
확률 변수 및 확률과정의 기초

Ch.4  Multiple Random Variables

4.1  Vector Random Variables
a function that assigns a vector of real numbers to each g
outcome  ζ in S

Events and Probabilities 
→ n-dimensional r.v.),,,( 21 nXXX …=X

→ a corresponding region in an n-dimensional real space.

Events of the product form
A = {X1 in A1} ∩ {X2 in A2} ∩ … ∩ {Xn in An}

A di i l t i l i X l

1

Ak : a one-dimensional event involving Xk only.
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E.g.
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1 1 2 2[ ] [{  in } {  in } {  in }]n nP A P X A X A X A= ∩ ∩"∩

1 1[  in ,  in }]n nP X A X A≡ "

th b bilit f th i l t t i th
[{   in    such that  ( )  in  }]P S Aζ ζ= X

→ the probability of the equivalent event in the     
underlying sample space.
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확률 변수 및 확률과정의 기초

Non-product-form events
→ Approximated by the union of product-form eventspp y p

E.g.  B = {min(X, Y) ≤ 5}

B {X ≤ 5 d Y < }∪ {X > 5 d Y ≤ 5}

4

→ B = {X ≤ 5  and  Y < ∞} ∪ {X > 5  and  Y ≤ 5}
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k
kk

k
BPBPBP ][][ ∪

:approximated by the union of disjoint product-form events.

k

Independence

P[X1 in A1,…, Xn in An] = P[X1 in A1]…P[Xn in An]
where the  Ak is an event involving  Xk onlyk g k y
→ X1, X2,…, Xn are independent.
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4.2  Pairs of Random Variables

Pairs of Discrete Random Variables

Vector r.v. :  X = (X, Y)
Sample space : S = {(xj, yk),  j = 1, 2, … , k = 1, 2, … }j

The joint probability mass function of  X

∩
2121][

}]{}[{),(,

====≡

===

kjyYxXP

yYxXPyxp

k

kjkjYX

: the probability of the occurrence of the pairs (xj , yk) 

…… ,2,1   ,2,1     ],[ ====≡ kjyYxXP kj
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The probability of any event  A

)(]i[ AP ∑ ∑X )(]in   [
),( in 

,, k
yx A

jYX yxpAP
kj

∑ ∑=X

1),(, =∑∑
∞ ∞

kjYX yxp
1 1= =j k
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The marginal probability mass function

][)( jjX xXPxp ==

]anything,[

][)(

j

jjX

YxXP
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∞

===
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, kj
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YX yxp∑
∞
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j
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=

=

cf) Knowledge of the marginal pmf’s is insufficient to specify 
the joint pmf
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The Joint cdf of X and Y

The probability of the product-form event 
{X ≤ x1} ∩ {Y ≤ y1}

FX,Y(x1, y1) = P[X ≤ x1, Y ≤ y1]
→ the amounts of mass contained in the rectangular region.
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Probabilities of the joint cdf

f) th i i fi it t l d fi d b ( )

212122,11,   ,  if     ),(),( yyxxyxFyxF YXYX ≤≤≤

cf) the semi-infinite rectangular defined by (x1, y1) 
is contained in that defined by (x2, y2) 

cf) It is impossible for either X or Y to assume a value
0),(),( 1,1, =−∞=−∞ xFyF YXYX

cf) It is impossible for either  X or Y to assume a value 
less than －∞

1),(, =∞∞YXF
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The marginal cumulative distribution functions
][],[),()( , xXPYxXPxFxF YXX ≤=∞<≤=∞=

][),()( ,

,

yYPyFyF YXY ≤=∞=
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),(),(lim ,, yaFyxF YXYX
ax

=
+→

)()(li bFF ),(),(lim ,, bxFyxF YXYX
by

=
+→

→ The joint cdf is continuous from the “east” and from the “north”
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Ex. 4.8
=For )( YXX

⎩
⎨
⎧ ≥≥−−

=

=
−−

elsewhere

For  

0
0  ,0      )1)(1(

),(

),(

,
yxee

yxF

YX
yx

YX

βα

X

Find the marginal cdf

⎩ elsewhere                      0

0     1),(lim)( , ≥−== −

∞→
xeyxFxF x

YXyX
α

01)(lim)( ≥−== − yeyxFyF y
YXY

β

→ an exponential distribution

0     1),(lim)( , ≥
∞→

yeyxFyF YXxY
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The union and intersection of semi-infinite rectangles

],[ 121 yYxXxP ≤≤<
),(),( 11,12, yxFyxF YXYX −=
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)()(
),(),(],[ 12,22,2121

yxFyxF
yxFyxFyYyxXxP YXYX

+

−=≤<≤<
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The Joint pdf of Two Jointly Continuous Random Variables

Any reasonable shape (i.e., disk, polygon, or half-plane)
can be approximated by the union of rectangles.

For the sufficiently smooth cdf, as we increase the fineness of 
the rectangles, the sum approaches an integral over athe rectangles, the sum approaches an integral over a 
probability density function.

YX )(X

∫ ∫ ′′′′=

=

A YX ydxdyxfAP

YX

),(]in   [

),(

,X

X

where         is the joint probability density function
→ the r.v.’s  X and  Y are jointly continuous.

),(, yxf YX ′′
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volume→]in[ AP X

17
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cf)
fX(x)

L
x

P[X in L] → Area

L

1),(, =′′′′∫ ∫
∞

∞−

∞

∞−
ydxdyxf YX
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The joint cdf
x y

∫ ∫
yxF

f

ydxdyxfyxF

YX

x y

YXYX

∂

′′′′= ∫ ∫∞− ∞−

),(
)(

),(),(
2

,,

For the jointly continuous r v ’s X and Y

yx
y

yxf YX
YX ∂∂

=
),(

),( ,
,

For the jointly continuous r.v.’s  X and  Y.
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The probability of a rectangular region
≤<≤< ],[ 2211 bYabXaP

∫ ∫ ′′′′=

≤<≤<
1

1

2

2

),(

],[

,

2211
b

a

b

a YX ydxdyxf

bYabXaP

The probability of an infinitesimal rectangle

1 2

ydxdyxf

dyyYydxxXxP
dxx dyy

YX ),(

],[

′′′′=

+≤<+≤<

∫ ∫
+ +

dxdyyxf

yyf
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x y YX
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,
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∫ ∫
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The marginal pdf’s

{ }∫ ∫
∞d x { }

∫

∫ ∫
∞

∞−

∞

∞−

′′

′′′′= xdydyxf
dx
dxf

x

YXX  ),(  )( ,

∫
∫
∞

∞−

′′=

′′=

xdyxfyf

ydyxf YX

)()(

),(,

∫ ∞−
= xdyxfyf YXY ),()( ,

cf) The joint pdf cannot be obtained from the marginal pdf’s
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Ex. 4.10
A randomly selected point (X, Y) in the unit square has the y p ( , ) q

uniform joint pdf given by 

⎨
⎧ ≤≤≤≤

=
10  and  10        1

)(
yx

yxf

Fi d h j i df

⎩
⎨= elsewhere        0

),(, yxf YX

Find the joint cdf
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x < 0 or  y < 0
FX,Y(x, y) = 0 ( ∵the pdf is zero)

0 ≤ x ≤ 1 and  0 ≤ y ≤ 1

xyydxdyxF
x y

YX =′′= ∫ ∫0 0, 1),(

0 ≤ x ≤ 1,  y > 1
x

∫ ∫
1

xydxdyxF
x

YX =′′= ∫ ∫0

1

0, 1),(

23



확률 변수 및 확률과정의 기초

x > 1,    0 ≤ y ≤ 1

yydxdyxF
y

=′′= ∫ ∫
1

1)( yydxdyxF YX == ∫ ∫0 0, 1),(

x > 1,     y > 1

11),(
1 1

=′′= ∫ ∫ ydxdyxF YX ),(
0 0, ∫ ∫ yyYX
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Random Variables That Differ in Type

Joint random variables of discrete and continuous r.v.’s
: P[X = k, Y ≤ y] or P[X = k, y1 ≤ Y ≤ y2]: P[X  k, Y ≤ y]  or  P[X  k, y1 ≤ Y ≤ y2]

Ex 4 14Ex. 4.14
X : input to the communication channel.

= +1 or –1 with equal probability= +1 or –1 with equal probability
Y : output = the input + a noise voltage N.
N : Uniformly distributed in the interval from –2 volts to the +2N : Uniformly distributed in the interval from 2 volts to the +2 
volts.
P[X = +1,  Y ≤ 0] = ?
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sol)
P[X = k,  Y ≤ y] = P[Y ≤ y | X = k]⋅P[X = k][ , y] [ y | ] [ ]
∴P[X = +1, Y ≤ y] = P[Y ≤ y | X = +1]P[X = +1]

For X = 1, Y is uniformly distributed in the interval [-1,3]

[ ]

31
4

1]1|[ ≤≤−
+

=+=≤ yyXyYP for        

∴ [ ]
111

]1[]1|0[0,1

=⋅=

+=+=≤=≤+= XPXYPYXP

824
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4.3  Independence of Two r.v.’s

“The discrete r.v.’s X and Y are independent if and only 
if the joint pmf is equal to the product of the marginal 

f’ f ll ”pmf’s for all xj, yk”

cf) kjkjYX yYxXPyxp ],[),( ===cf)

kj

kjkjYX

yYPxXP

yYxXPyxp

dllf)()(

][][

],[),(,

===

equivalent to the independence of the r.v.’s  X and Y
kjkYjX yxypxp  andallfor      )()(=
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Independence of Continuous r.v.’s

The r.v.’s  X and Y are independent  
if and only if their joint cdf is equal to the product of itsif and only if their joint cdf is equal to the product of its 
marginal cdf’s

FX Y (x y) = FX (x) FY (y) for all x and yFX,Y (x, y)  FX (x) FY (y) for all x and y

If X and Y are jointly continuous then X and Y areIf X and Y are jointly continuous, then X and Y are 
independent if and only if their joint pdf is equal to the 
product of the marginal pdf’sproduct of the marginal pdf s

fX,Y (x, y) = fX (x) fY (y) for all x and y
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Ex.4.17

⎨
⎧ ∞<≤≤=

=
−−−− eeece

yxf
yxyx xy0         2

)(

=
⎩
⎨=

c

yxf YX

2 (
0

),(,

condition) ionnormalizatby   

elsewhere                            

∵

∞<≤=

∞<≤−=
−

−−

yeyf

xeexf
y

Y

xx
X

02)(

0        )1(2)(
(

2

fX (x) and fY (y) are nonzero   for all x > 0 and all y > 0
f

∞<≤ yeyfY 0                  2)(

fX,Y (x, y) is nonzero              for 0 < y < x < ∞
∴ fX,Y (x, y) ≠ fX (x) fY (y) for all x > 0 and y > 0

X and Y a e not independent

29

∴ X and Y are not independent.
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Ex. 4.13 and 4.18
Jointly Gaussian r.v.’s X and YJointly Gaussian r.v. s X and Y

2 2 2( 2 ) 2(1 )1( ) x xy yf x y e x yρ ρ− − + −= −∞ < < ∞, 2
( , )       ,

2 1
X Yf x y e x y

π ρ
= −∞ < < ∞

−
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22

)1(2)2(

2

)1(2
22

22

12
)( xyy

x

X dyeexf
∞

∞−

−−−
−−

−
= ∫ρπ

ρρ
ρ

)1(2)2(

2

)1(2
222222

22

12
xxxyy

x

dyee ∞

∞

−−+−−
−−

= ∫

ρ
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ρ

)1(2)()1(2)1(

2

22222

12
xyx

dyee ∞ −−−−−−

∞−

=

−

∫

∫ρπ
ρρρρ

mean

2

21
)1(22

dy
∞− −

= ∫ ρππ

mean = ρ x
variance (1－ρ2)

zero mean variance 1

22

2
1 xe−=
π

Gaussian
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2
1)( 22

= −

π
eyf y

Y

1 2)( 22+ ,        
2
1)()( 2)( 22

∞<<∞−= +−

π
yxeyfxf yx

YX

0)()(),(, ==∴ ρ  ifonly  and if       yfxfyxf YXYX

cf) ρ is the correlation coefficient between X and Y.
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Note
If X and Y are independent r.v.’sp
g(X) and h(Y) are independent.

Proof) XA onlyinvolvingevent: )(Proof)

YhB
XA

XgA

onlyinvolvingevent:
only  involvingevent  equivalent :  

only involvingevent  :  
′

)(

)(

YB
YhB

only  involvingevent  equivalent :  
only involvingevent  :  

′
)(

′′

]in  []in  [
]in  ,in []in )(,in  )([
BYPAXP

BYAXPBYhAXgP
′′=

′′=
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4.4  Conditional Probability and Conditional Expectation

The probability of events concerning the r.v. Y given 
that we know X = x

The expected value of Y given X = x

Conditional Probability
],in  []|in[ xXAYPxXAYP =

==

If X is discrete, then the conditional cdf of Y given X = xk

][
]|in [

xXP
xXAYP

=

0][,
][

],[)|( >=
=

=≤
= k

k

k
kY xXP

xXP
xXyYPxyF for       
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The conditional pdf of Y given X = xk

)|()|( kYkY xyFdxyf =

The probability of an event A given X = xk

)|()|( kYkY xyF
dy

xyf

∫==
Ay

kYk dyxyfxXAYP
in  

)|(]|in  [

Note
If  X and Y are independent, 

][][][ XPYPXYP ≤≤

)()|()()|(
]in  []|in  [

][][],[

ffFF
AYPxXAYP

xXPyYPxXyYP

k

kk

==∴
=≤==≤
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If X and Y are discrete, the conditional pmf of Y given  X = xk

( ) ]|[| === xXyYPxyp ( )

0][
][

],[

]|[|

>=
==

=

===

kk
jk

kjkjY

xXPx
XP

yYxXP

xXyYPxyp

that  such for      
][ = kxXP

Note
We define

( | ) 0 for such that P[X ] 0pY (yj | xk) = 0 for xk such that  P[X = xk] = 0
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The probability of any event A

∑== kjYk xypxXAYP )|(]|in[ ∑
Ay

kjYk
j

xypxXAYP
in  

)|(]|in  [

Note
If X and Y are independent

( ) ][
][

][][
| j

k

jk
kjY yYP

xXP
yYPxXP

xyp ==
=

==
=

)( jY yp=
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If X is a continuous r.v., then P[X = x] = 0

undefinedis
],in  [ xXAYP =

→ undefinedis 
][

   
xXP =

→

But, ...

S h f j i l i ’ d i h j iSuppose that, for jointly continuous r.v.’s  X and Y, with a joint 
pdf is continuous and nonzero over some region.
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The conditional cdf of Y given X = x,

)|(lim)|( hxXxyFxyF YY +≤<=

( ) hxXxyYPhxXxyF ],[| +≤<≤
+≤<

)|()|(
0

yy YhY →

( )

ydxdyxf

hxXxP
hxXxyF

y hx

YX

Y

)(

][
|

∫ ∫
+

′′′′

+≤<
=+≤<

xdxf

ydxdyxf
hx

x X

x YX

)(

),(,

∫
∫ ∫

+
∞−

′′
=

hxf

hydyxf
y

YX

)(

),(,∫ ∞−
′′

≅
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Let h → 0

)( ydyxf
y

∫ ′′

)(

),(
)|(

,

xf

ydyxf
xyF

X

YX
Y

∫ ∞−=

The conditional pdf of Y given X = x

)(
),(

)|()|( ,

f
yxf

xyF
d
dxyf YX

YY ==
)(xfdy X
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fY (y | x)dy →fY (y | ) y
the probability that Y is in the
infinitesimal strip defined by

h h(y, y + dy) given that X is in the  
infinitesimal strip defined by
(x x + dx)

41
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Note
a posteriori probability that Y is close to y given that X has been 
observed to be close to x.

Note
If X and Y are independentIf X and Y are independent.
fX,Y (x, y) = fX (x) fY (y)
→ f (y | x) = f (y) and F (y | x) = F (y)→ fY (y | x) = fY (y) and  FY (y | x) = FY (y)
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Note  
pX,Y (xk , yj) = pY (yj | xk) pX (xk)

,[  in ] ( , )X Y k jP Y A p x y= ∑ ∑
all , in

all in
( | ) ( )

k j

k j

x y A

Y j k X k
x y A

p y x p x= ∑ ∑
all , in

all in
( ) ( | )

k j

k j

x y A

X k Y j k
x y A

p x p y x= ∑ ∑
First compute 
P[Y in A | X = xk] and 
then average over xk

all
[  in | ] ( )

k

k X k
x

P Y A X x p x= =∑ → This is also valid
when X is discrete
and Y is continuous
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For continuous X and Y

dxxfxXAYPAYP )(]|in[]in[ ∫
∞

== dxxfxXAYPAYP X )(]|in[]in[ ∫ ∞−
==

Ex. 4.22
X : the total number of defects on a chip 
→ Poisson r.v. with mean α
p : a probability of falling in a specific region R.
The location of defect : independent. 
Find the pmf of the number of defects Y that fall in the region R.
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sol) ∑
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=====
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Conditional Expectation

The conditional expectation of Y given X = x

∫
∞

)|(]|[ dyxyfyxYE Y∫= ∞−

for discrete r.v.’s X and Y)|(]|[ xypyxYE jY
y

j
j

∑=
j
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E[Y | x] = g(x) → a function of x
then for a r.v. X, 

d i blg(X) = E[Y | X] → a random variable

∴ E[g(X)] = E[E[Y | X]]∴ E[g(X)] = E[E[Y | X]]

Expectation w.r.t  Y

Expectation w.r.t  X

[ ]
∞

∫[ ][ | ] [ | ] ( )      :    
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확률 변수 및 확률과정의 기초

Note    E[Y] = E[E[Y | X]]

Proof) [ ][ | ] [ | ] ( )E E Y X E Y x f x dx
∞

∫Proof) [ ][ | ] [ | ] ( )

( | ) ( )

X

Y X

E E Y X E Y x f x dx

y f y x dy f x dx
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∞ ∞

∞ ∞

=

=

∫
∫ ∫

, ( , )X Yy f x y dxdy

−∞ −∞

∞ ∞

−∞ −∞
=

∫ ∫
∫ ∫

( )

[ ]
Yyf y dy

E Y

∞

−∞
=

=
∫

cf) E[h(Y)] = E[E[h(Y) | X]]
k k |

[ ]E Y
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확률 변수 및 확률과정의 기초

Ex. 4.25    Mean of Y in Ex. 4.22
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확률 변수 및 확률과정의 기초

αpXpEkXkpP
k

====∑
∞

=

][][
0

Mean of Poisson r.v. (given)
Mean of binomial r.v.
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확률 변수 및 확률과정의 기초

4.5  Multiple r.v.’s

Joint Distributions
The joint cdf   X1, X2,…, Xnj 1, 2, , n

],,,[ ),,,( 221121,,, 21 nnnXXX xXxXxXPxxxF
n

≤≤≤= ………

Marginal cdf’s
cf) the joint cdf   for  X1,…, Xn-1

),,,,( 121,,, 21
∞−nXXX xxxF

n
……

cf) the joint cdf   for  X1 and  X2

),,,,( 2121
∞∞…xxF XXX
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확률 변수 및 확률과정의 기초

Note : The prob. of all product-form events
{X1 in A1} ∩ {X2 in A2}… ∩ {Xn in An} can be expressed
in terms of the joint cdf.

The joint probability mass function : n discrete r.v.’s

],,,[),,,( 221121,,, 21 nnnXXX xXxXxXPxxxp
n

==== ………

The probability of any dimensional event AThe probability of any n-dimensional event  A.
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…"… …x
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확률 변수 및 확률과정의 기초

Marginal pmf’s
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확률 변수 및 확률과정의 기초

The conditional pmf
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확률 변수 및 확률과정의 기초

The joint probability density function for jointly continuous 
function
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확률 변수 및 확률과정의 기초

Marginal pdf’s
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확률 변수 및 확률과정의 기초

Independence
X1,…,Xn are independent if and only if1, , n p y
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For discrete r.v.’s
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For jointly continuous r.v.’s
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