SOLUTION METHODS FOR THE

EQUATIONS OF RADIATIVE TRANSFER

e Optically Thin Approximation

e Optically Thick Approximation

e Exponential Kernel Approximation
e Differential Approximations

* Milne-Eddington Approximation

= Spherical Harmonics Approximation
(P-N Approximation)

= Shuster-Schwarzchild Approximation
(two-flux model)

= Discrete Ordinate Method
(S-N Approximation)



Planar medium with isotropic scattering or
non-scattering and diffuse boundaries

Optically Thin Approximation

7T, <1

i (5,) = 21| 15O, () + [ 8,(7)Eulr, = 7)dr,|

21 10 Eu(m — )+ [ S, (B2, —7,)d! |

e )= [ "oue o[ £ Jpw-rroe
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E3(T)=joye ”d,u=§—2'+0(2'2)



" -+ 1 ‘2 ' '
q, =27 '4(0)(5_7,1)4'_“0 S,(z3)dz;

1

neglecting terms of O(z,,),
q; = 7Z'|:i:{(0) — i;(T,w):I
i:{ (O) = 5,11i,1b1 + (1_ 8/11)6/11

1 (T0) = 65505, (1 - 542)6,12

27 i}u(rﬂuo)(a—zy10 + rﬂ) + Iow S, (;)d7;




boundary surface intensities-diffuse surface
Gu=[  i;(0,~#)cos0'de

. . 1
(7, —u) =1, (7,0, —p)exp| —(7,,—7,)
7,101 P i 1 / ] /
+|  —S(r,—p)exp| ——(z; —7;) |d7;, >0
Tﬂ ﬂ i |

Isotropic scattering and diffuse boundary
1, (0,—u) = iA(T,zo)eXp(_M)
u

I ﬂoiS(rl)exp(——)drl
7,
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G, = Iw=2ﬂ< ' (Tﬂo)exp( ;?)

.

IAOES(rﬂ)exp(——)drl -cosf'daw’
H ,

I B iﬂ(rﬂo)exp(—rﬂf’ cosf'de’

a i T .
=271, (T,w)_[o M EXP| — ;O)dﬂ 271, (Tﬂo)ES(Tﬂo)
\

L} 2”_[ MiS(g)exp( %)dr; cosf'dw’
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G, = 2713 (7,0) Eq (30) + 27 [ S(2})E, (¢} )d7,
i1 (0) = &,4i 100

+2(1- 811)|:i;(2'/10) E.(7,,)+ J‘:O S, (T;)EZ(T;)dT;}
1,(7,,) = €51 10

+2(1—eu)[i;(o>E3<%)+ [REACAIACY —mdr;}

optically thin, neglecting the terms of
order

1;(0)=¢,i,, + (1_ 3,11) 1, (740) ( E.(0) = 1)
’ 2
1 (T40) = €150 (1 5,12) 17 (0)



i7(0) = €1l + (1_ ‘9,11)‘9,12i,1b2
”“ 1-(1-¢,)(1-¢,,)
€0l o T+ (1_ giz)gili/lbl

1-(1-¢,,)(1-¢,,)

1, (740) =

J; =7z'|:i:1r(0)_ i,{(T,w):I
In the optically thin limit: z, =0

I: Abl (T ) ﬂbZ(T ):I ﬂbl zbz

U =
SO S T S




Optically Thick Approximation

Rosseland or diffusion approximation

(5, =27 ;O (5,)+ [ S, (7)) Exe, - ),

_27z'|:i2(710) E,(7,,—7,)+ _Ljo S,(73)E,(7, —7,)d7;

let z=7,-7;, then 7,=r,-2z, dr,=-dz
[75.())E,(z, —7))d7; = [ 7S, (r, - 2)E,(2)dz
Llet z=7,-7, then r7,=r7,+2, dr, =dz

j S, (7))E, (7, —,)d7, = j " (7, +2)E,(2)dz

0



i (r,) = 27| O+ [ 5,(r, - DE, () |

_27z'|:i;(710) Ey(70—7,)+ j‘:o_u S,(z,+1) EZ(Z)de|

For a large optical distance away from
thewall 7z,>1, 7,,—7,>>1

lim E.(x)=0

X—>0

Q;(z,) =27 " S, (7, ~2)E,(2)dz

Y jo S, (r, +2)E,(z)dz



expand S,(r, +z) Into a Taylor series
dS,  1d°S
S Z)=S +——Az4 A% 4.
A7, £2)=S,(7;) dr, 5 drl
when z,>>1, r,,—7,>>1
a;(z,) =27 Sﬂ(z';b)_":)Ez(z)dz—3i ZE,(z)dz +---
i T _
—27 Sz(%)_“ E (z)dz+Oli ZE,(z)dz +---
dz, J0 |
ds, 1 ®
=4z -2 7E,(2)dz+0O ZE.(2)dz =
e SO [%j(jo (2)dz =7
A dS,

3 dr,




For a non-scattering medium

le = 1

drdS,  Amdiy,  4dey,

3dr, 3dr, 3dr,

(7)) =—

For an isotropic scattering medium
1, 1.
Gﬂ(r/l)=27zUO Iﬂ(rﬂ,,u)d,u+jO Il(rl,—,u)d,u}

.
i; (z;,u)=1;(0) eXp(—T—”“

+H{*=s)exp| -=(z, - 7)) |d7,




L (T, —p) =1, (7,,)exXp

fol i (7, 1)dp = fol 12(0) exp(

1

+I Io —S(rl)exp —;(7,1_7,'1)

——(7,,

1

-7;)

-—(7; —7,) |d7;

rﬂ)dﬂ
Y7,

drdu

= [ (O)E,(r:)+ [} SE)E(r, -7 )z



J, iz (e —mdu = [ iz, e

1

1, .,
——(7;,—7,)

——(7,,—7,) |du
7

dz;du

=1,(70) B, (7,0 —7,) + _‘;jo S(7,)Ei(7; —7,)d7;

6,(5,) = 27| H(OE,(7,) + [ S5, 7, |

+2ﬂ[i;(rw)E2(rw —-7,) +L:O S(z})E, (7] —T,i)dT;:|



when 7, >1, 7,,—-7,>>1

G,(z,) = 2z[ " S(})E,(z, - 7} )7

+272'I:0 S(7})E, (7, —7,)d7}

1=1,-71,
J‘Ol SA(T,Q)E1(TA _2','1)(:12'/'1 = J‘Oﬂ S/I(T/1 — Z)El(z)dz
1=1,-71,

[ 8. (eDE —2)d7, = [ S, (¢, + B, (1)

® dS, p=
G,(r,))=2x Sl(rﬁ)j‘o El(z)dz—ﬁj‘O ZE. (2)dz + -
A

+27| S, (rl)_[: E, (z)dz + %Ioszl(z)dz T
A




G, (r,) =475, ()| E.(2)dz + o(r—lz)

jo“’ E,(z)dz =1

G,(r,)=4xS,(7,)

. 1) .
S,(z,)= (1_a)o,1)|zb +4—j;:GA = (1_woz)|,1b + @y,
S, = iﬂb

dmdS,  Amdi,  4dey,
3 dr, 3 dr, 3 dr,

qZ(TA) - =



total radiative heat flux

q”=_£7z' 00%
3 Jodr,

dA

r, = [ K, (X)X > de, =&, (X)dx

q(x) =22 [ L DX g,
370 k, dXx
di,,

_ diy, di,
but = di, dx

A7 di J‘oo 1 di
3 dx

ﬂbdl
0 &, di,

q"(x) = -



Rosseland mean extinction coefficient :

1 _ e Adig g, e 1 dey,
K, 99 &, di, 0 &, de,
"(x) = 4z di, 4o d(n2T4) i n‘cT’
| 3K, dx 3K, dx ; T
__16n2c)'T3 dT
3K, dx
L . 16n°c T’
radiative conductivity: o
R
. " A _ . " A .
in general, 0; =3 Vi, ¢ =3k Vi,

A R



Radiation slip : temperature jump
condition at walls
modified diffusion approximation

i (r,) = 27| HOE () + [ S, (B, (z, - 7)) |
21 (5, Ea(0 -7+ [ S, (7 Eu(e) - 2,007,

_t
u

1

1
at ;=0 Eg(z')=j0,uexp( 5

)dﬂ — E;(0) =

a7 (0) =ni;«»—Zn[i;(no)EB(rﬂm [” SA(mEz(r;)dr;}



boundary surface intensity

i:{ (0)=¢€,104,
+2(1- eﬂ)[ixrw)Eg(no) +[ s, (r;)E2<r;)dr;}
7 (0) = i} (0) - zfr[i;(ao) Ey(r,0)+ .S, (r;>E2<r;)dr;}

0) =724, s =205 (£20)Eulrie) —2[ 'S, () Eue})07,
for optically thick medium
E,(r,,)) >0 as 7,0 > and S,(z,)=i,(r,)

47 di

”O=_
q;(0) 3 dr,




Az diy,

/4 O —
93 (0) 3 dr,

Tﬂ=o

e jo“’ (7 EL(7,)d7, |

r2 2:
2
2! dr;

L (77) =1, (0)+ 7, —=

dr,

’Z'/l:O

for large ¢

> ' ' 1 * ' ' 1 -, ! / L
jo EZ(T )df =§, _[0 T EZ(T )dT =§, ,[0 TZEZ(T )dT =§

4z di, 2di,|  1d%,

=7E | Ly —1,,(0) -

3 dr, 3d7,1 2 dr,

Tﬂ=0 Tﬂ:o




neglecting second and higher order terms

A diy, . . 2 di
— =76, | 1, — 1, (0)—=—2
3 dT/l . Al "Abl /Ib( ) 3 dz_/1 . O
. 2 di
=&, [Ilbl o (O)] TEyy —
3dr, 2l: o
A7 2)diﬂb . .
——+ 76, — |  =7me, |1, —1,,(0)
(5 o3 )gel =mouli-100]
1 1 )4rxdi
[ Abl b(o)] - _( _ 2) 3 d AL
€11 L)

or I:ﬂ,bl lb(o):l (___jqz(o)

/11



similarly
721 1(T10) =i | = _(i_ij Arr di,,

g, 2) 3 dr,

70

or ”I:izb(z',zo)_i,zbz:l (gi__jqz(r,w)

A2

total quantities

o[ T/ -T*(0)]= (__%jq"

1

o[ T(z,)-T, | = (__%)q”

2



radiative equilibrium

0" =279 _ constant
3 dr
INCICES ——d|

" A
(2 __? L, (7,) _Ib(o):l

when -b(O) = ibl(T ) ib(To) — ibz(Tz)

, 4r

q = 1, (T,) — 1, (T, ):I = (O'T4 O-T24)
37, T,
q” 41




with slip condition

z'oq”__Ar?ﬂ- L, (7,) _Ib(o):l
.. 2o [T -T0)]

o[ T/ -T*(0) = (3 - ;)q

1

o[ T'(z,)-T, | = (j - ;)q




Temperature distribution

y_ Amdiy 4o dT’
TS5 9 T T3 de

j‘:Oq”dr'=—4?o- T, q"(ro—r)—4o-

T = [T @) -T'(@)]

1 1 " 1 1 1 "
G[T4(TO)_T24:| =(82 ) Z)q T =T, + 0(82 ) ZJq

O_I:T4(T)_T24:|=(j- _ 1]qn+§qn(ro_r)






4 4
T4(0)-T, =(i—1+§ro) ; Ll :
&2 4 —T,+—+—-1
4 & &
. . s -y (113 T -T/
TY0) =T, =—(T/-T,)+| =->+=7,
E 4 3 1 1
2 —T,+—+—-1
81 82
1 1 3 (3 1 1 T T}
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Dimensionless radiant flux qu(ebwl - ey

—
o

Exact [4]
i e e B (Y B~0T)

& & ! 1 n L I
1 i l | : K
0 5D 1.0 1.5 2.0 2.5 3.0
Optical thickness «p = aD

Figure 15-6 Validity of diffusion
solution for energy transfer through
gray gas between parallel gray plates.



1.4

=
\ Monte Carlo [84]
-

1.2 \ — P-3 approximation [29]

\ P-1 approximation
1.0 \\\ \ — — — ——— Diffusion approximation

Dimensionless heat flux

0.2

i | 1 1
0 1.0 2.0 3.0 4.0

D )2

Optical thickness a(D

outer - “inner

Figure 15-10 Comparison of solutions of energy transfer between infinitely long concentric black
cylinders enclosing gray medium; D, ue/Doser = 0.5. 3



Exact [44]

- os P-3 approximation [29]
P-1 approximation

2.0

16 ~.  m————— Diffusion approximation

=3 ~ e

35 ~ S inner

= \ \H . =0.2

8 Te— D A

< 12 B \ \‘x\ L outer /

§ S \ ‘-....__H\-h -"""‘"--.._._ ..._‘_\" ,'ff"'

E g g B e "h-ﬁ-..ﬁﬁ_____h__‘x ,/’f,j

E \\ --‘““"—--—._ -—4_7_\"_________

£ 0.8 Tl

5 q\"\-q..___" 7 ————
___________ -

_—— e e —— — —

- “inner

=05
0.4 // D““t.‘"""/ﬁ —— =
/ i
/ 20
f///
ok 1 1 | | ] \ | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Optical thickness a(Dyer = Dinner)/2

Figure 15-11 Comparison of solutions of energy transfer between black concentric spheres enclosing
a gray medium.



Exponential Kernel Approximation

Krook, 1955
exponential integral function E,(r)= Zae i

j=1

one-term representation
E,(r)=ae™, Ey(r)=-[E,(r)dr =

a, b can be determined by equating area

and the first momentover 7=0to 7=
3, 3,

Lick: E,(r)=e 7', E (r)"'%e .’

Vicenti and Baldwin: E,(r)=0.813e™>*

Eddington approx.: E,(r) ~ e



for an absorbing and emitting medium,
diffuse boundaries

q"(z) = 27| i (0)E; () — i (7,) E;(7, — 7) |

+272'[ | i,()E,(z =27 - [ Vi () E, (' - r)dr']

T

using kernel approximation
q"() = 2;z%[i+(0)e-bf —i(z)e ]

—27261[ j OT i (7)e™ " dr - j i (¢)e g r’]

T

differentiation yields

d*q"(z) di,(z)

4
2 +b7"(7) = dag D7)
dr T

=4ra

+b%q"(7)




"

dg

dr

for radiative equilibrium =0

24N 4
d q/(ﬂ/; 4ao_ dT (T)_l_qu”(T)

dr’ dr

. 3 3 _ dT* 9 d,/ .
witha=—, b=—, 3 —q"=0, —|\oT
tha=7. b=2, 307+ ya'=0, (oT')

INn dimensionless form

4 "
¢(T)=0'T (7) JZ’ v = q
‘Jl_‘]Z ‘Jl_JZ

do 1 d(o__l_4)= 1 (_§q,,)
dz J,-J,dr J,-J, 4

1 (3 3 3
= 3)0,-3 w=-2y s o@)=C-yr
] -Jz( 4)( Y=gy 2P =Cmy

1

_ _Eq”
A




q"(r) = 2 [ i ()™ =i (r,)e 7 |

[
—2ra I | (7' )e " d g — I

a=§,b=§
4 2

i (z')e ™" ’)dr'}

/

3
° _T)
2 dr

)d2'+ I oT*(t")e

3 3
w=e? += e 2j¢(r)e2 dz’ —§e2j o(e')%  dr’






c=1-%
50 oo 3y
y=e° +C-Ce ? ——1,+——
3 4 2
=l-—7
4
W= . or T ___1
1+§2'O Ji=J; 1+§2'O
4
D(r)=C—yr
4
4
qD(T)=O-T ()=, =(l—£j—§l//r
3, -7, 2) 4



p
T4—T24)— L2 —Z)q”
\é1 &

o J,-J, O'(T14 —T24) B (1/&,+1/ g, 2)

"

"

1+ZTO

3 3

1+Z% 1+Z%

G



4

y J=J, 0'(T14 —T24) B (1/51 +1/ ¢, —2)

g q
1+ZTO 1+ZTO 1+ZTO

(1/£1+1/£2—2) . O'(T14—T24)

1+ q" =
1+§% 1+§%
A 4 ] A
qrr - 1 ) 1
4 4\ =
O'(Tl _TZ) 1+§ro+i+i—2 §z-0+1+ L]

g & 4 g &



Temperature distribution
oT%(r)-J, Y 3

D(7)= ————YT,
7)==73_7 2 4"
Y= 1 _ 13 >J1—J2—q—
Ji=Jdo 14 % d
4 O




l-¢ 1 1 3
0'T4(2')—0'T24=( 2)q"+q”( ——— rj
&, y 2 4
q" B 1 _,
4 4\ =
O-(Tl _TZ) §2'O+i+i—1
81 82

T4(z')—T24_(1 3 1 3

1
———+——7 |, Y=
T =T, & 2y 4) ]__|_§

To

(1 3 3 3 ) 1 1 3 ]
——=+l+>r -t |la =| —=Z+>(7,-7) |
g, 2 4 4




Milne-Eddington Approximation

RTE for an isotropic scattering planar medium
di(z, 4)

= i) = (1-@0)in () + 2 [ e )i

apply both sides by the operator zyzj_lldy

dq"(7)
dr

dT(Zﬂ'I ui(z, ,u)d,u)
Zﬂ“‘_lli(r,,u)d,u =G(7)
Zﬂjjlib(f)dﬂ = ib(r)ZﬂI_lldy =4 (7)

272“‘_11 _“_11 (7, dy'du= I_llG (z)du =2G(r)



dq"(z) , G(z) = 4z (1- @, )i, (7) + ®,G(7)

dr
or dqdi’t') =(1_a)o)[477ib(7)_6(7)]

next apply by the operator ZEI_ll,ud,u
1, di(r, 4) _i( Lo )
272'_[_1/1 i du= i 272']_1/1 (7, 1)d 1

IR (7)
dr

radiative pressure

1, et
P (r) =2z | w'i(e. udpe



2n [ (e, p)d =" (z)

2ﬂj_11yib(r)d,u = ib(r)2ﬂj_11ydy =0
2”,“_11/1(_"_11 (7, ' ,u') du= G(r)27zji,ud,u =0

P (z) _

then, ¢ - =—0q"(7)
T

now we have three unknowns q"(z),G(z),P.(z),
but have only two equations.



additional relation = Milne-Eddington
approximation
separating intensities

G(r)= 272'“_01i_(z',/1)d/1 +I01i+(r,y)dy}
'(7) =2 [ wi e+ i (7, )|

P (0)= 27| [ i (e i+ iz |

Assume that the intensity components
are independent of direction.

" (z,u)=1"(7), I (z,p) =1 (7)



then, G(r) = 272'|:i+(2')+ i_(T):I
q"(z) = 72'|:i+(2')— i_(T):I
Pr(r)=é—7é|:i+(f)+i_(f):|

Any two of these three relations can be used.
for example,

1 dr()_1d6(r) _ 1,
P =3 = T )
1d6(0)
:>3 de 4°()
remark: ¢ %™ __gr(r)

dr



dqd"(r) =(1-a, )[4z, (r) - G(7)]
i

Differentiating w.r.t. =

dzq"gf) _ (1_%)[472_ di, (7) B dG(r)]
dr dr dr

1dG(r)
3 dr

=-q"(7)

Milne-Eddington approximation

O (1 ar B ey

dr’




1dG(7)

or for G(7) Fa— =—q"(7)
dqd"(r) =(1-a,)[4ri,(r)-G(7)]
.

46(0) __, ") _,
dz’ dr

(1- @,)| G(r) - 47i () ]

Note: neglecting second order term
from Milne-Eddington approximation

a0 _ 1 wo)[zm o), 3q"(r)}
dr dr
q"(r) = —4:;[ digl(;) . diffusion approximation



Spherical Harmonics Approximation
P-N Approximation

Spherical harmonics

In spherical coordinate system
V°F(r,0,¢)=0

separation of variables F(r,8,¢) = R(r)G(9,¢)

eigenfunction solution : G(6,¢4) surface
harmonics

(associated Legendre function)
that is, G(8,4) = O(0)D(4)



¢”+m2¢=0
- dz@_ d_@ ) i
(1 X)dxz 2X dX+_n(n+1)
X = C0S @
solution
i 1/2
m | 2n+1(n—m)!
Y, (6’,¢)—_ 4z (n+m)l
=(_1)(”+m)/2_2n+1(n—m)!
4z (n+m)!

1/2

0,

e™P"(cosh)

eimqrﬁ Pr‘]m‘ (COSQ)



conjugate of Y, (6.¢)

Y. (0,)=(-1)"Y,"(0,¢)

orthogonality

4 Ynm (w)Yrs* (w)dw=246,6

nr— ms



P-N approximation

7.2)=Y Y AN ()

Nn=0 m=-n

Using orthogonality

ANT) =], (DY, (Q)i(F. 2)dw
on+1(n-m)]"
4z (n+m)!

— (_1)(n+|m|)/2

L i(7,02)e ™ P (cosd)dw




P-1 approximation

i)=Y Z AT ()Y, ()

Nn=0 m=—-n
X3

i(T,02) = AOOYO + AT A AlYE
1
oy v =21,
AO 0 47'[ Al A7
A+ AY; mwﬁ 0.

12 =$[IO(F)+3(11(F)€1 F1,(1)0, + 1,(7)L,)]



direction cosines X,

¢, =cosé,

¢, =sIinfcosy,

£, =sIn@sing
3 X /

2

moments of intensity
'0=L i(F,.2)dw, 1. =L i(F,02)¢ do,

=, i(F.2)0 ¢ do, -

physical meaning of moments
I, = G, |, = Qi”



Example: non-scattering planar medium
with diffuse boundaries

,u%+i=ib, H=C0S0 =/
ol . . dl, .
4ﬂ”§dw+ 4”lda)— b do — i +1,=4ri,

, O d|11 —
H a—da)+Lﬂ,u|da) I,ul do > —2+1,=0

closure condition

L 1 . . . .

|(r,.(2)=E|:Io(r)+3(ll(r)£1+ L, (F)2, +1,(F)L,) |
Mﬁi(r,_fz)dw

=$L/i['0(r)+3{ 1,(F)0, + 1,(F)L, + 1,(7)e, ) ]de



(P 2)do =1,

=$L/i[lo(ﬂ+3{ 1L(F), + 1,(7)E, + 1,(F)e,) doo

1 2 . _ 1 4 2 .
yo 4,,€1|0(r)dw_§|0,“o cos“ @singde

0

1, ¢t,. 1.2 1
‘E“Lfm‘§“§‘§

"‘4ﬂ€ill(r)da) B L;;fi%lZ(F)dw B L”[iesls(r)dw =0



Ill 3|0
ﬂ+|0=477ib, dl11+|1=0
dr
therefore, 1ﬁ+|1=0 or |1=_l%
3dr 3dr
finally
d-l _
drzo - 31, =-12ri,
1di
" =| =___0,
q'(z)=1,(z) 2 s

" 2?2
dg =_£d |20 =dI1 _azi -1,
dr 3 dr dr



Marshak’s boundary condition
10, )= T.(1) u>0, i(zy, )= T,(1) <0

1, . 1 .
I (0, p)u’ 1dﬂ=jo f,(u)p” " dp

0
0 . 0 -
I_ll(fo’ﬂ)ﬂz 1dﬂ=f_1 f,(u) " du
i =1,2,3,---,%(N +1)
P-1 approximation

I (0, p)ud g1 = jol f, () pd 2

0

I _01 (75, p)pd = Iol f, () pd i



at =0 i7(0,0)
%
oy

4
/
/
/
/
/

J =¢e,+pG, or z#i (0)=¢gnxi,+pG,
17(0) = &1y, + plj i7(0,8)cosOdw

7T =27
I . 17(0,0)cosfdw = Zﬂj‘oﬂlzi_(O,@)COSHSianH
let 0=7x-6'

2 jomi‘(O,ﬁ)cosé?sinﬁdQ
= 21 "%i7(0,0")cos(z - 8)sin(z — 6) (-d#")



= 22("i7(0,6")cos8'sin6'de"

=2z[" 17(0,0")cos@'d (cosé?')

i(r,:})=$[lo(F)+3(|1(F)€1+ 1,(F)E, +1,(F)e;) |

_— ,
=2 i 1,(0)+ 3(1,(0)cos @

+1,(0)sirg'cos ¢’ + 1, (0)sing'sing') [cosg'd (cosd’)

1 _
=§I01(I0+3I1,u),ud,u

1 ’ 1(1
~5 Iolu7'|'|1/u3 =§(§Io_|1)
_ do




” .  1(1
| (0)=51'b1+'; 2(2 I, — Ilj
apply Marshak’s boundary condition

I (0, peyud = jol f,(e)pd

0

J-Olﬂ l,+3( 1,056 + 1,sinBe0SP + W):I,ud,u

1. 1(1
=.[o 81|b1+%§(§|0_|1) pd p

1 1

' | P
i 0(|0+3|1ﬂ)ﬂdﬂ— 81|b1+i(§|0_|1j Ioﬂdﬂ




1
Ar

1

2

u

074' |1ﬂ3

11

-0

§I0+ |, =27¢),, +

P1

1

2

. o1
gl .+ |, — 1
1°b1 272_(2 0 1)

5 l, — p. 1,

% l, +(1+p1) |, =27el,,

1+ p, .
or I,+2 |, =4ri1,,

81
let 1+ p, _ 1+(1_81) _ 2— &
81 81 81
p, l-¢
ﬂ,lz—l: 1
81 81

=1+2A4,,




then, 1,+2(1+24)1, =4zi,

but I, = _idl,

3dr

thus, at =0,

2 dl .
I, —5(1+ 2,11)O|—TO = 4zi,,

similarly at 7= 1,

2 dl :
| +§(1+ le)d—; = 4ri,,



radiative equilibrium

dqg” . .
dT =472-|b_|0=0 —)|b=ﬁ or IO(T)=4O'T4(T)
d-l _ 2
dz-zo - 31, =-127i, thus, C;TIZO =0
general solution I,(r)= Ar+B
. 2 dl .
boundary conditions I, —5(1+ 2/11)d—70=4mbl
2 4
B-Z(1+24)A=40T) +§(1+ 2/12)%=47zib2
T
ATO+B+3(1+2,12)A=40T24, /11=i—1
3 &
solution q = =
4 4\
G(Tl _TZ) §2'0+i+i—1

& &



1.4

=
\ Monte Carlo [84]
-

1.2 \ — P-3 approximation [29]

\ P-1 approximation
1.0 \\\ \ — — — ——— Diffusion approximation

Dimensionless heat flux

0.2

i | 1 1
0 1.0 2.0 3.0 4.0

D )2

Optical thickness a(D

outer - “inner

Figure 15-10 Comparison of solutions of energy transfer between infinitely long concentric black
cylinders enclosing gray medium; D, ue/Doser = 0.5. 3



Exact [44]

- os P-3 approximation [29]
P-1 approximation

2.0

16 ~.  m————— Diffusion approximation

=3 ~ e

35 ~ S inner

= \ \H . =0.2

8 Te— D A

< 12 B \ \‘x\ L outer /

§ S \ ‘-....__H\-h -"""‘"--.._._ ..._‘_\" ,'ff"'

E g g B e "h-ﬁ-..ﬁﬁ_____h__‘x ,/’f,j

E \\ --‘““"—--—._ -—4_7_\"_________

£ 0.8 Tl

5 q\"\-q..___" 7 ————
___________ -

_—— e e —— — —

- “inner

=05
0.4 // D““t.‘"""/ﬁ —— =
/ i
/ 20
f///
ok 1 1 | | ] \ | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Optical thickness a(Dyer = Dinner)/2

Figure 15-11 Comparison of solutions of energy transfer between black concentric spheres enclosing
a gray medium.



Shuster-Schwarzchild Approximation
two-flux model

radiation stream
- L.,
J (T)EIOI (z,u)du, 0<u<l
. 0.
J (T)E_LI (z,u)du, —-1<u<0

p L i) = (1- @i @)+ 2 [ i )
) i ) = (1-0,)iy()+ 2 (1 @)+ ()

i) = (1-0,)in(0)+ 2(1 (@ + T (0) @



operate eq.(1) by joldy and eq.(2) byj_oldy

) i ) = (1-0,)in()+ 2 @)+ ()

[ wi @ mdu|+ @)

= (1-@0)iy () + (1" (2) + i ()

B () = (1= 0,)i(0) + 2 (§°(0) + T (0) @
ddr[f pi (7, ﬂ)dﬂ}ﬂ ()

=(1—wo)nb(r>+7(1 (2)+J (7))



Shuster-Schwartzchild approximation
1 et

e =i @

J, 4" (e, )=
0 _ 1go._ 1.
[ @ mdp==2 (@ pdp === ()

1dj”
2 dr

S [ uit | =

1dj" ., . L
Saqr T =(1—a)0)|b+7°(1 +j)

S wi e du| =20

— ot =l @)i+ i+ 7)



Heat flux

A'(e)= 27 [ iz, )0

= 2a| [ wi* e+ [ iz, |

=7r(j+—j_)

=(1-w,)[4ri, -G]

4

dq
dr

G= Z”I_lli(f,u')dﬂ' =27(j"+7")

" 27{(1_%)[2% _(j+ + j_)]

dq
dr




17(0,0)

boundary conditions
at =0 9'/)6)/

/
4
/7
4
4
4

J,=¢0T, +(1-¢)G,
;zi+(0)=glaT14+(1—gl)j i~(0,0)cosfdw

=27
[ i-(o,e)cosedw=27zj0”’2i-(o,9)cosasin9d9
let =r—6"
27zj0”’2i-(o,9)cosesin9d9
rl2 -
=2z| " "i7(0,6")cos(x —8")sin(z - 6')(~d6")



= 22("i7(0,6")cos8'sin6'dé’

— —Zzzjm 17(0,8")cosd'd (cos@')
O -
= -2 L' (0, po)pd 2

7zi+(0)=510'T14+(1—81)I i~(0,0)cosfdw

=27

. _810'T14_ B 0 .
(0 == 2(1 gl)j_l;u (0, 0)d 1
similarly

._ gol.
I (To)= 272_ £+

2(1—81)I01ui+(fo,u)dﬂ



goT}

(0)= A7 21 &) wi~(0.m)du
| (ro)—82”T4+2 1- &) [ i (0, 1)
mtroducmg approximation
i*(0) = 81‘7’:14 +(1-£)j(0)

i"(z,) = 82‘;24 +(1-5,) " (z,)
operate joldy and j_oldy

0= 21 1 (1-5) i (0)

()= 22" 4 (1-6,) i (7,)

T



Example: non-scattering planar medium
with diffuse boundaries

RTE
1dj*
2 dr

RN N TR 1d” ..
+j =(1 w0)|b+2(1 + )—> S il *

B S U SR
+j =(1 a)o)lb+2(1 + )—> Sqr T =

radiative equilibrium

C(ijq; =27 (1-a,)| 2i,~(j*+i)|

4

dq

dr

=O:>2ib—(j++j‘)=0:>ib=%(j++j‘)



=i o= (e )

2dr 2dr =§
(Zj; +i"=7
~Lej =g

general solution
j"=Ar+B, T =Ar+(A+B)



boundary conditions

*(0) = 81‘7’:1 +(1-£)i(0)
] (7)) = SZZ_TZ +(1_52) 17 (%)

"=Ar+B, | =Ar+(A+B)

B

4
_ &0l +(1-¢,)(A+B)
/A

£,0T, . (

Aty + A+ B= 1-¢,)( Az, + B)

T



solution

q'(7) = Z”Ijlﬂi(f’ﬂ)d” - ”(j+ - j_)

q" 1

o'(T14—T24) L -1




Discrete Ordinate Method

S-N Approximation

a discrete representation of the directional variation
of the radiative intensity: a finite differencing of the
directional dependence of the equation of transfer
di~ .., = N A n: g
d—=Q-Vl(r,Q)=—K(r)l(r,0)+a(r)|b(r)
S

AU, i(7,Q2")P(F,2,2)ao'
A Jir

for diffusely emitting and reflecting walls

i(FW,Q%

() = o)1, () + 25 [ e, @) | 24 do
72' M




Discrete ordinate equations
for a set of n different directions 2, i=1,2,---,n

[ f(fz)da)zzn:wi f(42)

w;: quadrature weights associated with
the direction 2

Q -Vi(F,2)=—x(F)i(F,2)+a(F)i (F)

O (N) O e Arore A A
+= ijl(r,ﬂj)P(r,Qi,.Qj)

i(f,)=e&(F)i, (r)+’0(r) ZWI(

n_(2<0

n simultaneous, flrst order, linear differential
equations for the unknown i (¥)=i(r,£2)




Q. intersects the enclosure twice: emanates
from the wall (n- 2 > 0), and strikes the wall
to be absorbed or reflected (n- 2 <0)

q'(F)= [, i(F.2)2do =Y wi (")
i i=1

G(F)=| i(F,2)do= Zn:wiii(r)



Selection of discrete ordinate directions

the choice of quadrature scheme: arbitrary

different sets of ordinates may results in considerably
different accuracy

directions 2. and quadrature weights w,
customary conditions

1) completely symmetric (sets that are
Invariant after any rotation of 90°):
symmetry requirement

2) zeroth, first and second moments:
moment equation

3) half-moment equation: a half range of
27 at the walls



x>
w

47rda)=4ﬂ.=iZ:1:Wi \

L;;édw =0= ;Wiéi

>
>
S
3 -

-]
x>
H

M 3 i=1iIi

¢, =sinfcos¢g, ¢,=sin@sing, £,=cosl
L (sianos¢f+sin6?sin¢]+cosHE)da)

jj”joﬂsmgcosﬁsinﬁdﬁw =0 -




¢, =sin@cosg, £,=sin@sing, ¢,=cosé
4 QQdw

I

sin*@dcos’ ¢  sin“@singcosg sindcosdcosg
sin“@singcosg  sin“@sin’g  sin@cosfsing |sinddhdg

singcos@dcosg sindcosdsing cos’ @
(zsin’6 0 0
=I 0 wsin® @ 0 sin@dé@
Lo 0 27 c0s’ 6
1 0 0
-0 1 0|=2Zs
30 0 1) 3

IﬂSin3 6do = i I”cosz @sindda = 2
0 3 0 3



first moment over a half range at walls

j'ﬁ-f2<0

In Table
Q =(.(A2i -f)f+(f2i : ])]+([§i-I2)I2 =§if+ni]+yil2

n-Q

da)=jﬁ.é>oﬁ-f2da)=7z= > w.ii- 02,

A-£2: >0

Table: covering one eighth of the total
range of solid angle 4~

— each row of ordinates contains 8 different
directions

Since symmetric S,-approximation does not satisfy
the half-moment condition, a non-symmetric S,-
approximation is also included.



TABLE

Discrete ordinates for the Sy-approximation (N =2, 4, 6, 8)

Order of
Approximation

Ordinates

3

7

u

Weights

w

S> (symmetric)

0.5773503

0.5773503

0.5773503

1.5707963

S> (nonsymmetric)

0.5000000

0.7071068

0.5000000

1.5707963

S4

0.2958759
0.2958759
0.9082483

0.2958759
0.9082483
0.2958759

0.9082483
0.2958759
0.2958759

0.5235987
0.5235987
0.5235987

S6

0.1838670
0.1838670
0.1838670
0.6950514
0.6950514
0.9656013

0.1838670
0.6950514
0.9656013
0.1838670
0.6950514
0.1838670

0.9656013
0.6950514
0.1838670
0.6950514
0.1838670
0.1838670

0.1609517
0.3626469
0.1609517
0.3626469
0.3626469
0.1609517

Sg

4 =12.5663706

0.1422555
0.1422555
0.1422555
0.1422555
0.5773503
0.5773503
0.5773503
0.8040087
0.8040087
0.9795543

0.1422555
0.5773503
0.8040087
0.9795543
0.1422555
0.5773503
0.8040087
0.1422555
0.5773503
0.1422555

0.9795543
0.8040087
0.5773503
0.1422555
0.8040087
0.5773503
0.1422555
0.5773503
0.1422555
0.1422555

0.1712359
0.0992284
0.0992284
0.17123359
0.0992284
0.4617179
0.0992284
0.0992284
0.0992284
0.1712359




c=n=
Ql

o

Ex) S, approximation (symmetric)

1 =0.5773503

- 0.5773503(?+ i+k )

)

(i-)
- 0. 5773503( i + )
(-1

lz)

= 0.5773503( I

= 0.5773503

A

0,

0.5773503( i

Q, =0.5773503( i

N\

Q. =0.5773503( -

[2 = 0.5773503{ -

/-\ A A A
\_>
A )
N



Sy approximation indicates N different
direction cosines are used for each
principal direction

number of directions: n = N(N+2)

EX) S,: & =+0.295876 and +0.908248
S,: & =+0.1838670, + 6950514

and +0.9656013



One-dimensional planar medium with
ISotropic scattering

u di((;’”) ri(z, 1) = (1@, )i, (z) + &j‘wlﬂmi(r,f!)da)'

,u.g—ITH =(1- )i, to ijlJ i=1,2,---,N

summed quadrature Welghts W’

Ve

one-dimensional Q2 =¢&i+nj+pk=pk

L”da) =4 = IZ::W,'
A — N A N A
[ 2do=0=3 w2 =) wuk
d i=1 i=1



Order of Ordinates Weights
EX) 84 Approximation '3 n M W
S> (symmetric) 0.5773503 0.5773503 0.5773503 1.5707963
S, (nonsymmetric) 0.5000000 0.7071068 0.5000000 1.5707963
S4 0.2958759 0.2958759 0.9082483 0.5235987
0.2958759 0.9082483 0.2958759 0.5235987
0.9082483 0.2958759 0.2958759 0.5235987
11 = 0.2958759
w' = 4x(0.5235987 + 0.5235987) = 4.1887902
47z
—(=4.1987902)
11 = 0.9082435

W' =4x0.5235987 = 2.0943948

27z(

2.0943951)



TABLE 15.2

Discrete Ordinates for the One-Dimensional Sy -approximation (N =2, 4, 6, 8).

Order of Ordinates Weights
Approximation L w'
S> (symmetric) 0.5773503 6.2831853
S2 (nonsymmetric) 0.5000000 6.2831853
S4 0.2958759 4.1887902
0.9082483 2.0943951
S6 0.1838670 2.7382012
0.6950514 2.9011752
0.9656013 0.6438068
Sg 0.1422555 2.1637144
0.5773503 2.6406988
0.8040087 0.7938272
0.9795543 0.6849436

dr =12.5663706



N different intensities

N

> from the wall at r=0 (x >0)

N

— fromthe wall at 7=7, (u <0)
Iet I I y " "t 1i§/21 i]__1i2_1°.°1ig|/2

di+ W N/2

,uid;_+, (1-,)i, 47‘; W(|+|)

—,u,%ﬂ =(1-a,)] Z)OZ/:W (I +|)

T j=1

i=1,2,,N/2 1 >0



boundary conditions
Ii*cos@dw=glj iblcosﬁdw+(1—gl)j i"cos@'do’

q, = L 1" cosfdw —L 1" cosf'dw’

| | | a;
—>I |‘cosﬁ'da)'=j i" cosfdw —q,
i’ =5172'ib1+(1—£1)(7z'i+ —q{') I Oy
R

at 7= O, |i+ =1, _—glq{' i N
ETT 1=1,2,---,— u >0
1_82 "

atr=1, I =l,+ 0>
E,7C



surface heat flux
q"-A(r,) = &(x,)[7i,(r,)-G(x,)]

=&(x,)| ziy(r,)— D, Wi (r,))|A- 2]

ﬁ'.Qi <0

N/2
at 7=0, q{'=q"(0)=81(em— W{ui‘i)

1=1

N /2
at 7= g, q;'=—q"(ro)=—ez(eb2—_ W{uiii)

1=1



Ex) Radiative equilibrium using S,
q" = constant

T, & 1
T - i L =—G
ol NON scatterlng b Ar
T, &
di; . 1 di, 1
+i, =—G, —pu—+i;, =—~0G
= r  Ax H dr '  4x

L. J l—¢

at 7=0, I =—=i, - =0y
T &
o J l—¢

at 7= 1, I =—%=i,+—=0,
T E,7C



since w, = 2z for S,-approximation
G =27 (i} +i;)
Q" = 27, (i} —i; )

from two equations for ii and i;
eliminate i/, i;

d ... ._ ) G 1 ,
,ulg(l1 +|1)+(|1 —|1)—O—>,u1 i +ﬂ1q =0
or d_G _i "

dz p
G= A—iq T

:ul



from equations for G and ¢"
G = 272'1“1(”r + '1_)
Q" =27, (i} —i; )

G +q" =4}



at walls

at r=0,

at 7=0,

at 7= 1,







non-symmetric 4= 0.5

q”= 4(J1 _JZ) _ ‘Jl _‘JZ
4+ 47, T, +1

1-— .
£ q", J,=mi,+—=(




a(T;‘—T;‘)—(j1 +; —qu”

T, +1

4

q:

(ro+1)q”=0'(T14—T24)—( L2 —qu”

81 82
(ro+1+i+i—2)q"=o-(T14—T24)
81 82
q” _ 1
4 4
o(T -T)) T, + SR
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Dimensionless scattered intensity,
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P-3 [27]
Sa
Sg
-

0
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0.2 0.4
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Dimensionless position along centerline

(a)



4

w, 1

Dimensionless heat flux, q/aT

1.1
1.0F N
.
p— \‘
> e T T 1.0
"---.-__‘__---- Ew. ™ .

0.8 e o S e |
0.7+ |Symbol | Method

AOE Zone [81]
0.6 [——- [|p-3 1271
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Dimensionless position along heated side

(b)

Figure 15-14 Radiative behavior in a
gray square enclosure with wall emis-
sivity €, filled with a medium that scat-
ters only. One side of the enclosure is
at uniform temperature 7, ,; the other
three sides are at zero temperature [67].
(a) Average incident scattered intensity
along centerline; (b) Local heat transfer
rate at the hot surface.



