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18.1 Black Body Radiation

« Black body
Black body is an idealized physical body that absorbs all incident
electromagnetic radiation, regardless of frequency or angle of

incidence.

« Black body radiation
A black body in thermal equilibrium emit black body
radiation(electromagnetic waves) whose spectrum is only

regarded with temperature.
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18.1 Black Body Radiation

« Black body and Photon gas
Consider a volume, V enclosed by insulated wall with small hole.
Photons injected from the hole nearly re-emitted so that the inner
surface of the volume can be regarded as a black body while inner

space is treated to be filled with photon gas.
~—,
- Y. N; # N, because photons continue to be absorbed and emitted.
Y. N;e; = U, because the wall is isolated.
;‘
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18.1 Black Body Radiation

* Photon gas with Bose Einstein statistics
Photon gas enclosed with black body surface follows Boson statistics
while having no constraint about particle numbers.

Photons are bosons of spin 1 and obey Bose-Einstein statistics.
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18.1 Black Body Radiation

« The number of photons per quantum state
N; 1

b= = e
_N(e) 1
f& =5 = s =5

N 1
vy =) _

g) o ehv/kT _ 1
* The number of quantum states with frequencies in the range v to v + dv

4V .
gv)dv =2 X — dv c : the speed of light

 The energy intherange vtov + dv
u(v)dv = N(v)dv X hv
=g(w)f(v)dv X hv

B 8ntVvidv hv

S SR Plank radiation formula
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18.1 Black Body Radiation

» The blackbody spectrum is often expressed in terms of the wavelength.

Then, u(@w)dv «< u(1)da

c c c
V=Z dV=—/1—2d/1 |dV|=ﬁ|d/1|
c? ¢ hc
B 87TV/1—2ﬁ dA 7 B dA
u(D)da = 3 ohc/2KT _ 1 8mheV/ A5 (ehe/ZkT —1)

The energy per unit wavelength in the range 4 to 1 + dA (wavelength spectrum)
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18.1 Black Body Radiation

The total energy density

U = jo Cu(da

U _ 8rh ® dA
vy or CJ; A5 (ehe/2kT 1)
_ he
* T kT
U 8mh * x3dx
ha 4
4 h3c3(kT) _[0 ex-1 n*
T 15
U 8> k*
ha—_ _ _ 755 % 10-16 3104
Thus, v aT a=733 7.55x 107*°]/(m°K*)
The energy flux
c /U ca
e= Z(V) = oT* 0=F= 5.67 x 10°8 W/m?K* Stefan — Boltzmann law
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18.1 Black Body Radiation

« The wavelength 4,,,, at which u(1) is a maximum satisfies a relation

known as Wien’s displacement law.

1
15 (ehc//lkT _ 1)
d

a[/15(ehc/lkT _ 1)] =0

u(A) = 8mhcV

_ he X " x

¥ T IkT 5 ¢
1 d 1
——[x%E*-1)]==[x"%e*-5x"%*-1)] =0
x%d x?
~x =496

he = 4.96
AmaxkT

c

AmaxT = 296k~ 2.90 x 1073mK Wien's displacement law
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18.1 Black Body Radiation

* For long wavelengths, /'lhT(fT <1

he/AKT 1 4 € -
e 1+ T Taylor series

1
u(Q1)dA = 8whcV ————— t 1
s (_hc
A | = \
(37
8kT

=V T

dA Rayleigh — Jeans Formula

hc
« For short wavelengths, eakt>> 1

— A

—hc/AkT Fig. Sketch of Planck’s law, Wien’s law

———dA Wien's law and the Rayleigh-Jeans law

u(A)dA = 8mwheV 7
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18.2 Properties of a Photon Gas

The heat capacity

8mok* 8rok*

v_ aT* = Y (a=——=)
14 15h3¢3 15h3¢3
o= ou\ 32m°k* 2

VT ar , 15R3¢3

The absolute entropy

c, = 32mk*V 1

dT = 3
o T 15h3¢3 3

S =

The Helmholtz function H = U - TS

4 1
F=U-TS =aT*V —=aT*V = —=aT*V

3 3

p_ oF —1T4—1(U)
~ " \ov “@ =3\

3
T,N

2U
cf. Ildeal gas P =—=—
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18.3 Bose Einstein Condensation

The gas of noninteracting particles of large mass such that quantum effects
only become important at very low temperatures. — ldeal Bose-Einstein gas
“He undergoes a remarkable phase transition known as Bose-Einstein

condensation.

The Bose Einstein continuum distribution

N(e) 1
g(€) - e(e—w)/kT _1q

fle) =

Chemical potential u(T) =?
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18.3 Bose Einstein Condensation

1

d S l )UTIO ; e u -1
J (8) e (=) /KT

KT
p= n

3
2mmkT\2
z=\=7)V

3
2mrmkT\2 V
h? N

u

...ﬁ=_ln

« As an example, for “He at standard temperature and pressure,

*_ £ _ &R _ _ ~7

= 12.43, = 1.5, = 139 and f(e) =9 x 10
4v2nV 3 1

g(e)de = \/h_: m2e2de from Eq.(12.26)

N = Ny + N,y

3 1
42V mz f g2de

h3 e(e—wW/kT _ 1

Nexcited = fN(E)dE =
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18.3 Bose Einstein Condensation

3 1
42V mz g2de
h3 je(e—u)/kT -1

Nexcitea = JN(E)dS =

» For the ground state (at very low temperature, this ground state becomes

significant as bosons condense into this lowest state), T — 0, e = 0 and N(¢) - N

+ For low temperature, exp (- ) ~1

kT
3 1 3
2 [2mmkT\2 [ x2dx 2mmKkT \2
New =V =| 3z fo o =2.612V(—;
= 2.612ﬁ

2
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18.3 Bose Einstein Condensation

» Bose temperature Ty is the temperature above which all the bosons should be in

excited states. Thus N,, =N and T = Tg.

3
2mmkT\?2
N = 2.612V —
2
. h? N \3
B onmkT (2.612V>

 For T > Ty, all the bosons are in excited states.

For T < Ty, increasing number of bosons occupy the ground state until at T = 0.

N = Ny + Ngy

3 3
Ney (T2 NO_1 T \2
N \Tg N T

— 6.02 x 1023 *He atoms confined to a volume of 22.4 x 10~3m3, Tp~0.036 K
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18.3 Bose Einstein Condensation

A} i
| NLe o
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b _ost
&
2 - TB -10 e
Fig. Variation with temperature of Ny/N Fig. Variation with temperature of pu/kTg
and N,, /N for a boson gas versus T /Tg.
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18.4 Properties of a boson gas

* The internal energy

U= z Nigj = No&g + Nex&ex

For T > Tp, Ny =0 U ==NkT

winN

Ty = (o)
B ommk \2.612V

Nex 2
FOT'T<TB, N0>>1,80=O — =\ = U =?
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18.4 Properties of a boson gas

e ForT <Tg,

U= jo eN(e)de

1

4\2mV

&
=j0 g'e(e—u)/kT_1° 73 mz2e2de

u=0(T<Tg),x=¢g/kT 7

3

) V<2m>5f°°
= 27 P
h?2 0

3

31

3
g2de

e(e—W)/kT _ 1

3

2m\2 j°° x2dx (kT)%
h2) ), ex—1

= —2nV (—

31
3 4
_3 X 1.33kT 2mmkT 2V
20 h?2
3
T 2
= 0.770NkT (T—> Ty

B

= g(e)de

=——x134

B h? ( N
~ 2mmk \2.612V

)

wlN
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18.4 Properties of a boson gas

The heat capacity

3
Cy = w_ 1.92Nk Ty
ar T Ty

The absolute entropy

T C,dT T \2
S=j = 1.28Nk | =— T-05-0

| W

The Helmholtz function H = U — TS
3

T \2
F=U-TS =—-0.51NkT (T_) T<Tg
B

3
2mmkT\2
= —1.33kT( = )
3
2mmkT\2
P=1.33kT( 2 ) T < T

20 -

Cy
Nk 1.0

0.5

| | 1.
0
0 1 2 Ty

Fig. Variation with temperature of
the heat capacity of a boson gas.
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