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“Phase Equilibria in Materials”  
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ε > 0,  ∆Hmix > 0 ε < 0,  ∆Hmix< 0 

Ideal or Regular solution : over simplification of reality 

Real solution: 

  Ordered alloys 

 Entropy                   +  ∆Hmix = ΩXAXB  where     Ω = Nazε wkS ln= 0≈ε

PAB Internal E PAA, PBB 

∆Gmix = ∆Hmix - T∆Smix 

Clustering 

elastic strain 

Contents for previous class 
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: Solid solution → ordered phase : Compound : AB, A2B… 0<∆ S
mixH 0<<∆ S

mixH

0<∆ S
mixH > 0<∆ S

mixH >> 0 : Solid solution → solid state  
  phase separation (two solid solutions) 

: liquid state phase separation  
  (up to two liquid solutions) 

  metastable miscibility gap 

  stable miscibility gap 
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* Solid solution → ordered phase 
  random mixing 
  entropy ↑ 
      negative enthalpy ↓   

Large composition range 
 G ↓ 

* Compound : AB, A2B… 
  entropy↓  
  covalent, ionic contribution.  
       enthalpy more negative ↓ 

Small composition range 
 G ↓ 

0<∆ S
mixH

0<<∆ S
mixH

Ordered phase: “Long range order (LRO)” 
(①superlattice, ②intermediate phase, ③intermetallic compound) 



ε < 0,  ∆Hmix< 0 / ∆Hmix~ -20 kJ/mol 

(fcc) (fcc) 

(tetragonal) 

(cubic) 

(cubic) 

(complete solid solution) 

Ordered Phase 
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∆Hmix~(-)41 kJ/mol 

ε < 0,  ∆Hmix< 0 

(fcc) (bcc) 

(fcc) 

(triclinic) 

(cubic) 

6 

Intermediate Phase 

(orthorhombic) 



7 (hcp) (fcc) 

(FCC) 

Fddd mFm
−

3mmcP /63

mFd
−

3

(Orthorhombic) 

Intermediate Phase 
ε < 0,  ∆Hmix< 0 / ∆Hmix~ -38 kJ/mol 
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ε << 0,  ∆Hmix<< 0 / ∆Hmix~ -142 kJ/mol 
Intermetallic compound 



* The degree of  ordering or clustering will decrease as temp.  
   increases due to the increasing importance of entropy. 
 
 

∆Gmix = ∆Hmix - T∆Smix 

High temp.         Entropy effect Solution stability 

9 

Clustering → “Phase separation” 
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ε > 0,  ∆Hmix> 0 / ∆Hmix~ +26 kJ/mol 
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Dendrite / interdendrite formation 

0 10 20 30 40 50 60 70 80 90 100
400

600

800

1000

1200

1400

1600

1800

FCC1 + FCC2

FCC

FeCrNiCo

 

 
Te

m
pe

ra
tu

re
 (o C)

Cu content (at %) Cu

Dendrite Interdendrite 

Cooling process in the miscibility gap 
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ε > 0,  ∆Hmix> 0 / ∆Hmix~ +17 kJ/mol 
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ε > 0,  ∆Hmix> 0 / ∆Hmix~ +5 kJ/mol 
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L1 + L2 βTi + L 
L + αY 

ε >> 0,  ∆Hmix>> 0 / ∆Hmix~ +58 kJ/mol 
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5.5.5 Spinodal Decomposition 
Spinodal mode of transformation has no barrier to nucleation 

2) If the alloy lies outside the spinodal, 
    small variation in composition 
    leads to an increase in free energy 
    and the alloy is therefore metastable. 

2

2 0d G
dX

<

The free energy can only be 
decreased if nuclei are formed 
with a composition very different 
from the matrix.  
→ nucleation and growth 

How does it differ between  
inside and outside the inflection  
point of Gibbs free energy curve? 

1) Within the spinodal  

: phase separation by small fluctuations in composition/ 
  

 “up-hill diffusion” 

: “down-hill diffusion” 

Fig. 5.38 Alloys between the spinodal points are unstable and can decompose 
into two coherent phasees α1 and α2 without overcoming an activation energy 
barrier. Alloys between the coherent miscibility gaps and the spinodal are 
metastable and can decompose only after nucleation of the other phase. 

: describing the transformation of a system of two or more components in a metastable phase into two stable phases 



Alloy design considering heat of mixing relation 
among constituent elements 

Equilibrium condition 
μA,a=μA,d,  μB,a=μB,d 

A B 

A B 

Atomic fraction B 

Atomic fraction B 

ΔG 

T 

T2 

Tc 

Tl 

T = Tl 

T = T2 

a 

a b 

b c 

c d 

d μA,a 
=μA,d 

μB,a 
=μB,d 

∂2ΔG/∂x2=0 

spinodal 
binodal 

Two liquids  
  (or SCLs) 

One liquid  
  (or SCL) 

C2 

C1 C3 

ΔHmix ≫0 between A & B 

creates (meta)stable miscibility gap  
in limited composition range 

Phase separation to A-rich & B-rich phase 

Different two-phase structure  
by initial composition before phase separation 

Positive heat of mixing relation among constituent elements 

  Nucleation and growth  ↔ Spinodal decomposition without any barrier to the nucleation process 



* La-Zr-Al-Cu-Ni system 



Q: Microstructure determining parameters of 
phase separation in metallic glasses 
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(a) Composition 

(b) Critical temperature, Tc 

(c) Asymmetry of the spinodal curve/decomposition range 

(d) Glass-forming ability of the separated liquid 
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Contents for today’s class 

- Equilibrium in Heterogeneous Systems 

- Binary phase diagrams 

1) Simple Phase Diagrams 

CHAPTER 3  
Binary Phase Diagrams_Two-Phase Equilibrium 

2) Variant of the simple phase diagram 
l
mixmix HH ∆>∆ α0>∆ mixHa. 

b. 

 
 Systems with miscibility gab 
 0<∆<∆ l

mixmix HH α0<∆ mixH
c. Pressure-Temperature-Composition phase diagram  

for a system with continuous series of solutions 



Q1: How can we define equilibrium                              
in heterogeneous systems? 
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Equilibrium in Heterogeneous Systems 

We have dealt with the case  
where the components A and B 
have the same crystal structure. 

What would happen when 
the components A and B 
have a different crystal structure?  
→ heterogeneous system 

)lnln( BBAABA

BBAA

XXXXRTXX
GXGXG

++Ω+
+=

1.4 

Ex (fcc) Ex (bcc) 

Unstable 
fcc B 

Unstable 
bcc A 

A, B different crystal structure → two free energy curves must be drawn, one for each structure. 
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Equilibrium in Heterogeneous Systems 
α α β β

α β+ =
B B

o
B

 G (X ) and G (X ) are given,
 would be ( )  X ?

If
what G at

1.4 

Fig. 1.26 The molar free energy of a two-phase mixture (α+β) 

- bcg & acd, deg & dfc 
  : similar triangles 
 

- Lever rule 
 

- 1 mole (α+β) 
  : bc/ac mol of α + ab/ac mol of β 
  → bg + ge = be_total G of 1 mol 
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Lever rule 
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Chemical Equilibrium (µ, a)  
→ multiphase and multicomponent 
(µi

α = µi
β = µi

γ = …), (ai
α = ai

β = ai
γ = …) 

=α β
A Aμ μ =α β

B Bμ μ

Equilibrium in Heterogeneous Systems 

In X0,             G0
β  > G0

α  > G1  

α + β  phase separation 

1.4 

 Exchange of A and B atoms 

Unified Chemical potential of 
two phases 
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Variation of activity with composition 

α β

α β

=

=
A A

B B

a a
a a

The most stable state, 
with the lowest free energy, 
is usually defined as the 
state in which the pure 
component has unit activity 
of A in pure α. 

α= → = 1 1A Awhen X a
β= → = 1 1B Bwhen X a

α βwhen  and  in equil.

Fig. 1.28 The variation of aA and aB with composition for a binary 
system containing two ideal solutions, α and β Unified activity of  

two phase 

Activity, a : effective concentration for mass action 
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Equilibrium in Heterogeneous Systems 

α1 β1 α4 β4 

-RT lnaB
β 

-RT lnaB
α -RT lnaA

α 

-RT lnaA
β 

aA
α=aA

β aB
α=aB

β 

Ge 

In X0,  G0
β  > G0

α  > G1  α + β separation       unified chemical potential 
μB μA = 

μB 
μA 



Q2: How equilibrium is affected by temperature      
in complete solid solution? 
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- Two-Phase Equilibrium 

1) Simple Phase Diagrams 
Assumption: (1) completely miscible in solid and liquid. 
                        (2) Both are ideal soln. 
                        (3) Tm(A) > Tm(B)  

0=∆ S
mixH0=∆ L

mixH
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1) Free energy curve for the liquid phase 

* Consider the free energy curves for liquid and α phase at a temperature T,  
   where TA>T>TB. The standard states are pure solid A and pure liquid B at  
   temperature T. → Derive the free energy curves for the liquid and α phases. 
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2) Free energy curve for α phase 
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→ Fig. 23f   
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1.5 Binary phase diagrams 

1) Simple Phase Diagrams 

Assumption: (1) completely miscible in solid and liquid. 
                        (2) Both are ideal soln. 
                        (3) Tm(A) > Tm(B)  

(4) T1 > Tm(A) >T2 > Tm(B) >T3  

Draw GL and GS as a function  
of composition XB 
at  T1, Tm(A), T2, Tm(B), and T3.  

0=∆ S
mixH0=∆ L

mixH
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1) Simple Phase Diagrams 
Assumption:  
         (1) completely miscible in solid and liquid. 
         (2) Both are ideal soln. 
         (3) Tm(A) > Tm(B)  

(4) T1 > Tm(A) >T2 > Tm(B) >T3  

1.5 Binary phase diagrams 
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* Consider actual (or so-called regular) solutions  
   in which  
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1) Simple Phase Diagrams a) Variation of temp.: GL > Gs  
 

b) T ↓→ Decrease of curvature of G curve 
    (∵ decrease of -TΔSmix effect) 
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1) Simple Phase Diagrams 
Assumption:  
         (1) completely miscible in solid and liquid. 
         (2) Both are ideal soln. 
         (3) Tm(A) > Tm(B)  

(4) T1 > Tm(A) >T2 > Tm(B) >T3  

1.5 Binary phase diagrams 

a) Variation of temp.: GL > Gs  
b) T ↓→ Decrease of curvature of G curve 
    (∵ decrease of -TΔSmix effect) 

Tie line 
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1) Simple Phase Diagrams 

1.5 Binary phase diagrams 
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1.5 Binary phase diagrams 
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1.5 Binary phase diagrams 
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2) Variant of the simple phase diagram 
l
mixmix HH ∆>∆ α0>∆ mixH
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2) Variant of the simple phase diagram 

l
mixmix HH ∆>∆ α0>∆ mixH
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2) Variant of the simple phase diagram 
 Systems with miscibility gab 
 

l
mixmix HH ∆>∆ α

congruent minima 

0>∆ mixH
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2) Variant of the simple phase diagram 

0<∆<∆ l
mixmix HH α0<∆ mixH
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         3.2.6 Pressure-Temperature-Composition phase diagram  
       for a system with continuous series of solutions 
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         3.2.6 Pressure-Temperature-Composition phase diagram  
       for a system with continuous series of solutions 
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         3.2.6 Pressure-Temperature-Composition phase diagram  
       for a system with continuous series of solutions 
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         3.2.6 Pressure-Temperature-Composition phase diagram  
       for a system with continuous series of solutions 
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Contents for today’s class 

- Equilibrium in Heterogeneous Systems 

- Binary phase diagrams 
1) Simple Phase Diagrams 

  G0
β  > G0

α  > G0
α+β  α + β separation       unified chemical potential 

Assume: (1) completely miscible in solid and liquid. 
                (2) Both are ideal soln. 
 

0=∆ S
mixH0=∆ L

mixH

2) Variant of the simple phase diagram 

0>∆>∆ l
mixmix HH α 0<∆<∆ l

mixmix HH α

miscibility gab Ordered phase 
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