
SOLUTION METHODS FOR THE 
EQUATIONS OF RADIATIVE TRANSFER
• Optically Thin Approximation
• Optically Thick Approximation
• Exponential Kernel Approximation
• Differential Approximations
▪ Milne-Eddington Approximation
▪ Spherical Harmonics Approximation 

(P-N Approximation)
▪ Shuster-Schwarzchild Approximation 

(two-flux model) 
▪ Discrete Ordinate Method 

(S-N Approximation) 



Planar medium with isotropic scattering or 
non-scattering and diffuse boundaries

Optically Thin Approximation
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Rosseland or diffusion approximation
Optically Thick Approximation
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For a non-scattering medium 
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For an isotropic scattering medium 
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total radiative heat flux 
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Rosseland mean extinction coefficient : 

radiative conductivity: 

in general, 
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Radiation slip : temperature jump 
condition at walls
modified diffusion approximation

at τλ = 0
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for large τ
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neglecting second and higher order terms

or
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similarly

total quantities
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radiative equilibrium
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with slip condition 
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Temperature distribution 
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Krook, 1955 

a, b can be determined by equating area 
and the first moment over  τ = 0 to τ = ∞

Exponential Kernel Approximation

exponential integral function 2
1

( ) j
n

b
j

j

E a e ττ −

=

≅ ∑

Lick: 
3 3
2 2

2 3
1( ) , ( )
2

E e E e
τ τ

τ τ
− −

≅ ≅

Vicenti and Baldwin: 1.562
2( ) 0.813E e ττ −=

Eddington approx.: 3
2( )E e ττ −≈

one-term representation

3 2( ) ( ) baE E d e
b

ττ τ τ −= − =∫2( ) ,bE ae ττ −=



for an absorbing and emitting medium, 
diffuse boundaries

3 0 3 0( ) 2 (0) ( ) ( ) ( )q i E i Eτ π τ τ τ τ+ −′′ ⎡ ⎤= − −⎣ ⎦
0

2 20
2 ( ) ( ) ( ) ( )b bi E d i E d

τ τ

τ
π τ τ τ τ τ τ τ τ⎡ ⎤′ ′ ′ ′ ′ ′+ − − −⎢ ⎥⎣ ⎦∫ ∫

using kernel approximation
( )0

0( ) 2 (0) ( ) bbaq i e i e
b

τ τττ π τ − −+ − −⎡ ⎤′′ = −⎣ ⎦
( ) ( )0

0
2 ( ) ( )b b

b ba i e d i e d
τ ττ τ τ τ

τ
π τ τ τ τ′ ′− − − −⎡ ⎤′ ′ ′ ′− −⎢ ⎥⎣ ⎦∫ ∫

differentiation yields
4

2( )4 ( )dTa b q
d
τσ τ
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2

2
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( )( ) 4 ( )bdid q a b q
d d

ττ π τ
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for radiative equilibrium

In dimensionless form
4
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1 2 1 2

( )( ) ,T J q
J J J J
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( )4
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d d T q
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Φ σ
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d d
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3 3, ,
4 2

a b= =with
4 93 0,
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dT q
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σ
τ

′′+ = ( )4 3
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d T q
d

σ
τ
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0dq
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=

3( )
4
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σ τ τ σ τ τ
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1 2( )q J e J e
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3 3,
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a b= =
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0
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τ
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τ τ τψ ψ ψτ

− − −
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1
2

C ψ
= −

0

1
31
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ψ
τ

=
+ 1 2

0

1
31
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q
J J τ
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=
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4
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J J
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( )24
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J T q
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ε
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J J T T q
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( )14
1 1

1

1
J T q
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1 21 2
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q
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τ τ
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−+ −⎢ ⎥

′′+ =⎢ ⎥
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4
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J J

σ τ ψΦ τ ψτ−
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−

( )24
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σ
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Temperature distribution 
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=
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+
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RTE for an isotropic scattering planar medium
Milne-Eddington Approximation

( )
1

0
0 1

( , ) ( , ) 1 ( ) ( , )
2b

di i i i d
d
τ μ ωμ τ μ ω τ τ μ μ
τ −

′ ′+ = − + ∫
apply both sides by the operator 

1

1
2 dπ μ

−∫

( )1 1

1 1

( , )2 2 ( , )di dd i d
d d
τ μπ μ μ π μ τ μ μ
τ τ− −

=∫ ∫
( )dq

d
τ
τ
′′

=

1

1
2 ( , )i dπ τ μ μ

−
=∫ ( )G τ

1 1

1 1
2 ( ) ( )2b bi d i dπ τ μ τ π μ

− −
=∫ ∫ 4 ( )biπ τ=

1 1

1 1
2 ( , )i d dπ τ μ μ μ

− −
′ ′ =∫ ∫

1

1
( )G dτ μ

−∫ 2 ( )G τ=



( )0 0
( ) ( ) 4 1 ( ) ( )b

dq G i G
d
τ τ π ω τ ω τ
τ
′′

+ = − +

or ( )[ ]0
( ) 1 4 ( ) ( )b

dq i G
d
τ ω π τ τ
τ
′′

= − −

next apply by the operator 
1

1
2 dπ μ μ

−∫
( )1 12 2

1 1

( , )2 2 ( , )di dd i d
d d
τ μπ μ μ π μ τ μ μ
τ τ− −

=∫ ∫

radiative pressure 
1 2

1

1( ) 2 ( , )rP i d
c

τ π μ τ μ μ
−

= ∫

( )rdPc
d
τ
τ

=



then,
( ) ( )rdPc q

d
τ τ
τ

′′= −

now we have three unknowns 
but have only two equations.

( ), ( ), ( ),rq G Pτ τ τ′′

1

1
2 ( , ) ( )i d qπ μ τ μ μ τ

−
′′=∫

1 1

1 1
2 ( ) ( )2 0b bi d i dπ μ τ μ τ π μ μ

− −
= =∫ ∫

( )1 1 1

1 1 1
2 ( , ) ( )2 0i d d G dπ μ τ μ μ μ τ π μ μ

− − −
′ ′ = =∫ ∫ ∫



additional relation ⇒ Milne-Eddington
approximation
separating intensities

Assume that the intensity components 
are independent of direction.

0 1

1 0
( ) 2 ( , ) ( , )G i d i dτ π τ μ μ τ μ μ− +

−

⎡ ⎤= +⎢ ⎥⎣ ⎦∫ ∫
0 1

1 0
( ) 2 ( , ) ( , )q i d i dτ π μ τ μ μ μ τ μ μ− +

−

⎡ ⎤′′ = +⎢ ⎥⎣ ⎦∫ ∫
0 12 2

1 0
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c

τ π μ τ μ μ μ τ μ μ− +

−

⎡ ⎤= +⎢ ⎥⎣ ⎦∫ ∫

( , ) ( ), ( , ) ( )i i i iτ μ τ τ μ τ+ + − −= =



then, ( ) 2 ( ) ( )G i iτ π τ τ+ −⎡ ⎤= +⎣ ⎦

( ) ( ) ( )q i iτ π τ τ+ −′′ ⎡ ⎤= −⎣ ⎦
2( ) ( ) ( )
3rP i i
c
πτ τ τ+ −⎡ ⎤= +⎣ ⎦

Any two of these three relations can be used.
for example,
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3rP G
c
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d
τ τ
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3

dG q
d
τ τ
τ

′′⇒ = −
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3
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⇒ =
1 ( )q
c
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Differentiating w.r.t. τ

Milne-Eddington approximation

( )[ ]0
( ) 1 4 ( ) ( )b

dq i G
d
τ ω π τ τ
τ
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= − −

( )
2
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d d d
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or for  G(τ)

Note: neglecting second order term 
from Milne-Eddington approximation

: diffusion approximation

2
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d d
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P-N Approximation 
Spherical harmonics
in spherical coordinate system

separation of variables 

Spherical Harmonics Approximation

2 ( , , ) 0F r θ φ∇ =

eigenfunction solution :             surface 
harmonics 
(associated Legendre function)

( , )G θ φ

( , , ) ( ) ( , )F r R r Gθ φ θ φ=
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orthogonality

conjugate of ( , )m
nY θ φ

*( , ) ( 1) ( , )m m m
n nY Yθ φ θ φ−= −

*

4
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P-N approximation

Using orthogonality
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∑ ∑
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P-1 approximation
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φ
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0 0 1 1 0 0 1 1
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ˆ( , )i r A Y A Y A Y A YΩ − −= + + +
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=
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⎡ ⎤= + + +⎣ ⎦
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direction cosines 

moments of intensity

physical meaning of moments

1 cos ,θ=

2 sin cos ,θ φ=

3 sin sinθ φ=

0 4
ˆ( , ) ,I i r d

π
Ω ω= ∫ 4

ˆ( , ) ,i iI i r d
π
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4
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θ

φ
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2x̂ 3x̂
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Example: non-scattering planar medium 
with diffuse boundaries
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i i iμ
τ
∂
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∂

1
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∂∫ ∫ ∫
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therefore, 
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11
1 0dI I

dτ
+ =1

0 4 ,b
dI I i
d

π
τ
+ =

2
0 1

02

1 4
3 b

d Idq dI i I
d d d

π
τ τ τ
′′
= − = = −



Marshak’s boundary condition
1 0 2(0, ) ( ) 0,   ( , ) ( )  0i f i fμ μ μ τ μ μ μ= > = <

1 12 1 2 1
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=∫ ∫
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P-1 approximation
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apply Marshak’s boundary condition
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4 2 2 2 2bI I i I Iμ ρμ ε
π π
⎡ ⎤ ⎡ ⎤⎛ ⎞+ = + −⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠⎣ ⎦⎣ ⎦

1
0 1 1 1 0 1 1

1 2  
2 2bI I i I Iρπε ρ+ = + −

( )1
0 1 1 1 11 2

2 bI I iε ρ πε+ + =

or 1
0 1 1

1

1 2 4 bI I iρ π
ε
+

+ =

let ( )11 1
1

1 1 1

1 11 2 1 2 ,   
ερ ε λ

ε ε ε
+ −+ −

= = ≡ +

1 1
1

1 1

1ρ ελ
ε ε

−
= =



thus, at τ = 0,

( ) 0
0 1 1

2 1 2 4
3 b

dII i
d

λ π
τ

− + =

similarly at τ = τ0,

( ) 0
0 2 2

2 1 2 4
3 b

dII i
d

λ π
τ

+ + =

then, ( )0 1 1 1 2 1 2 4 bI I iλ π+ + =

but 0
1

1
3

dII
dτ

= −



radiative equilibrium

general solution
boundary conditions

or 4
0( ) 4 ( )I Tτ σ τ=

thus, 
2

0
2 0d I

dτ
=

0( )I A Bτ τ= +

( ) 4
1 1

2 1 2 4 ,
3

B A Tλ σ− + =

( ) 4
0 2 2 1

1

2 11 2 4 , 1
3

A B A Tτ λ σ λ
ε

+ + + = = −

solution ( )4 4
1 2

0
1 2

1
3 1 1 1
4

q
T Tσ τ

ε ε

′′
=

− + + −

04 0b
dq i I
d

π
τ
′′
= − = 0

4b
Ii
π

→ =

2
0

02 3 12 b
d I I i
d

π
τ

− = −

( ) 0
0 1 1

2 1 2 4
3 b

dII i
d

λ π
τ

− + =

( ) 0
0 2 2

2 1 2 4
3 b

dII i
d

λ π
τ

+ + =







two-flux model
radiation stream

Shuster-Schwarzchild Approximation

1

0
( ) ( , ) , 0 1j i dτ τ μ μ μ+ +≡ ≤ ≤∫

0

1
( ) ( , ) , 1 0j i dτ τ μ μ μ− −

−
≡ − ≤ ≤∫

( ) ( )0
0

( , ) ( , ) 1 ( ) ( ) ( )
2b

di i i j j
d
τ μ ωμ τ μ ω τ τ τ
τ

+
+ + −+ = − + + (1)

( ) ( )0
0

( , ) ( , ) 1 ( ) ( ) ( )
2b

di i i j j
d
τ μ ωμ τ μ ω τ τ τ
τ

−
− + −+ = − + + (2)

( )
1

0
0 1

( , ) ( , ) 1 ( ) ( , )
2b

di i i i d
d
τ μ ωμ τ μ ω τ τ μ μ
τ −

′ ′+ = − + ∫



operate eq.(1) by           and eq.(2) by 1

0
dμ∫

0

1
dμ

−∫

1

0
( , ) ( )d i d j

d
μ τ μ μ τ

τ
+ +⎡ ⎤ +⎢ ⎥⎣ ⎦∫

( ) ( )0
01 ( ) ( ) ( )

2bi j jωω τ τ τ+ −= − + +

0

1
( , ) ( )d i d j

d
μ τ μ μ τ

τ
− −

−

⎡ ⎤ +⎢ ⎥⎣ ⎦∫
( ) ( )0

01 ( ) ( ) ( )
2bi j jωω τ τ τ+ −= − + +

( ) ( )0
0

( , ) ( , ) 1 ( ) ( ) ( )
2b

di i i j j
d
τ μ ωμ τ μ ω τ τ τ
τ

+
+ + −+ = − + + (1)

( ) ( )0
0

( , ) ( , ) 1 ( ) ( ) ( )
2b

di i i j j
d
τ μ ωμ τ μ ω τ τ τ
τ

−
− + −+ = − + + (2)



Shuster-Schwartzchild approximation
1 1

0 0

1 1( , ) ( , ) ( )
2 2

i d i d jμ τ μ μ τ μ μ τ+ + +≅ =∫ ∫
0 0

1 1

1 1( , ) ( , ) ( )
2 2

i d i d jμ τ μ μ τ μ μ τ− − −

− −
≅ − = −∫ ∫

0

1

1( , )
2

d dji d
d d

μ τ μ μ
τ τ

−
−

−

⎡ ⎤ = −⎢ ⎥⎣ ⎦∫

1

0

1( , )
2

d dji d
d d

μ τ μ μ
τ τ

+
+⎡ ⎤ =⎢ ⎥⎣ ⎦∫

( ) ( )0
0

1 1
2 2b

dj j i j j
d

ωω
τ

+
+ + −+ = − + +

( ) ( )0
0

1 1
2 2b

dj j i j j
d

ωω
τ

−
− + −− + = − + +



Heat flux

( ) ( )02 1 2 b
dq i j j
d

π ω
τ

+ −′′ ⎡ ⎤= − − +⎣ ⎦

( )j jπ + −= −

1

1
( ) 2 ( , )q i dτ π μ τ μ μ

−
′′ = ∫

1 0

0 1
2 ( , ) ( , )i d i dπ μ τ μ μ μ τ μ μ+ −

−

⎡ ⎤= +⎢ ⎥⎣ ⎦∫ ∫

( )[ ]01 4 b
dq i G
d

ω π
τ
′′
= − −

( )1

1
2 ( , ) 2G i d j jπ τ μ μ π + −

−
′ ′= = +∫



at 0τ = θ
(0, )i θ−

θ ′

/ 2

2 0
(0, )cos 2 (0, )cos sini d i d

π

ω π
θ θ ω π θ θ θ θ− −

=
=∫ ∫

let θ π θ ′= −
/ 2

0
2 (0, )cos sini d

π
π θ θ θ θ−∫

( )
/ 2

2 (0, )cos( )sin( )i d
π

π
π θ π θ π θ θ− ′ ′ ′ ′= − − −∫

( )4
1 1 1 1 11J T Gε σ ε= + −

( )4
1 1 1 2

(0) 1 (0, )cosi T i d
ω π

π ε σ ε θ θ ω+ −

=
= + − ∫

boundary conditions



/ 2
2 (0, )cos sini d

π

π
π θ θ θ θ− ′ ′ ′ ′= ∫

( )
/ 2

2 (0, )cos cosi d
π

π
π θ θ θ− ′ ′ ′= − ∫

0

1
2 (0, )i dπ μ μ μ−

−
= − ∫

( )
4 0

1 1
1 1

(0) 2 1 (0, )Ti i dε σ ε μ μ μ
π

+ −

−
= − − ∫

( )4
1 1 1 2

(0) 1 (0, )cosi T i d
ω π

π ε σ ε θ θ ω+ −

=
= + − ∫

( )
4 1

2 2
0 1 00

( ) 2 1 ( , )Ti i dε στ ε μ τ μ μ
π

− += + − ∫

similarly



introducing approximation

( )
4

1 1
1(0) 1 (0)Ti jε σ ε

π
+ −= + −

( )
4

2 2
0 2 0( ) 1 ( )Ti jε στ ε τ

π
− += + −

( )
4 0

1 1
1 1

(0) 2 1 (0, )Ti i dε σ ε μ μ μ
π

+ −

−
= − − ∫

( )
4 1

2 2
0 1 00

( ) 2 1 ( , )Ti i dε στ ε μ τ μ μ
π

− += + − ∫

operate          and 
1

0
dμ∫

0

1
dμ

−∫
( )

4
1 1

1(0) 1 (0)Tj jε σ ε
π

+ −= + −

( )
4

2 2
0 2 0( ) 1 ( )Tj jε στ ε τ

π
− += + −



Example: non-scattering planar medium 
with diffuse boundaries
RTE

1
2 b

dj j i
dτ

+
++ =

1
2 b

dj j i
dτ

−
−− + =

( ) ( )0
0

1 1
2 2b

dj j i j j
d

ωω
τ

+
+ + −+ = − + + →

( ) ( )0
0

1 1
2 2b

dj j i j j
d

ωω
τ

−
− + −− + = − + + →

radiative equilibrium

( ) ( )02 1 2 b
dq i j j
d

π ω
τ

+ −′′ ⎡ ⎤= − − +⎣ ⎦

( ) ( )10 2 0
2b b

dq i j j i j j
dτ

+ − + −′′
= ⇒ − + = ⇒ = +



general solution

( )1 1 1
2 2 2b

dj djj i j j j
d dτ τ

+ +
+ + + −+ = → + = +

dj j j
dτ

+
+ −+ =

dj j j
dτ

−
− +− + =

,    ( )j A B j A A Bτ τ+ −= + = + +

( )1 1 1
2 2 2b

dj djj i j j j
d dτ τ

− −
− − + −− + = → − + = +



boundary conditions

( )( )
4

1 1
11TB A Bε σ ε

π
= + − +

( )( )
4

2 2
0 2 01TA A B A Bε στ ε τ

π
+ + = + − +

( )
4

1 1
1(0) 1 (0)Tj jε σ ε

π
+ −= + −

( )
4

2 2
0 2 0( ) 1 ( )Tj jε στ ε τ

π
− += + −

,    ( )j A B j A A Bτ τ+ −= + = + +



solution

( )1

1
( ) 2 ( , )q i d j jτ π μ τ μ μ π + −

−
′′ = = −∫

( )4 4
1 2

0
1 2

1
1 1 1

q
T Tσ τ

ε ε

′′
=

− + + −



S-N Approximation

for diffusely emitting and reflecting walls

a discrete representation of the directional variation 
of the radiative intensity: a finite differencing of the 
directional dependence of the equation of transfer

Discrete Ordinate Method

ˆ ˆ ˆ( , ) ( ) ( , ) ( ) ( )b
di i r r i r a r i r
ds

Ω Ω κ Ω= ⋅∇ = − +

4

( ) ˆ ˆ ˆ( , ) ( , , )
4
s r i r P r d

π

σ
Ω Ω Ω ω

π
′ ′ ′+ ∫

( ) ˆ ˆ ˆ( ) ( ) ( ) ( , ) | |w
w w b w w

ri r r i r i r n dρ
ε Ω Ω ω

π ∩
′ ′ ′= + ⋅∫

ˆ( , )wi r Ω′



Discrete ordinate equations
for a set of n different directions ˆ , 1,2, ,i i nΩ =

4
1

ˆ ˆ( ) ( )
n

i i
i

f d w f
π

Ω ω Ω
=
∑∫

ˆ ,jn Ω⋅
ˆˆ 0

( ) ˆ( ) ( ) ( ) ( , )
j

w
w w b w j w j

n

ri r r i r w i r
Ω

ρ
ε Ω

π ⋅ <

= + ∑ ˆˆ 0in Ω⋅ >

n simultaneous, first order, linear differential 
equations for the unknown ˆ( ) ( , )i ii r i r Ω=

wi: quadrature weights associated  with 
the direction ˆ

iΩ

1

( ) ˆ ˆ ˆ( , ) ( , , )
4

n
s

j j i j
j

r w i r P rσ
Ω Ω Ω

π =

+ ∑

ˆ ˆ( , ) ( ) ( , ) ( ) ( )i i i bi r r i r a r i rΩ Ω κ Ω⋅∇ = − +



intersects the enclosure twice: emanates 
from the wall               , and strikes the wall 
to be absorbed or reflected ˆˆ( 0)in Ω⋅ <

ˆˆ( 0)in Ω⋅ >

4
1

ˆ ˆ ˆ( ) ( , ) ( )
n

i i i
i

q r i r d w i r
π

Ω Ω ω Ω
=

′′ = ∑∫

4
1

ˆ( ) ( , ) ( )
n

i i
i

G r i r d w i r
π

Ω ω
=

= ∑∫

ˆ
iΩ



Selection of discrete ordinate directions

1) completely symmetric (sets that are
invariant after any rotation of 90°): 
symmetry requirement

2) zeroth, first and second moments:
moment equation

3) half-moment equation: a half range of
2π at the walls 

the choice of quadrature scheme: arbitrary 
different sets of ordinates may results in considerably 
different accuracy

customary conditions
directions      and quadrature weights wi

ˆ
iΩ



4
1

4
n

i
i

d w
π
ω π

=

= =∑∫

4
1

ˆ ˆ0
n

i i
i

d w
π
Ω ω Ω

=

= = ∑∫

4
1

4ˆ ˆ ˆ ˆ
3

n

i i i
i

d w
π

πΩΩ ω δ Ω Ω
=

= = ∑∫

4
(sin cos sin sin cos )i j k d

π
θ φ θ φ θ ω+ +∫

2

0 0
sin cos sin 0  i d d

π π
θ φ θ θ φ = ⋅ ⋅ ⋅∫ ∫

θ

φ

3x̂

1x̂ 2x̂

Ω̂

1 2 3sin cos ,   sin sin ,   cosθ φ θ φ θ= = =



4
ˆ ˆ d

π
ΩΩ ω∫

2 2 2
2

2 2 2

20 0

sin cos sin sin cos sin cos cos
sin sin cos sin sin sin cos sin sin
sin cos cos sin cos sin cos

d d
π π θ φ θ φ φ θ θ φ

θ φ φ θ φ θ θ φ θ θ φ
θ θ φ θ θ φ θ

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

∫ ∫
2

2

0 2

sin 0 0
0 sin 0 sin
0 0 2 cos

d
π π θ

π θ θ θ
π θ

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

∫

3 2

0 0

4 2sin , cos sin
3 3

d d
π π

θ θ θ θ θ= =∫ ∫

1 0 04 40 1 0
3 30 0 1
π π δ
⎛ ⎞

= =⎜ ⎟
⎜ ⎟
⎝ ⎠

1 2 3sin cos ,   sin sin ,   cosθ φ θ φ θ= = =



in Table 

Table: covering one eighth of the total 
range of solid angle 4π
→ each row of ordinates contains 8 different 

directions

Since symmetric S2-approximation does not satisfy
the half-moment condition, a non-symmetric S2-
approximation is also included. 

first moment over a half range at walls

ˆ ˆˆ ˆ0 0 ˆˆ 0

ˆ ˆ ˆˆ ˆ ˆ
i

i in n
n

n d n d w n
Ω Ω

Ω

Ω ω Ω ω π Ω
⋅ < ⋅ >

⋅ >

⋅ = ⋅ = = ⋅∑∫ ∫

( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ
i i i ii i j j k kΩ Ω Ω Ω= ⋅ + ⋅ + ⋅ ˆ ˆ ˆ

i i ii j kξ η μ= + +



4 12.5663706π =



Ex) S2 approximation (symmetric)

( )1
ˆ 0.5773503 ,i j kΩ = + + ( )2

ˆ 0.5773503 i j kΩ = + −

( )4
ˆ 0.5773503 i j kΩ = − −

( )6
ˆ ˆ ˆˆ 0.5773503 i j kΩ = − + −

( )8
ˆ ˆ ˆˆ 0.5773503 i j kΩ = − − −

0.5773503ξ η μ= = =

( )3
ˆ 0.5773503 ,i j kΩ = − +

( )5
ˆ ˆ ˆˆ 0.5773503 ,i j kΩ = − + +

( )7
ˆ ˆ ˆˆ 0.5773503 ,i j kΩ = − − +



SN approximation indicates N different 
direction cosines are used for each 
principal direction

number of directions: n = N(N+2)

andEx) 4 :  0.295876iS ξ = ± 0.908248±

and
6 :  0.1838670,   6950514iS ξ = ± ±

0.9656013±



One-dimensional planar medium with 
isotropic scattering

one-dimensional 

( ) 0
0

1

1 1,2, ,
4

N
i

i i b j j
j

di i i w i i N
d

ωμ ω
τ π =

′+ = − + =∑

ˆ ˆ ˆ ˆˆ
i i i i ii j k kΩ ξ η μ μ= + + =

4
1

4
N

i
i

d w
π
ω π

=

′= =∑∫

summed quadrature weights jw′

4
1 1

ˆˆ ˆ0
N N

i i i i
i i

d w w k
π
Ω ω Ω μ

= =

′ ′= = =∑ ∑∫

( ) 0
0 4

( , ) ˆ( , ) 1 ( ) ( , )
4b

di i i i d
d ω π

ωτ μμ τ μ ω τ τ Ω ω
τ π ′=

′ ′+ = − + ∫



Ex) 

0.2958759μ =

4S

( )4 0.5235987 0.5235987 4.1887902w′ = × + =

( )4 4.1987902
3
π

= =

0.9082435μ =

4 0.5235987 2.0943948w′ = × =

( )2 2.0943951
3
π

= =



4 12.5663706π =



let 1 2 / 2 1 2 / 2, , , , , , ,N Ni i i i i i+ + + − − −

( ) ( )
/ 2

0
0

1

1
4

N
i

i i b j j j
j

di i i w i i
d

ωμ ω
τ π

+
+ + −

=

+ = − + +∑

( ) ( )
/ 2

0
0

1

1
4

N
i

i i b j j j
j

di i i w i i
d

ωμ ω
τ π

−
− + −

=

− + = − + +∑

1,2, , / 2 0ii N μ= >

N different intensities 
from the wall at 

from the wall at 
2
N

0 ( 0)iτ μ= >

2
N

0 ( 0)iτ τ μ= <



boundary conditions

( )1 1 1cos cos 1 cosbi d i d i dθ ω ε θ ω ε θ ω+ −

∩ ∩ ∩
′ ′= + −∫ ∫ ∫

1 cos cosq i d i dθ ω θ ω+ −

∩ ∩
′′ ′ ′= −∫ ∫

1cos cosi d i d qθ ω θ ω− +

∩ ∩
′ ′ ′′→ = −∫ ∫
( )( )1 1 1 11bi i i qπ ε π ε π+ + ′′= + − −

1
1 1

1

1
i bi i qε

ε π
+ − ′′= −

2
2 2

2

1
i bi i qε

ε π
− − ′′= +

at τ = 0,

at τ = τ0,

( )
/ 2

1

,
N

i i i i
i

q w i iμ + −

=

′′ ′= −∑ ( )
/ 2

1

N

i i i
i

G w i i+ −

=

′= +∑

1q′′

2q′′

1,2, , 0
2 i
Ni μ= >



surface heat flux
[ ]ˆ( ) ( ) ( ) ( )w w b w wq n r r i r G rε π′′ ⋅ = −

ˆ 0

ˆ( ) ( ) ( ))
i

w b w i i w i
n

r i r w i r n
Ω

ε π Ω
⋅ <

⎡ ⎤
− ⋅⎢ ⎥

⎣ ⎦
∑

/ 2

1 1 1
1

(0)
N

b i i i
i

q q e w iε μ −

=

⎛ ⎞′′ ′′ ′= = −⎜ ⎟
⎝ ⎠

∑at τ = 0,

at τ = τ0,
/ 2

2 0 2 2
1

( )
N

b i i i
i

q q e w iτ ε μ +

=

⎛ ⎞′′ ′′ ′= − = − −⎜ ⎟
⎝ ⎠

∑



Ex) Radiative equilibrium using S2

T2, ε2

T1, ε1

τ0

boundary conditions

1 1
1 1 1 1

1 1,   
4 4

di dii G i G
d d

μ μ
τ π τ π

+ −
+ −+ = − + =

1 1
1 1 1

1

1
b

Ji i qε
π ε π

+ − ′′= = −at τ = 0,

2 2
1 2 2

2

1
b

Ji i qε
π ε π

− − ′′= = +at τ = τ0,

q′′ = constant

non-scattering
1

4bi G
π

=



since wi = 2π for S2-approximation

( )1 12G i iπ + −= +

( )1 1 12q i iπμ + −′′ = −

from two equations for      and         
eliminate 

1i
+

1i
−

1 1,i i+ −

( ) ( )1 1 1 1 1 1
1

10 0d dGi i i i q
d d

μ μ
τ τ μ

+ − + − ′′+ + − = → + =

or 2
1

1dG q
dτ μ

′′= −

2
1

1G A q τ
μ

′′= −



from equations for G and q′′

( )1 1 1 12G i iμ πμ + −= +

( )1 1 12q i iπμ + −′′ = −

1 1 14G q iμ πμ +′′+ =

or 1
1

1
4

qi G
π μ

+ ′′⎛ ⎞
= +⎜ ⎟

⎝ ⎠

1 1 14G q iμ πμ −′′− =

or 1
1

1
4

qi G
π μ

− ′′⎛ ⎞
= −⎜ ⎟

⎝ ⎠



at walls 

at τ = 0, 1
1

1

1
4

Jqi G
π μ π

+ ′′⎛ ⎞
= + =⎜ ⎟

⎝ ⎠

at τ = τ0, 2
1

1

1
4

Jqi G
π μ π

− ′′⎛ ⎞
= − =⎜ ⎟

⎝ ⎠

2
1

1G A q τ
μ

′′= −

1

1

1
4

JqA
π μ π

′′⎛ ⎞
+ =⎜ ⎟

⎝ ⎠
at τ = 0,

2
02

1 1

1 1
4

JqA q τ
π μ μ π

′′⎛ ⎞
′′− − =⎜ ⎟

⎝ ⎠
at τ = τ0,



1
1

14J A q
μ

′′= +

2 02
1 1

14 qJ A q τ
μ μ

′′
′′= − −

0
1 2 02 2

1 1 1 1 1

1 1 24 4 qJ J q q qττ
μ μ μ μ μ

′′ ⎛ ⎞
′′ ′′ ′′− = + + = +⎜ ⎟

⎝ ⎠

( )1 2

0
2

1 1

4
2
J J

q
τ

μ μ

−
′′ =

+



non-symmetric μ = 0.5

( )1 2 1 2

0 0

4
4 4 1
J J J Jq

τ τ
− −′′ = =

+ +

1
1 1

1

1 ,bJ i qεπ
ε
− ′′= − 2

2 2
2

1
bJ i qεπ

ε
− ′′= +

( )4 4 1 2
1 2 1 2

1 2

1 1J J T T qε εσ
ε ε

⎛ ⎞− − ′′− = − − +⎜ ⎟
⎝ ⎠

( )4 4
1 2

1 2

1 1 2T T qσ
ε ε

⎛ ⎞
′′= − − + −⎜ ⎟

⎝ ⎠



( )4 4
1 2

1 2

0

1 1 2

1

T T q
q

σ
ε ε

τ

⎛ ⎞
′′− − + −⎜ ⎟

⎝ ⎠′′ =
+

( ) ( )4 4
0 1 2

1 2

1 11 2q T T qτ σ
ε ε

⎛ ⎞
′′ ′′+ = − − + −⎜ ⎟

⎝ ⎠

( )4 4
0 1 2

1 2

1 11 2 q T Tτ σ
ε ε

⎛ ⎞
′′+ + + − = −⎜ ⎟

⎝ ⎠

( )4 4
1 2

0
1 2

1
1 1 1

q
T Tσ τ

ε ε

′′
=

− + + −






