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Contents for previous class

DifoSion : Movement of atoms to reduce its chemical potential p.
driving force: Reduction of G

Down-hill diffusion movement of atoms from a high C; region to low Cyg region.

Up-hill diffusion movement of atoms from a low Cg region to high Cg region.

Interstitial Diffusion / Substitution Diffusion
- Steady-state diffusion — Fick’s First Law

1 1 oC,4 oC, :
JB:gFB(nl—nz) (6F a j ~ g——DB B ;

=) Concentration varies with position. (atoms m=2s1)
- Nonsteady-state diffusion — Fick’'s Second Law

--------------------------------------

- For random walk in 3 dimensions, e /*(n f(D) _2 4\/_

after n steps of length a

Effect of Temperature on Diffusivity ;Iog D =log D, —&(lj 3



Contents for today’s class

« Interstitial Diffusion / Substitutional Diffusion

- Steady-state diffusion- Fick’s First Law 1 Self diffusion in oure material
= Concentration varies with position. ' Irusion in pu !

- Non-steady-state diffusion: Fick’s Second Law 2. Vz.ican.cy C!IfoSIOn. |
= Concentration varies with time and position. - Diffusion in substitutional alloys

« Atomic Mobility
 Tracer Diffusion in Binary Alloys

« High-Diffusivity Paths
1. Diffusion along Grain Boundaries and Free Surface

2. Diffusion Along Dislocation

 Diffusion in Multiphase Binary Systems



Q. How to solve the diffusion equations?

: Application of Fick’s 2" Jaw

homogenization, carburization, decarburization, diffusion across a couple



Solutions to the diffusion equations (Application of Fick's 2" law)

. Cy _p OCs

Ex1. Homogenization EPERLCIPWE

of sinusoidal varving composition e

in the elimination of segregation in casting
C4 ,
86CZB <0 Concentrations decrease with time
X
By Initial or Boundary Cond.?

Al

— . 7IX
C =C+,BosmT at t=0

°C,
OX?

>0 Concentrations increase with time.

e
0 X
Fig. 2.10 The effect of diffusion on a sinusoidal variation of composition.

C : the mean composition | : half wavelength

B, : the amplitude of the initial concentration profile



2 N
Rigorous solution of oC -D OC for C(x,0)=C+,Bosin|@

ot OX°
Using a method of variable separation ..C =(Acos Ax+ Bsin /Ix)e_i .
~C=A+> (A sinAx+B cosAi x)
LetC = XT nz‘
dT d*X — X
X—=DT t=0->C=C+ f,sIn— .
___________ TR Posin=m 4=
2 P~
. d-rf:ldxz—/l2 A =C,B,=0,A =5,
DT dt i X dx?°
.......................... (An — O for aII OtherS)
£
2 C=C+ B, sin—e /70
1l ep 94X ey o Fosin 5
T dt dXZ ................................................................. PR

: ’ I a3 7iX t ‘
dInT :—/12D X = A'cos AX + B'sin AX C C "‘:BosmTeXp(....i_....j’

T r=—— 1 :relaxation time
TR EEA AR R EE H T D

B=pyexp(-t/7) at x:'E



Solutions to the diffusion equations

Ex1. Homogenization of sinusoidal varying composition
in the elimination of segregation in casting

C 4 0°C,

< O Concentrations decrease with time NN NN NN NN NN A AN NN NS EEEEEEEEEEEEEENEEEAEEENEEEEEEEEEEEEEEEEEEEEEE :

Ox?

Al

p=p,exp(-t/r) at x:lE

| Amplitude of the concentration profile ()
! 2°C decreases exponentially with time, CIZ>E
: 8XZB >0 Concentrations increase with time.

. - I

0 x T=—; T : relaxation time
7D

Fig. 2.10 The effect of diffusion on a sinusoidal variation of composition.
decide homogenization rate

The initial concentration profile will not usually be sinusoidal, but in general any con-
centration profile can be considered as the sum of an infinite series of sine waves of
varying wavelength and amplitude, and each wave decays at a rate determined bygts
own “t”. Thus, the short wavelength terms die away very rapidly and the homogenization
will ultimately be determined by T for the longest wavelength component.




Solutions to the diffusion equations

Ex2. Carburization of Steel

The aim of carburization is to increase the carbon concentration
In the surface layers of a steel product in order to achiever a
harder wear-resistant surface.

1. Holding the steel in CH, and/or Co
at an austenitic temperature.

2. By controlling gases the concentration
of C at the surface of the steel can be
maintained at a suitable constant value.

3. At the same time carbon continually
diffuses from the surface into the steel.




Carburizing of steel

* Concentration profile
Depth of Carburization?

usmg boundary conditions
1) Specimen ~ infiitely long.

2) Diffusion coefficient of carbon in austenite A CB(O’t) = Cs :
increases with increasing concentration, but e (oo t) —C
an approximate solution: Taking an average value. = BN 0.

The error function solution:

Solution of Fick’'s 2" law
£ Cs _p 0°C,
t3 ot x>

o
0 x
Fig. 2.11 Concentration profiles at successive times (t;>t,>t;) for diffusion into a

semi-infinite bar when the surface concentration Cs is maintained constant.

C. +C,
2

Lo oC erf[ j C=
CS _CO 2\/7 erf(0.5)~0.5

Since erf(0.5)=0.5, the depth at which the carbon concentration
is midway between C, and C, is given (x/2+/Dt)=0.5

thatis x ~+/Dt — Depth of Carburization 10



Error function

In mathematics, the error function (also called the Gauss error
function) is a non-elementary function which occurs in probability,
statistics and partial dlfferentlal equations.

It is defined as: 2 T,
terf(r) = _/ e " dt.;
: L] 0 .

By expanding the right-hand side in a Taylor series and integrating,
one can express it in the form

‘ — (=1)npntl 2 ([ 2 N oz N r® ”
er 1..1 | = — = — T — : : —_— : —_ s
(2n 4+ 1)n! VT 3 10 42 216

-|.—.|

for every real number x. (From Wikipedia, the free encyclopedia)
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Error function

(a) Schematic diagram illustrating the main features of the error function.

Table 1-1. The Error Function

z erf(z) z erf(z)
0 0 0.85 0.7707
0.025 0.0282 0.90 0.7969
0.05 0.0564 0.95 0.8209
0.10 0.1125 1.0 0.8427
0.15 0.1680 1.1 0.8802
0.20 0.2227 1.2 0.9103
0.25 0.2763 1.3 0.9340
0.30 0.3286 1.4 0.9523
0.35 0.3794 1.3 0.9661
0.40 0.4284 1.6 0.9763
0.45 0.4755 1.7 0.9838
0.50 0.5205 1.8 0.9891
0.55 0.5633 1.9 0.9928
0.60 0.6039 2.0 0.9953
0.65 0.6420 2.2 0.9981
0.70 0.6778 2.4 0.9993
0.75 0.7112 2.6 0.9998
0.80 0.7421 2.8 0.9999

12



Carburizing of steel i i
9 * Concentration profile

Depth of Carburization? usmg boundary conditions

1) Specimen ~ infinitely long.
2) Diffusion coefficient of carbon in austenite
increases with increasing concentration, but

an approximate solution: Taking an average vaIueC
S

The error function solution: 14 (C_ + C,)

C=C,—(C,—C,)erf (2—\/%] I _{0

2 % 0 >
erf (Z =—_[eydy | _ - X
/ T Fig. 2.11 Concentration profiles at successive times (t;>t,>t;) for diffusion into a
0 semi-infinite bar when the surface concentration Cs is maintained constant.
C.-C —erf| X HD.51=0 C— C. +C,
= erf(0.5)=0.5 =
C.-C, 2+/Dt 2

» Since erf(0.5)=0.5, the depth at which the carbon concentration
is midway between C, and C, is given (X/2+/Dt) = 0.5

thatis x ~ /Dt — Depth of Carburization 13




Carburizing of steel

Thus the thickness of the carburized layer is = JDt

Note also that the depth of any is concentration line is directly

proportion to /Dt , i.e. to obtain a twofold increase
INn penetration requires a fourfold increase in time.
(2819] A& Zlo] — 489] A7)

X :

:C=Ceerf| —— | :

° (2\/Dt]
c=c,-(c, C)erf( X ]
ECarburizatlon Zﬁ :

erf (Z)= %jeyzdy
0

C = Surface concentration
C, = Initial bulk concentration




Solutions to the diffusion equations

Ex4. Diffusion Couple

Joining of two semi-infinite specimens of compositions C, and C, (C,>C,)

Draw C vs. x withtimet=0and t > 0. Boundary conditions?
A
C C=C, t=0, —0o<x<0
C; C=C, t=0,0<x<
C=C, X=-m, O<t <
C=C, X=0m, O<t <o
Ch. .o — e C ....... e
Noln B bl '—‘ﬂl_ 2 !E‘If‘ i ‘
| > .2 ) L2 ) \2JDt )i
(b) 0 b e .

Fig. 2.12 (b) concentration profiles at successive times (t2>t1>0)
when two semi-infinite bars of different composition are annealed after welding.

15



The section is completed with 4 example solutions to Fick's 2nd law:
carburisation, decarburisation, diffusion across a couple and homogenisation.

The solutions given are as follows:

Process Solution
izati . £
Homogenization C=C . 46, 5111[E;] Egp[__]
"
C = Mean concentration

mean
b, = Initial concentration amplitude

| = half-wavelength of cells
t = relaxation time

Carburization

X
= (0, - Yerf
b (S I:I:I [qufﬁ]

C, = Surface concentration
C, = Initial bulk concentration

Decarburization

X

oDt

C, = Initial bulk concentration

.= erf[

Diffusion Couple

e —

o+ o= x
Y 2]—[ 1 2]Erf[
[ 2 2 2./ D

C, = Concentration of steel 1
C, = Concentration of steel 2

16



Q. Interstitial diffusion vs Substitutional diffusion

1. Self diffusion in pure material
2. Vacancy diffusion
3. Diffusion in substitutional alloys

17



Interstitial Diffusion / Substitutional Diffusion

- Diffusion in dilute interstitial alloys ~ relatively simple
because the diffusing atoms are always surrounded by vacant sites to which they can
jump whenever they have enough to overcome the energy barrier for migration.

- In substitutional diffusion,

An atom can only jump if there happens to be vacant site at one of the adjacent lattice
positions

—> amenable to a simple atomic model: self-diffusion (&249] A}7|&H4t)

Atoms

1. Self diffusion in pure material

The rate of self-diffusion can be measured experimentally by intro- O O O O O O O O
ducing a few radioactive A atoms (A*) into pure A and measuring O O O O O O O O
the rate at which penetration occurs at various temperatures. 2

Since A* and A atoms are chemically identical their jump frequencies Q O O O O O

are almost identical. O O O O O O O O

Diffusion coefficient most likely to occur back
1 5 into the same vacancy
* — = — é —_ .
DA - DA 6 1—‘AOZ DA* - f DA (f : correlation factor)
close to unity
Assumption

) ) The next jump is not equally probable in all directions.
. unrelated to the previous jump



Q. Interstitial diffusion vs Substitutional diffusion

1. Self diffusion in pure material
2. Vacancy diffusion
3. Diffusion in substitutional alloys

19



Atoms

0000 0000
D000 OO0

" Probability of vacancy x probability of jump :© ~OO OO O

What would be the jump frequency in substitutional diffusion?

Substitutional diffusion

1. Self diffusion in pure material

An atom next to a vacancy can make a jump provided

it has enough thermal energy to overcome AG,,.. — exp(-AG,/KT)

The probability that an adjacent site is vacant — zX

\'
Jump frequency Z= # of nearest neighbours
_AG gresssr st e ; _ -
cfYT = vzex m : _AG ] In thermodynamic equilibrium,
) | P TRT = ' =vzX, exp LY . ~-AG,,
for interstitials RT : Xy =Xy =exp
resseesresses s s sttt rasnssenssassssenss Kon RT
1 —(AG_ + AG
D —ir o2 D,==a’zvexp (AG, v)
BT A " 6 RT

For most metals: v ~ 1013, fcc metals : z = 12, & = a/\/E 20

Z=number of nearest neighbors/ v= temperature independent frequency



D, = L2 exp (4G, +4G,)
6 RT AG =AH —-TAS
1 AS .+ AS, AH _ + AH

D, =—a’zvex i exp(— i
A 605‘/ P p( RT )

Z=number of nearest neighbors/ v= temperature independent frequency

For most metals: v ~ 1013, fccmetals : z =12, & = a/\/i

- ~

" “self-diffusion requires the presence of vacancies

~Same with interstitial diffusion except that the activation energy for self-diffusion has an extra term

21



* interstitial diffusion

Thermally activated process jump frequency T ?

FB — Zvexp(_ AGm / RT) Z : nearest neighbor sites
v . vibration frequency

AG,, : activation energy for moving

D, = [%aZZveXp(ASm / R)} exp(—AH_/RT)

e WA

EDB _ DBO exp ID (Arrhenius-type equation)




Temperature Dependence of Diffusion

_QID

Dy =Dg, eXp How to determine Q,
RT experimentally?
log Dy i‘ .,
.~ S Q .......... 1
. logD =log D, —
‘ el

log D

==p Therefore, from the slope
of the D-curve in an log D vs
1/T coordinate, the activation
energy may be found.

P
1/T

Fig. 2.7 The slope of log D v. 1/T gives the activation energy for diffusion Q. 23



Experimental Determination of D

- Deposit a known quantity (M) 0C,

D 52CB (2.18)
of a radioactive isotope A* at B ~AL2

OX*°

/—Thin layer of Au®

1) Solution for
the infinite boundary condition Q Gold crystal f Gold crystal O

M X ¢
C — exp(__) 1.0 '
2~/ Dt 4Dt o8t |
M : quantity-m-2/ C : quantity-m-3 éfﬁ;aé - i
%% 04 |- :
2) Solution for the semi-infinite B.C. 2 Zoa} |
2M " |
0

2
X 0 — 1 1 1
C — —exp(— —) -15 -12 -09 -0.6 -0.3 03 06 09 12 15

\/ﬁ ADt (b) Distance, % mm

(b) Distribution of Au* after diffusion for 100h at 920°C



Table 2.2 Experimental Data for Substitutional Self-Diffusion

in Pure Metals at Atmospheric Pressure

For a given structure and bond type,

Class Metal T, (K) {mngus'l} i:k]n?ur‘] R% [“QE:I:LJ
e T ore o 03 s7 5T = Q/RTyIsroughly constant;
8-Ce 1071 12 90 }101: 49 : :
-------------------- vla 19 13 ws ‘ws: « [ Qisroughly proportionalto T,,..
................... +Yb 1796 12 1210 L8l 3600
bec (alkali metals]  Rb 312 23 94 :152: 58
.................... < wom ws Fusi s
Na w22 a5 iuz: 1 \Within each class, D(T,,) and D,
................... Li 454 23 553 @ 147 : 99 .
bec (transition  : B-TI 577 40 ue :197: on ale apprOXImater constants.
metals) .
""""""""" " Bu 1095 100 435 i 158 : 14 Most close-packed metals
B s e 223 0 ex) for fcc and hep, Q/RT,, ~ 18 and
aFe* 1811 200 2397 1159 1 26
sFe 1811 190 2385 : 158 26 D(T,) ~1 um?s?t (1012 m?s1)
B-Ti 1933 109 2512 : 156 © 18 m
B—Zp 2125 134 2735 i 155 25 i
Cr 2130 20 086 1 174 0.54 log Dy T
v 2163 288 w2 172 097 SN
Nb 2741 1240 4396 : 193: 52
Mo 2890 180 4606 1 192: 084
Ta 3269 124 4133 f 152 % 31 log D
R w 3683 4280 6410 i 209 34
 hep® : Cd 594 lc5 762 1 154 : 0.99
i - 1e10 799 162 0.94
Zn 692 lc13 916 15.9 16
Lc18 %2 167 i 098 -
Mg 922 e 100 1347 i 176 : 23 _ w
e, : e 10 Lazai 29 FOr a given structure and bond type,
E.ﬁc;: j Pb 601 137 109.1 E Z'I.EE 0.045
-------------- Al 933 170 .142-[1 E 18.3 E 1.9 D(T/Tm) —_ Constant
Ag 1234 40 1846 ¢ 180 : 06l
Au 1336 107 1769} 159 1 13
Cu 1356 31 2003 P o178 % 059 T/T,, : homologous temperature
Ni 1726 190 2797 i 195: 065 25



* Melting point diffusivities for various classes of materials:

: The diffusion coefficients of all materials with a given crystal structure and bond type will be
approximately the same at the same fraction of their melting temperature, i.e. D(7/7,) = const.

1. Within each class, D(T,,) ~ approximately constants.

: Since volume usually increases on melting (7,,), raising the pressure
increases T, and thereby lowers the diffusivity at a given temperature.

bee rare earth

bee alkali
Metal carbides
bee transition metals
hep
foec metals
Graphite
Alkali
lides
Indium
Oxide
Trigonal
lce
Diamond cubic
| | | | | | | |
1016 10715 10714 10713 10712 10~1 10710 1079

26
Melting point diffusivity, D(T,,)/m? s




For a given structure and bond type, Q/RT,, is roughly constant;

: Q and T, exhibit rough linear correlation because increasing the interatomic bond strength

makes the process of melting more difficult; that is, T, is raised.
It also makes diffusion more difficult by increasing AH,, & AH,.

| Diamond cubic

| Olivine

Trigonal

Ice

Carbides
| Oxides |
Alkali
halides
Tetragonal
Graphite
fce metals

bcce transition

hcp

i bee alkali

bce rare metals

[ I | I

10 15 20 25
(b) Normalized activation energy, Q/RT,

30 35

27




W[,_ﬁ — In 4” b) A,, ~ 1 for all liquid, Ar depends on crystal structure

RTg Ap

- Metallic structure (FCC, C.P.H, and BCC, “less localized bonding”) ~ good relationship
compared with the structures which are covalently bonded (“specific directional bonds”).

- Molecular liquid such as F,, Cl, ~ extra condition for A
(-. molecule must be correctly oriented in order to be accommodated.)

= ® FF.C and C.P. Hex
O B.C.C

A Covalent structures

Latent heat, Kcal/gram-mol.

0 250 400 | 600 800 1000 1200 1400 1600 1800 2000 2200 MIOG
) ) Melting point, °K ) _ o8
< Relationship between latent heat and melting point>



Consider the effect of temperature on self-diffusion in Cu:
ex) At 800°C, D¢,= 5 x 10°mm2st, a=0.25nm ['g, :?

[, =5x10°jumps s™

After an hour, diffusion distance (x)? +/Dt ~4um

log Dy, i -

How do we determine D, —Q

Slope =
at low temperature such as 20°C? jog \\m

Hint) From the data in Table 2.2,
how do we estimate D, at 20°C?

ur

Fig. 2.7 The slope of log D v. 1/T gives
the activation energy for diffusion Q.

At 20°C, D¢~ 103 mm2s-! I'., ~10°jumps s™

— Each atom would make one jump every 1072 years! 59



Q. Interstitial diffusion vs Substitutional diffusion

1. Self diffusion in pure material
2. Vacancy diffusion
3. Diffusion in substitutional alloys

30



Atoms

All the surrounding atoms are possible QOO0 OO
surrounding S POSSi
jump sites of a vacancy, which is analogous O O OO O O OO

to interstitial diffusion. O ’AOO OO Q
OO00O O00O

2. Vacancy diffusion

5 Eazzv exp(AS_ /R)exp(—AH__/ RT)%

Vacancies

Comparing D, with the self-diffusion coefficient of A, D4,

------------------------------------

This shows in fact that the diffusivity of vacancy (D,) is many orders

of magnitude greater than the diffusivity of substitutional atoms (D,).
31




3. Diffusion in substitutional alloys

* During self-diffusion, all atoms are chemically identical.
: probability of finding a vacancy and jumping into the vacancy ~ equal

* In binary substitutional alloys, each atomic species must be
given its own intrinsic diffusion coefficient D, or D;.

Att =0,

Att=t,,

Jr @

J,, @

® J,

e®0 o0 @
® & oo

@ Oo0g o
i @
.... E-E: ()

o ©0°%: 0

© oo

J=J,+J" =—58(;(A

Jr @

AR —@
JA ..........................................
. g

<_. ............... JVB

, ,  =aC
Jo=Js+35=-D—"
Ji=-J



AU% S0 A Ficke] ¥

3. Diffusion in

| A9RH/BYAL] Mge}ﬁ% =3t ﬁx}@ﬂ o5 2]

Att =0,

A-rich AB

Att=t,,

-

\JA‘ >

‘]V O« s

Z-39] net flux

Jg

AQIRIe} BAAL M2 TH2 452 £0F

S5 o] o3t &= + AR o] 5o o

B-rich AB

Jg

=

----------------------------------------

38 A ol 2to] o3t f4

® J
1A AR o] A Eato] 2]t

=Jg +J5 Js +VC,
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