution of Linear Programming Problem Using Simplex Method (simplex Tableau)
- Simplex Method for the Problem with “>" Type Inequality Constraint (1/4)

Slack variable

Maximize z=7y +2y, /\ > — Minimize f =-x —2x,+2x,
Subject to 3)/1 + 2y2 <12 1. Transform to a minimization Subject to 3xl + 2x2 - 2x3 : 12
2y,+3y,26 problem. o 2x, +3x, —3x, —@: 6
2. Since y, is unrestrlcteg in sign,
» 20 transformas y, =V, —J,. x,20;i=1t05 T
.
3. Let be o* .
Y, is unrestricted X, =V,X, = y;,x3 = y; i A Surplus variable
in sign. ) ) Assume the original variables (x,, x,, x;) as nonbasic
4. Transform the inequality variables (=0) and calculate the basic variable (x,,
constraints to the equality Xs)-
constraints (Introduce the slack and — — _§ ™ This violates the nonnegativity
surplus variable). X4 12,)(5 6 requirement

(5x57x3)

/\ > @ Slack variable 6
Minimize [ =—x —2x,+2x,

Introduce an artificial .
variable x; in the “>” type ;Subject to 3x| + 2x2 - 2x3 : 12 4

inequality constraints. i
quatty ; oo 20433, = 3oy X H(Xe)= 6~
*
A x,20,i=1t06 T T 5
Assume the original design variables (x;, X,, X3) and Surplus Artificial.

the surplus variable (x;) as nonbasic variables (=0) and
calculate the basic variable (x4, X¢).

variable variable

The result is x,=12, x,;=6. ® Initial basic solution (Infeasible solution) p
However, the artificial variable should be equal to zero in the Initial basic solution
feasible region, b X, iS au ted artificially. (Infeasible solution) (% 25
Solution of Linear Programming Problem Using Simplex Method (simplex Tableau)
- Simplex Method for the Problem with “>” Type Inequality Constraint (2/4)
: Slack variable {X
Minimize f I 2x2 + 2x3 Define an artificial objective
Subjectto 3x, + 2x2 —2x function which is a sum of all
! 3 the artificial variables (w = x,).
25, +3x, = 3x; (X (X6~ 6
x,20;i=1t06 @
Surplus Artificial 3)61 + 2x2 - 2x3 +x, = 12
variable variable

Find the optimum to minimize the - 2xl + 3x2 - 3x3 X5+ X, = 6

original objective function (Phase 2 of o _

the Simplex method). X 2x2 + 2x3 - f

y2Ex;-%) ‘—2xl—3x2+3x3+x5:w—6‘
o
66 . R Artificial objective function
Optimum Point = (0, 6) T d
r f=-12 Designate x; = w and
44 rearrange 2x, +3x, —3x; —x; +x, =6.
- v
> A\ 3y, 4:2y7\=\ 12 — @Find the basic feasible solution (minimize the

artificial objective function, w = x, (“w = 0").
(Phase 1 of the Simplex method)

S i Since x, is augmented artificially, the artificial
D 2 \\_\4& 6 y,(=x;) variable should be equal to zero in the feasible
Initial basic solution region.

(Infeasible solution) C

2016-08-29
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Solution of Linear Programming Problem Using Simplex Method (simplex Tableau)
- Simplex Method for the Problem with “>" Type Inequality Constraint (3/4)

@ 3, +2x, = 2x, +x, =12 ’ ) What if x, isf
=X,-X substituted for zero
2%, +3x, =3x; =X +x, =6 VAT X in advance? >
—% =25, +2x=f 6 . .
e 3 3 p Optimum Point = (0, 6)
AN X, 3 Xy = W r =-12 Procedure of

At first, we assume the original design variables (x,, ..., x;) and
surplus variable (x;) as nonbasic variables (=0), whereas the slack 4
variable (x,) and artificial variable(x,) as basic variables. Then NG
solve the equation. (“Starting with the initial basic solution”)

finding another
basic feasible
solution starting
N with the initial basic
+ 2y, =12 | solution

x1 x2 x3 x4 x5 x6 bi | bi/ai 2
x4 3| 2|21 ]o0ofo|12]- o S
x6 | 2 |3 30| 1]| 1|6 A . -
obj. | 1] 2] 2o o] oro D 2N 6 y,(=x;)
Initial basic solution c
A.Obj. | -2 3 3 0 1 0 w-6 - (Infeasible solution)

@Phase 1: Repeat Pivot operation until the artificial objective function w becomes zero.

x1 X2 x3 x4 x5 x6 bi | bi/ai x1 X2 x3 x4 x5 x6 bi | bi/ai
x4 3 2 -2 1 0 0 12 6 x4 5/3 0 0 1 2/3 | -2/3 8
X6 2 3 =5 0 -1 1 6 2 » X2 2/3 1 -1 0 -1/3 | 1/3 2
Obj. -1 -2 2 0 0 0 f-0 - Obj. 1/3 0 0 0 -2/3 | 2/3 | f+4
A.Obj. | -2 -3 3 0 1 0 w-6 ] A. Obj. 0 0 0 0 0 1 w-0
Since the artificial variable (x;) is New Row 1=Row 1-(2/3)XRow 2 | gijnce the value of the artificial objective

P . New Row 2 = (1/3)XRow 2 . N
augmented artificially, the variable should || now row 22 (/3)%R (@3)xRow2 | function becomes zero, the Phase 1 is

be equal to zero in the feasible region. New Row 4 = Row 4 + Row 2 completed. =
Point A(x,=x3=xs=xs=0, x,=2, x,=8)

Solution of Linear Programming Problem Using Simplex Method simplex Tableau)
- Simplex Method for the Problem with “>” Type Inequality Constraint (4/4)

@Phase 1: Repeat Pivot operation until the artificial objective function w becomes zero.

x1 x2 x3 x4 x5 x6 bi | bi/ai x1 x2 x3 x4 x5 x6 bi | bi/ai
x4 3 2 2 1 0 0 12 6 x4 5/3 0 0 1 2/3 | -2/3| 8
X6 2 3 3 0 -1 1 6 2 » x2 2/3 1 -1 0 |-1/3|1/3 2
Obj. -1 -2 2 0 0 0 f-0 - Obj. 1/3 0 0 0 |-2/3|2/3 | f+4
A.Obj. | -2 =3 3 0 1 0 w-6 - A.Obj. [ 0 0 0 0 0 1 w-0

Phase 2: Repeat Pivot operation until all the coefficients of the original objective function
are nonnegative.

x1 x2 x3 x4 x5 x6 bi | bi/ai x1 x2 x3 x4 x5 X6 bi | bi/ai
x4 |53 0 0 1| w3 |23 8 | 12 x5 |52 0 0 |32 1 4| 12
x2 |23 1 -1 o |-1/3[1/3| 2 | -6 » x2 |32 1 A 12| o 0 6
obj. | 1/3] o 0 0 |-2/3|2/3 | f+4 | - obj. | 2 0 0 1 0 0 |f+12
Ya(=xyx3) Since all the coefficients of the objective
6! Optimum Point = (0, 6) :ew Row 1= Row 1(2/3) function are nonnegative, the current
S f=12 NewRow2=Row2+ (21%Row | solution is the optimum.
4 - (e=3=x,=0,x,=6,x5=12,f=-12)
~ =10 R

3y, +2pp=12
Ve

6 yi(=x)) o

14



Solution of Linear Programming Problem
- Transformation of Equality(“=") Constraint

L) J— _ [Review] For “<” type inequality constraint, we introduce a nonnegative
Minimize f =—x, —2x, +2x, = vpe neduatly-constiaiil, we Iflacuce a nonnegative

slack variable.
Subjectto 3x,+2x,-2x, <12 ———) 3x,+2x, - 2x;+x, =12
2x,+3x,-3x,26 T 2x, +3x,—3x,—x, +x, =6

[Review] For “2” type inequality constraint,
we introduce a surplus variable and artificial variable.

For “=" type equality constraint, we introduce an artificial variable.

X +x,+x,=06 » X tX,t+X+x, =6

Artificial variable (nonnegative)

“The reason why we introduce the artificial variable”
At starting the Simplex method, we assume the original design variables (x,, x,, x;) as
“nonbasic variables” (x, =x, =x;=0). Then the equality constraint is violated (0 = 6).
» To satisfy the equality constraint, we introduce the variable x, artificially.
However, because x, is augmented artificially, the artificial variable should be equal to zero
in the feasible region.

Desian Theories of Ship and Offshore Plant, September 2015, Myung:Il Roh ’!dl“b 29

Solution of Linear Programming Problem Using Simplex Method
- Method for Formulating the Artificial Objective Function

Minimize f =—x, —2x,+2x, Minimize f =—x, —2x,+2x,
Subjectto 3x, +2x, —2x; <124 e e inequalitySubject to 3x +2x,—2x,+x,=12
le +3x2 _3‘x3 26 cons"ca;:?trtaoiniguamy 2x1 + 3)C2 - 3x3 —Xs +Xg = 6
X +X,+x,=6 - X+ X, X +x, =6
...................... 050520 i, %20 i=l107
<Ref.> If we define the artificial H
objective functions for each artificial Xo—6=-=2x, —3x, +34; +x; Define an artificial

variable,

3x,+2x, = 2x, +x, =12 ¥ =b=mx—x o

a sum of all the artificial
w(=x+x;)—12=-3x, —4x, + 2x, + x, | variables (w =x; +x,).
2x,+3x, 3%, —x5+x,=6 6 X7 I 2 3 X5 6+,

X +X,+x,+x,=6
e { ©3x1+2x2—2x3+x4=12
=X, =2x,+2x; = f :

R 2% +3% —3x% —x.+x. =6
—2x; —3x, +3x; + X5 =W, — 6 = We have to minimize w, (x,=0) : ! 2 3o e
—X, =X, =X, =W, —6 and w; (x;=0). Poxtx,txy+x, =6

Since the artificial variables are nonnegative,

solutions of minimizing the sum of all the =X —2x, + 2x3 =f

those of minimizing of each artificial objective i

the artificial objective function as a sum of all
the artificial variables.

objective function, w=x,+x, ("“w=0"; x;,=x,=0)

objective function which is

artificial objective functions are the same as : “3x —4x. +2x, +x. =w—12
1 2 3 57

function. Therefore, it is convenient to define Find the basic feasible solution (minimize the artificial

30

2016-08-29
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Summary of the Simplex Method g Vreasivle

\lxsolution <
[

M This method starts at the initial Basic feasible
basic feasible solution and finds solution
the optimum by improving the
objective function.

M This method is based on the
theory of the first-order
simultaneous equations.

B Matrix calculation is used. Infeasible Ini'fial basig feasible solutiol
(Gauss-Jordan elimination) —# solution y”_in the ?lmplex me.thOd
. F
A Type of the Slrpplex method Basic feasible Basic feasible
B One-phase Simplex method solution Yo(=x,x35) solution

® The problem only having “<" type
inequality constraints 6
B Two-phase Simplex method N
® The problem having “>" type
inequality or equality ("=") 4
constraint <
® Phase 1: Find the initial basic
feasible solution to satisfy the 2
artificial objective function(w) to
be zero. >
® Phase 2: Find the optimum by
starting with the initial basic

feasible solution. Initial basic sBution
in the Simplex method

Optimum Point = (0, 6)
f=-12

CF=elo
3y, =12

C 31

A 2 4 D@ <

Summary of the Simplex Algorithm

M Step 1: initial basic feasible solution
B "<" type inequality constraints: Find the initial basic feasible variables by
assuming the slack variables as basic and the original variables as nonbasic
variables(=0).
B “>" type inequality constraints: By using the Two-phase Simplex method,
find the initial basic feasible variables to satisfy the artificial objective
function to be zero in the Phase 1.

M Step 2: The objective function must be expressed with the nonbasic variables.

M Step 3: If all the reduced coefficient of the objective function for nonbasic
variables are nonnegative, the current basic solution is the optimum. Otherwise,
continue.

M Step 4: Determine the Pivot column and row. At this time, the nonbasic variable
in the selected Pivot column should become the new basic variable and the
basic variable in the selected Pivot row should become the new nonbasic
variable.

Step 5: Pivot operation by using the Gauss-Jordan elimination
Step 6: Calculate the value of the basic and nonbasic variable and go to Step 3.
32

N

2016-08-29
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4.4 Examples for Linear Programming

Resian Theories of Ship and Offshore Plant. September 2013, Myung.: LLRoh ’!dlﬂb 33

Example of Optimal Transportation of Cargo

Consider a cargo ship departing from the port A to E via the ports B, C, and D.
The maximum cargo loading capacity of the ship is 50,000 ton and the
loadable cargo at each port is as follows. Formulate and find the optimum
cargo transportation that maximizes the freight income.

Type Port of . Loadable cargo at each . .
of departure Port of arrival port of departure Freight income ($/ton)
cargo (1,000 ton)
1 A B 100 5
2 A C 40 10
3 A D 25 20
4 B C 50 8
5 B D 100 12
6 C D 50 6
besion Theories of Ship and Offshore Plant 2015, Myung-ll Roh tgdl.nb 34
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Example of Optimal Transportation of Cargo
- Solution (1/7)

| oot | portor |t et " | Freignt income The loadable cargo at each port
cargo departure arrival departure (1,000 ton) (8/ton) g por

p A 5 100 S (x;, i type of cargo) by 1,000 ton is as follows.

2 A C 40 10 X,

3 A D 25 20

4 B C 50 8

5 B D 100 12 X,

6 C D 50 6 X,

. ' A B . C N D

Design variables: X, X,X;, X,, X5, X, x.

Objective function: Maximization of the freight income
Maximize 7 = 5x, +10x, +20x; +8x, +12x, + 6x,

®» The maximization problem should be converted to a minimization problem
by assuming f= -Z

Minimize f =-5x,—10x, —20x, —8x, —12x, — 6x,

Resian Theories of Ship and Offshore Plant. September 2015, Myung.Il Roh

I!dlﬂb 35

Example of Optimal Transportation of Cargo
- Solution (2/7)

PR | portor | portor | LeREERERE S | Freight income The loadable cargo at each port
cargo departure arrival departure (1,000 ton) (8/ton) g por
p N 5 100 S (x;, i type of cargo) by 1,000 ton is as follows.
2 A C 40 10 X,
3 A D 25 20
4 B C 50 8
5 B D 100 12 X,
6 C D 50 6 X,
Constraints: A B X, C X D
The maximum cargo to be loaded in the ship: X,

A= B:ix+x,+x,<50 B=C:x,+x;+x,+x;,<50
C=>D:ix;+x,+x,<50

The maximum cargo according to the type:

0<x,<40, 0<x,<25,0<x,<50, 0<x,<50

The maximum loadable cargoes x;, x5 are larger than 50,000 ton, there are no upper limit related with x;, xs.

The maximum loadable cargoes x,, x; are 50,000 ton, there are no upper limit related with x,, xs. 36

2016-08-29
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Example of Optimal Transportation of Cargo
- Solution (3/7)

Find X5 X5 X35 Xy 5 Xs 5 X
Minimize | =-5x,—10x, —20x; —8x, —12x, — 6x;
Subjectto x, +x, +x, <50
X, + X3 + X, + Xs < 50 ; : Constraints related with the maximum cargo to be
loaded in the ship
X, +x+x, <50
0<x, <40, 0<x, 325,}
0<x,<50, 0<x,<50

: Constraints related with the maximum cargo
according to the type

» Optimization problem having the 6 unknown variables and 7
inequality constraints

Resian Theories of Ship and Offshore Plant, September 2013, Myung-Il Roh ’!dlﬂb 87

Example of Optimal Transportation of Cargo
- Solution (4/7)

Convert to the standard form. @ Solve this problem by using the Simplex method.

[Constraints | (D

X, +x,+x, <50 oxtx, x4+ x, =50
X, + X, 4+ X, + x5 <50 DXy X+ x, Fxg+ X =50
Xy 4 X5 +x, <50 DXy X X+ X, =50
0<x,<40, 0<x, £25, X, +x, =40, x, +x,, =25,
0<x,<50, 0<x,<50 Poxy+x,; =50, xo+x,;=50
[ Objective function Where, X7, Xg> X9, X195 Xi1> o Xy slack |
S ==5x%—10x, —20x; —8x, —=12x; —6x; i [ =—5x —10x, —20x; —8x, —12x; — 6,
—®
Perform the Simplex method. ‘
starts at the initial basic feasible solution and finds the optimum by improving the
objective function
1: Slack variable — The variables introduced for converting “<" type inequality constraints.
Desian Theories of Ship and Offshore Plant, 2015, Myung:Il Roh ’“dﬁ,lﬂnﬂ b“ 38
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Example of Optimal Transportation of Cargo
- Solution (5/7)

positive ratio = Right hand side parameter in each column

Positive coefficient of the element in the selected column

positive and row has
the llest positive

ratio in the constraints.

m x1 X2 x3 x4 x5 x6 x7 x8 x9 x10 | x11 | x12 | x13 bi | bi/ai
x7 1 1 1 0 0 0 1 0 0 0 0 0 0 50 50
x8 0 1 1 1 1 0 0 1 0 0 0 0 0 50 50
x9 0 0 1 0 1 1 0 0 1 0 0 0 0 50 50
x10 [ 0 1 o|o|o|o|o|o0ofoO 1 0| o | o |40 whose coefficient is
x11 0 0 1 0 0 0 0 0 0 0 1 0 0 25 25
x12 0 0 0 1 0 0 0 0 0 0 0 1 0 50
x13 0 0 0 0 0 1 0 0 0 0 0 0 1 50
Obj. -5 -10 | -20 | -8 -12 -6 0 0 0 0 0 0 0 f+0
1) Select the column which hasthe minimum coefficient of the objective function. (3) Pivot on the selected variabl

le(x; / 5% row, 3 column)

[2]

x1 x2 x3 x4 x5 x6 x7 x8 x9 [ x10 [ x11 | x12 | x13 bi | bi/ai

x7 1 1 0 0 0 0 1 0 0 0 -1 0 0 25

x8 0 1 0 1 1 0 0 1 0 0 -1 0 0 25 25

x9 0 0 0 0 1 1 0 0 1 0 1 0 0 25 25

x10 0 1 0 0 0 0 0 0 0 1 0 0 0 40

x3 0 0 1 0 0 0 0 0 0 0 1 0 0 25

x12 0 0 0 1 0 0 0 0 0 0 0 1 0 50

x13 0 0 0 0 0 1 0 0 0 0 0 0 1 50

Obj. -5 -10 0 8 | -12 6 0 0 0 0 20 0 0 |[f+500
Desian Theories of Ship and Offshore Plant, September 2015, Myung:ll Roh ’g.wmn.m_dlnb o
Example of Optimal Transportation of Cargo
- Solution (6/7)
E x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 | x11 | x12 | x13 bi | bi/ai

x7 1 1 0 0 0 0 1 0 0 0 -1 0 0 25

x5 0 1 0 1 1 0 0 1 0 0 1 0 0 25

x9 0 il 0 =il 0 1 0 =il 1 0 0 0 0 0 0

x10 0 1 0 0 0 0 0 0 0 1 0 0 0 40

x3 0 0 1 0 0 0 0 0 0 0 1 0 0 25

x12 0 0 0 1 0 0 0 0 0 0 0 1 0 50

x13 0 0 0 0 0 1 0 0 0 0 0 0 1 50 50

Obj. 5 2 0 4 0 -6 0 12 0 0 8 0 0 |f+800
E x1 x2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 | x12 | x13 bi | bi/ai

x7 1 1 0 0 0 0 1 0 0 0 -1 0 0 25 25

x5 0 1 0 1 1 0 0 1 0 0 -1 0 0 25

x6 0 1 0 1 0 1 0 1 1 0 0 0 0 0

x10 0 1 0 0 0 0 0 0 0 1 0 0 0 40

x3 0 0 1 0 0 0 0 0 0 0 1 0 0 25

x12 0 0 0 1 0 0 0 0 0 0 0 1 0 50

x13 0 1 0 1 0 0 0 1 1 0 0 0 1 50

Obj. =5 -4 0 -2 0 0 0 6 6 0 8 0 0 800
Desian Theories of Ship and Offshore Plant 2015, Myung:Il Roh ’“glﬁn b.., 40
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Example of Optimal Transportation of Cargo
- Solution (7/7)

[5]

x1 x2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 | x12 | x13 bi | bi/ai

x1 1 1 0 0 0 0 1 0 0 0 -1 0 0 25

x5 0 1 0 1 1 0 0 1 0 0 1 0 0 25 25

6 | 0| 14 ]o]|a4]o] 1ol a]1]olo]o]o]o The row having the
neg coefficient

x10 0 1 0 0 0 0 0 0 0 1 0 0 0 40 (-1) in the selected
column is not

x3 0 0 1 0 0 0 0 0 0 0 1 0 0 25 selected.

x12 0 0 0 1 0 0 0 0 0 0 0 1 0 50 50

x13 0 1 0 1 0 0 0 1 1 0 0 0 1 50 50

0Obj. 0 1 0 -2 0 0 5 6 6 0 3 0 |f+925

IO’
X
x
N
x
w

x4 x5 x6 x11 | x12 | x13 bi | bi/ai

x
3
x

&
>

)
ja¥
=)

x1 1 1 0 0 0 0 1 0 0 0 -1 0 0 25
x4 0 1 0 1 1 0 0 1 0 0 1 0 0 25
x6 0 0 0 0 1 1 0 0 1 0 1 0 0 25
x10 0 1 0 0 0 0 0 0 0 1 0 0 0 40
x3 0 0 1 0 0 0 0 0 0 0 1 0 0 25
x12 0 -1 0 0 1 0 0 -1 0 0 1 1 0 25
x13 0 0 0 0 -1 0 0 0 -1 0 1 0 1 25
Obj. 0 3 0 0 2 0 5 8 6 0 1 0 0 [f+975

Because all the coefficients of the objective function are nonnegative, the current
solution is the optimum. (X,=X5=0,X;=X3=X,=X¢=25,f=-975)
Therefore, the maximum freight income (975,000%) can be achieved by loading 25,000 tons per
the cargo type(1, 3, 4, 6). 4

Example of Optimal Transportation of Cargo
- Solution: Deletion of Duplicated Constraints (1/6)

T?’)e Port of Port of Llf‘:d::clﬁ c:ﬁ: ;'t Freight income Th I d bl t h t
cargo departure arrival departure (ﬁ,UOOton) (5/ton) € loadable Cargo at eac por
p n B 100 5 (x;, i type of cargo) by 1,000 ton is as follows.
2 A C 40 10 X,
3 A D 25 20
4 B C 50 8
5 B D 100 12 X,
6 C D 50 6 A X, B c D
Constraints: x X
The maximum cargo to be loaded in the ship: X,

A= B:ix+x,+x,<50 B=C:x,+x;+x,+x;,<50
C=>D:ix;+x,+x,<50
The maximum cargo according to the type:
V=<3 <50, 0<x——<50-
0<x,<40, 0<x, <25,0<x;<50;0<=x;=<
The maximum loadable cargoes x,, x5 are larger than 50,000 ton, there are no upper limit related with x;, xs.

The maximum loadable cargoes x,, x; are 50,000 ton, there are no upper limit related with x,, ;. 2
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Example of Optimal Transportation of Cargo
- Solution: Deletion of Duplicated Constraints (2/6)

Find x19x25x37x47x59x6
Minimize | ==5% —10x, —20x; —8x, —12x; = 6x,
Subjectto x, +x, +x, <50

X, +x. +Xx, +x. <50 ;: Constraints related with the maximum cargo to be
2 3 4 5 . .
loaded in the ship
X, +x+x, <50

0<x, £40, 0<x, <25 :Constraints related with the maximum cargo
2 3 according to the type

» Optimization problem having the 6 unknown variables
and 5 inequality constraints

Resian Theories of Ship and Offshore Plant, September 2013, Myung-Il Roh ’!dlﬂb 43

Example of Optimal Transportation of Cargo
- Solution: Deletion of Duplicated Constraints (3/6)

Convert to the standard form. Solve this problem by using the Simplex method.
[Constraints | (D nd© '

X, +x, +x; <50 X, +x, +x;+x;, =50

X +x,+x,+x, <50
X, + x5 +x, <50

X, + X+ x, + x5 +x, =50
X+ + X, +x, =50

0<x,<40, 0<x, £25, X, +x,=40, x;+x,=25
0<x, <50, 0<x, <50 '

Where, X, Xg, Xg, X, X, : slack variables!
| Objective function

f =-5x,—10x, —20x, —8x, —12x, — 6x; f =-5x,—10x, —20x, —8x, —12x, -

6x,
—0®
Perform the Simplex method. ‘
starts at the initial basic feasible solution and finds the optimum by improving the
objective function
1: Slack variable — The variables introduced for converting “<" type inequality constraints.
Desian Theories of Ship and Offshore Plant, 2015, Myung:Il Roh ’“dﬁ,lﬂnﬂ b“ L)
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Example of Optimal Transportation of Cargo
- Solution: Deletion of Duplicated Constr

positive ratio =

aint

ight hand side pgran/etg' n each column

Positive coefficient of the element in the selected column

[1]

(1) Select the column which has the minimum coefficient of the objective function.

x1 x2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 bi | bi/ai

x7 1 1 1 0 0 0 1 0 0 0 0 50 50

x8 0 1 1 1 1 0 0 1 0 0 0 50 50

x9 0 0 1 0 1 1 0 0 1 0 0 50 50
x10 0 1 0 0 0 0 0 0 0 1 0 40

x11 0 0 1 0 0 0 0 0 0 0 1 25 25
Obj. -5 -10 | -20 | -8 -12 -6 0 0 0 0 0 f+0

R

(2) Select the variable whose
coefficient is positivgfand row
has the smallest positive ratio in
the constraints.

(3) Pivot on the selected variable(x; / 5% row, 3" column).

[2]

x1 X2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 bi | bi/ai
x7 1 1 0 0 0 0 1 0 0 0 -1 25
x8 0 1 0 1 1 0 0 1 0 0 -1 25 25
x9 0 0 0 0 1 1 0 0 1 0 -1 25 25
x10 0 1 0 0 0 0 0 0 0 1 0 40
x3 0 0 1 0 0 0 0 0 0 0 1 25
Obj. -5 -10 0 -8 -12 -6 0 0 0 0 20 |f+500

Resian Theories of Ship and Offshore Plant. September 2015, Myung.Il Roh

I!dlﬂb ']

Example of Optimal Transportation of Cargo
- Solution: Deletion of Duplicated Constraints (5/6)

E x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 | x11 bi | bi/ai
x7 1 1 0 0 0 0 1 0 0 0 -1 25
x5 0 1 0 1 1 0 0 1 0 0 -1 25
x9 0 -1 0 -1 0 1 0 -1 1 0 0 0 0
x10 0 1 0 0 0 0 0 0 0 1 0 40
x3 0 0 1 0 0 0 0 0 0 0 1 25
Obj. -5 2 0 4 0 -6 0 12 0 0 8 |[f+800

E x1 x2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 bi | bi/ai
x7 1 1 0 0 0 0 1 0 0 0 = 25 25
x5 0 1 0 1 1 0 0 1 0 0 -1 25
x6 0 -1 0 -1 0 1 0 -1 1 0 0 0
x10 0 1 0 0 0 0 0 0 0 1 0 40
x3 0 0 1 0 0 0 0 0 0 0 1 25
Obj. -5 -4 0 -2 0 0 0 6 6 0 8 |[f+800

Resian Theories of Ship and Offshore Plant.

2015, Myung:Il Roh

ydlab
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Example of Optimal Transportation of Cargo

- Solution: Deletion of Duplicated Constraints (6/6)

[5]

x1 x2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 bi | bi/ai
x1 1 1 0 0 0 0 1 0 0 0 -1 25
x5 0 1 0 1 1 0 0 1 0 0 =il 25 25
x6 0 -1 0 -1 0 1 0 -1 1 0 0 0
x10 0 1 0 0 0 0 0 0 0 1 0 40
x3 0 0 1 0 0 0 0 0 0 0 1 25
Obj. 0 1 0 -2 0 0 5 6 6 0 3 |f+925
@ x1 x2 x3 x4 x5 x6 x7 x8 x9 | x10 | x11 bi | bi/ai
x1 1 1 0 0 0 0 1 0 0 0 -1 25
x4 0 1 0 1 1 0 0 1 0 0 -1 25
x6 0 0 0 0 1 1 0 0 1 0 -1 25
x10 0 1 0 0 0 0 0 0 0 1 0 40
x3 0 0 1 0 0 0 0 0 0 0 1 25
Obj. 0 3 0 0 2 0 5 8 6 0 1 |f+975

The row having the negative
coefficient (-1) in the selected
column is not selected.

Because all the coefficients of the objective function are nonnegative, the current
solution is the optimum. (X,=X;=0,X,=X3=X,=X=25,f=-975)

Therefore, the maximum freight income (975,000%) can be achieved by loading 25,000 tons per
the cargo type (1, 3, 4, 6).

Resian Theories of Ship and Offshore Plant. September 2015, Myung.Il Roh

I!dlﬂb 4
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