Ch.4 Multiple Random Variables

% 4.1 Vector Random Variables

» a function that assigns a vector of real numbers to each
outcome C Iin S

< Events and Probabillities
> X=(X,X,,...,X,) — n-dimensional r.v.
— a corresponding region in an n-dimensional real space.

» Events of the product form
A={X;inA;} N X inA}N...N{XinA}
A, : a one-dimensional event involving X, only.



» E.Q.
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PIAT=P[{X, n AF{X, in A}(1--({X, in A j]

=P[X, mA,-- X 1nA}]

=P[{{ 1n S suchthat X({) in A}]

— the probability of the equivalent event in the
underlying sample space.



< Non-product-form events

— Approximated by the union of product-form events
E.g. B={min(X, Y) <5}

— B={X<5 and Y<owo} U {X>5 and Y <5}




P[B]= P[LKJ Bk} = Zk: P[B, ]
:approximated by the union of disjoint product-form events.
< Independence
P[X,inA,,..., X, in A ]=P[X,in A]...P[X in A ]

where the A, is an event involving X, only
— X;, X,,..., X, are independent.



4.2 Pairs of Random Variables

< Pairs of Discrete Random Variables

Vectorr.v. : X=(X,Y)
Sample space : S={(x, Y, ]=1,2,...,k=1,2,...}

» The joint probability mass function of X

Px v (Xj, Vi) = P[{X :Xj}ﬂ{Y =Y ]
=P[X =x,,Y=y] J=L2,... k=12,...

: the probability of the occurrence of the pairs (x;, )



» The probability of any event A

P[X in A]= Z ZpX,Y(Xj,yk)

(Xj’yk) n A

> Zzp (Xjﬂyk _1

j=1 k=1



» The marginal probability mass function

Px (Xj): P[X = Xj]
= P[X =X,,Y =anything]

Il
Mz

Px v (Xjayk)

7\_
I

1

Py (Vi) :Z Px.y (Xjayk)
j=I

» cf) Knowledge of the marginal pmf’s is insufficient to specify
the joint pmf



The Joint cdf of X and VY

» The probability of the product-form event
X<x b N Y <y}
7 Fyy(X,Y) = PIX <X, Y<y|]
— the amounts of mass contained in the rectangular region.
Y
4 Fy yGyy) = PIX < x,Y < y]

(-xT ,}’1)




Probabilities of the joint cdf

® Fyy (X, Y) S Fy(%,y,) 1f X <X, ¥y, <Y,

cf) the semi-infinite rectangular defined by (x;,y,)
IS contained in that defined by (x,,Y,)

@ Fy Y (—0,Y,)=Fy Y (X,—0) =0
cf) It is impossible for either X or Y to assume a value
less than —

©) Fx,v (c0,00) =1
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@ The marginal cumulative distribution functions
Fo(X)=Fy (X,0)=P[X <X,Y <o0]=P[X <X]

F (y)= FX,Y (00,y)=P[Y <]

FX(-":I) =P[X€.II,Y'<CO] F]/@]) =P[X<°°,Y\{-.yl]
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® lmF, (X, y)=F (ay)

X—a

Iim F, (X, y)=Fy (X, b)

y—b*

— The joint cdf is continuous from the “east” and from the “north”
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+» EX. 4.8

For X=(X,Y)
1-e™)1-e?) x>0, y>0
F oy =0 e v
0 elsewhere

Find the marginal cdf
Fy (X)=limFy (X, y)=1-e"*  x20
y—>0 i

FY(Y)=1imFX’Y(x’y):1_e‘ﬂy y>0

— an exponential distribution
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» The union and intersection of semi-infinite rectangles
4 Yy

X x P[x, < X <X,,Y <vy,]
’ L—p x :FX,Y(Xz,yl)—Fx,Y(XlaYJ

Y X1,y (1)

.'x 1
A
il e )
ol
iy e S
.

14



(x; Y2) (X2,¥2)

® P[X1 <X < Xy, Yy <Y < yz]: FX,Y (Xza yz)_ FX,Y (Xza y1)
_FX,Y(XD y2)+FX,Y(X19 y1)
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The Joint pdf of Two Jointly Continuous Random Variables

» Any reasonable shape (i.e., disk, polygon, or half-plane)
can be approximated by the union of rectangles.

» For the sufficiently smooth cdf, as we increase the fineness of
the rectangles, the sum approaches an integral over a
probability density function.

> X=(X,Y)

P[X in A]= jA j f v (X, y)dx'dy’

where f,,(X,y’) is the joint probability density function
— ther.v.’s X and Y are jointly continuous.
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fx,y(x.y) 4

P[X in A] - volume
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fy(X)

g INNN

P[Xin L] — Area

” fw _‘: fyy (X, yHdx'dy" =1
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< The joint cdf

Fy Y (X,Yy) = J-_XOO J‘_yoo fX,Y (X', y)dx'dy’

82 |:X Y (Xa y)
OXoy

fX,Y (X, Y) —

For the jointly continuous r.v.’s X and Y.
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< The probability of a rectangular region
Pla, < X <b,a, <Y <b,]

b, ~b N ! A !
= fX,Y (Xay)dx dy

< The probabllity of an infinitesimal rectangle

PIXx< X <x+dx,y<Y <y+dy]
_ J-x+de-y+dy fx ; (X', y')d)('dy'
X y ’
= f, v (X, y)dxdy
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< The marginal pdf’s
d X x / / / /
fr(0=— j_w{ [ v (X y)dy }dx

ey (X YDy

300
/

(v /
X,y \ o

-
"~

N~
Il

—h

f viAv
| }UI\

o —00

cf) The joint pdf cannot be obtained from the marginal pdf's

21



% EX. 4.10
A randomly selected point (X, Y) in the unit square has the
uniform joint pdf given by
fo(xy)= 1 0<x<land 0<y<I
v (Y= 0 elsewhere
1
Find the joint cdf

1 \4

1] v
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O x<0 or y<o0
Fey(% ¥)=0 ( ""the pdf is zero)

@0<x<1 and 0<y<1

Fyy(X,y) = jox _Ly ldx'dy’ = xy

®@0<x<1, y>1
Xl / !
FX,Y (Xa y):.[o joldX dy =X

23



@x>1, 0<y<l1
1 y !/ !
Py O6y) =] [ 1dxdy’ =y

®x>1, y>1

1 el

Fiy(x,y)=| | 1dxdy’ =1

0 Jo
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Random Variables That Differ in Type

< Joint random variables of discrete and continuous r.v.’s
: P[X=k, Y<y] or P[X=K,y,<Y<Yy,]

% EX. 4.14
» X © Input to the communication channel.
= +1 or —1 with equal probability
» Y : output = the input + a noise voltage N.

» N : Uniformly distributed in the interval from -2 volts to the +2
volts.

> P[X=+1, Y<0]=2?
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< sol)
PIX=Kk, Y<y]=P[Y<y|X=K]-P[X=K]
SPIX=+1,YLyY]|=P[Y Ly | X=+1]P[X=+1]
For X =1, Y is uniformly distributed in the interval [-1,3]

PIY <y | X :+1]:yT+1 for —1<y<3

o P[X =+LY <0]=P[Y <0| X =+1]P[X = +1]

111
42 8
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4.3 Independence of Two r.v.’s

< “The discrete r.v.’s X and Y are independent if and only
If the joint pmf is equal to the product of the marginal
pmf's for all x;, y,”
cf) Pxy (X, ¥ ) =P[X =X;,Y =Y,]
= P[X = X;IP[Y = ¥,]
=Py (X)) py(y,)  forallx; and vy,
equivalent to the independence of the r.v.’s XandY
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Independence of Continuous r.v.’s

<+ The r.v.’s X and Y are independent

If and only If their joint cdf is equal to the product of its
marginal cdf’s

Fyy (X, Y)=Fy(X)Fy(y) forallxandy

< If Xand Y are jointly continuous, then X and Y are
Independent if and only if their joint pdf is equal to the
product of the marginal pdf’s

fxy X, y) =X f,(y) forall xandy
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< ExX.4.17
fX,Y (Xa y) — {

(.- ¢ =2 by normalization condition)
f,(X)=2e"(1—-€7") 0< X<

ce ‘e’ =2ee”’ 0<y<x<o
0 elsewhere

f,(y)=2e"% 0<y<o
» f (x) and f, (y) are nonzero for all x>0 andally>0
» fyy(X,y) Is nonzero for0<y<x<ow
sy (K y) = T (%) Ty (y) forall x>0andy>0

-. X and Y are not independent.
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< Ex. 4.13 and 4.18
Jointly Gaussian r.v.’s X and Y

1

fxy (% y)=
o 27\1-p’

a—(-2pxy+y’ )/2(1-p%)

—o< X, Yy <0
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a~x/20-p")

f _
x (X) = N e p

e—xz/z(l—p )

27[1/1 p

j o=y’ -2 pxy)/2(1- p)dy

J' e—(y ~2pxy+p* x> = p*x )/2(1—p2)dy

a—(y- —px)?/2(1-p?)

[ V27(1- p)

— Le‘xz/z mean = pX  __, Gaussian
N2 variance (1 — p?)

—— Zero mean, variance 1

31



1 y? /2

f,(y)=——e
fx<x>fY<y>=2ie‘“2”2)/2 —o <X,y <@
7T

Sy (X y) = ()1 (Y) ifandonly if p=0

cf) p Is the correlation coefficient between X and Y.
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» Note

If X and Y are independent r.v.’s

g(X) and h(Y) are independent

» Proof) A :eventinvolving only y(X)
A’ :equivalent event involving only X
B :event involving only h(Y)
B’ :equivalent event involving only Y

P[g(X)in A h(Y)in B]=P
=P
=P

[ Xin A,Y in B]
[ X in A'IP[Y in B]

(g(X)in AJP[h(Y)in B]
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4.4 Conditional Probability and Conditional Expectation

» The probabllity of events concerning the r.v. Y given
that we know X =x

» The expected value of Y given X =X

< Conditional Probability

PIY in A| X = x]= Y A X =X]
P[ X =X]
» If X is discrete, then the conditional cdf of Y given X =x,
R (yIx) = =YX =Xd g pry—y 150

P[X =X,]
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» The conditional pdf of Y given X =x,
d
f (YIX)= yF v (Y %)

» The probability of an event A given X =x,
PIY in A| X =x]="[ f,(y|%)dy

yin A

» Note
If X and Y are independent,

PlY <y, X=X ]=P[Y <Yy]P[X =X,]
S P[Yin A| X =X ]=P[Y in A]
F(y[X)=F(y), f,(yI[x)=1f(y)
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» If X and Y are discrete, the conditional pmf of Y given X=X,
pY(yj |Xk): PIY = Yi | X =%]

_ P[X — XkaY — yJ]
P[X =x,]

for x, such that P[X =x,]>0

» Note
We define
py (¥;| %) =0 for x, such that P[X=x]=0
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» The probability of any event A
P[Y in A| X =X,]= Z pY(yj | %)

» Note
If X and Y are independent

PIX =x]P[Y =y;]
P[X =X,] N
— pY(yj)

Py (yj | Xk):
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» If X is a continuous r.v., then P[X=x]=0
P[Y in A, X =X]
P[ X = X]

IS undefined

» But, ...

» Suppose that, for jointly continuous r.v.’s X and Y, with a joint
pdf is continuous and nonzero over some region.
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» The conditional cdf of Y given X =X,
F (Y| x)=Lin3FY(y|x< X <X+h)

PIlY <y, X< X <Xx+h]
P[x< X <x+h]

X+h
LI o (L y)dxdy
_[ o f, (X")dx’

X

[t y)dyh
f., (X)h

F (y]|x<X <x+h)=

112
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> Leth—0

F(y|Xx)==

jy fX,Y (Xa y')dy’

Fx (%)

< The conditional pdf of Y given X =x

fy<y|x>=dinY<y|x>=

fX,Y (Xa y)

fx (X)

40



fxr(x.y)4

fy (y [ x)dy —
¥ the probability that Y is in the
Infinitesimal strip defined by
(y, y +dy) given that X is in the

frolady = Ry Infinitesimal strip defined by
Y ¢ Sfyx)dx (X, X + dX)




» Note

a posteriori probability that Y is close to y given that X has been
observed to be close to x.

» Note
If X and Y are independent.

fX,Y (X, y) =f (X) fy (y)
— fy(y[x)="1,(y) and Fy(y|x)=F(y)

42



» Note
Px.y (%> Yi) = Py (¥ | %) Px (%)

PIY in A]= Z Z pX,Y(Xk9yj)

alle, yJ mn A

= Z Z pY(yj |Xk)px(xk)

all yk \/J n A

— Z Py (Xk) Z pv(yj |Xk)

all x, jin A

= > P[Y inA| X =X]py (X,)

all Xk

First compute

P[Y InA| X =x,] and
then average over x;
— This is also valid
when X is discrete
and Y is continuous

43



<

» For continuous X and Y

P[Y in A]= j“; P[Y in A| X = x]f, (X)dx
Ex. 4.22
» X : the total number of defects on a chip
— Poisson r.v. with mean «
» p : a probability of falling in a specific region R.
» The location of defect : independent.
Find the pmf of the number of defects Y that fall in the region R.
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< sol) P[Y = j]:ZP[Y = j| X =k]P[X =K]
k=0 - -
0 ] >k

PIY = J| X =k]=<(k) . .
At ] <(_]p’(l—p)“ 0< j<k
J

. c k' j— k k —a
P[Y=J]=; PTG
(ap) e & {(1- p)a}k"
kz} (k=])!
_ (ap)_ e a(-Pa _ (“P)j P
J! J!
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< Conditional Expectation
» The conditional expectation of Y given X = x

ELY [x]= [ yf,(y[xdy

E[Y | X]= Z YiPy(Y;|X) fordiscreter.v.'s X and Y
Y
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» E[Y | X] =g(x) — a function of x
then for ar.v. X,
g(X) = E[Y | X] — a random variable

E[9(X)] = E[E[Y | X]]
|-|—> Expectation w.r.t Y

Expectation w.r.t X

E[E[Y | X]]= j E[Y | x]f, (X)dx : X continuous
=Y E[Y [XIpx(X) : X discrete
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> Note  E[Y]=E[E[Y | X]]
Proof) E[E[Y | X1]= [ E[Y|x]f,(x)dx

= [y (y odyfy (x)dx
= [ y] iy O yydxdy

= [ i (n)dy
~E[Y]

cf) E[h(Y)] = E[E[h(Y) | X]]
E[Y<] = E[E[Y¥] X]]

48



» Ex. 4.25 Mean of Y in Ex. 4.22
PIY = j1=) P[Y = j| X =k]P[X =K]
k=0

=3 S IPLY = j X =K]-P[X =k]
k=0 j=0

© Ko (kY) . .
=22 -(Jp‘(l— p)'P[X =K]
k=0 j=0

| ‘ The first moment of Binomial r.v.
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o0
k=0 l

Mean of binomial r.v.

KpP[ X =k]= pE[X]= pax

—* Mean of Poisson r.v. (given)
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4.5 Multiple r.v.’s

< Joint Distributions
» The joint cdf X, X,,..., X,

n

FXI,XZ,H_’Xn(xl,xz,...,xn)= P X, <X, X, <Xy, X <X, ]

» Marginal cdf’s
cf) the joint cdf for X,,...,X ,

FXI,XZ,W’Xn(Xl,Xz,...,Xn_l,OO)
cf) the joint cdf for X, and X,

|:xl,xz,...,xn (X}, X,,,...,%)




» Note : The prob. of all product-form events
{(X;inA} N {XmA}... N {X inA} can be expressed
In terms of the joint cdf.

» The joint probability mass function : n discrete r.v.’s

pxbxzw‘,xn(xl,xz,...,xn) =P[X, =X,X, =X,,..., X, =X,]

» The probability of any n-dimensional event A.

PUC e X )i AT Y 03Dy o (XX,
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» Marginal pmf’s

pXj(Xj): P[Xj :Xj]

=D 2 22 P, (K Xasea Xg)
X Xn

Xij-1 Xj+1

™ /\I \V 4 \V 4 \ — m /\I AV 4 \V 4 \
> Px xo xR Agseees Ay ) = 2 : Mx,,...X, (Ao Aooees Ap)
Xn
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» The conditional pmf
Px,..x, X5 X;)
P,y Koo X p)

Py (Xy [ Xp5ees X)) =

If pxl,maxn_l(xl,...,xn_l)>O

> pxl’.__’xn(xl,...,xn): pxn(xn | X5eees X ()

X an_l(Xn—l | Xl?"'ﬂxn—z) pX2 (Xz | Xl)pxl(xl)
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» The joint probability density function for jointly continuous
function

P[(X,,X,,..., X, )in A]:jx.ir.l.Aj fy x (Xoeo, XA ... dX]

where f,  (X,...,X,) Is the joint pdf

» The joint cdf of X

X Xp

Frox (X5 X505 X) = j j fxwxn(x{,...,x;)dx{...dx;,
an

°. fxl,-“,xn (Xl,xz,...’xn): 8X1...axn Fxlj,,,,Xn (le Xz,...,Xn)

55



» Marginal pdf's

o0

fy (X)= j j Fr s, (X X0, X5, 00, X)X L. dX)

» Conditional pdf's

T, K s X,)

Fy (Xg [ Xpseees X)) = p y
"X Xy Moo Anp)

Txx, (Kiees Xg)

for f,  (X,....,X_)>0

1’---’ n_l

- fxn(xn | Xp---axn—l)fxn_l(xn—l [ Xpsees X ) -e fxz(xz | X) fxl(x1)
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< Independence
» X,....X, are independent if and only if

Fxl,...,xn (X19X29"'9Xn) = Fx1 (Xl)"'FXn (Xn)

» For discrete r.v.’s

forall x,...,X,

P(X;5 Xy, X)) = Py, (%) Py, (X5) ... Py (X,) forall x,...,x

» For jointly continuous r.v.’s

Fy o (X X)) = By (%) Ty (X))

1s°°

forall x,...,X,
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