4.6 Functions of Several r.v.’s

< One function of several r.v.’s
> Z=9(X;, Xqper s X.)
To find cdf of Z — the equivalent event of {Z<z}
— R, ={x=(X,,...X,) such that g(x) < z}

F,(z2)=P[XinR,]
- jme j 1:Xl,...,Xn (Xlla---a Xr’])dXI’ ...adx

f (z)_ F (2)




» Ex. 4.31
Z=X+Y, find F,(2) and f,(2)
— the equivalent event of {Z <7z}

y

% |
i.e., P[Z<z]=P[X+Y<1]




F,(2)= jz joo f, o (X, y)dy'dx’

f(z)— ~F2(2)= j f v (X, 2= X)X’

— superposition integral

» If Xand Y are independent r.v.’s

— f,(2)= j“; £ (X)f, (z—x")dx’

—

convolution integral




» EX.4.32

The sum of two non-independent Gaussian r.v.’s is also a
Gaussian r.v.

Z=X+Y, where X and Y are zero-mean, unit variance
Gaussian r.v.’s with correlation coefficient p= —1/2



f,2)=[ iy (Xsz=x)dx

_ 1 J‘°° e—[x’2—2pX’(Z—X’)+(Z—X’)2]/2(1—p2)dxr
9 7[(1 _ ,02 )1/2

—00

1 O 2 2

=— ‘\1/2—" e (X'“=X'z+2 )/2(3/4)dxr
27(3/4)
e—zz/z

2z

—Q0




» The conditional pdf and a function of several r.v.’s

Let Z=9(X,Y)

Suppose that Y=y then Z=g(X, y) is a function of one r.v.
~.the pdf of Z given Y =y

fA(z|Y=y) — conditional pdf of a function of one r.v.

f,()=[ f,@|y)f,(y)dy




> £, (Y,
P faly- Yf?;)z)

() =1 f(Y)

» Marginal pdf of r.v. Z

1:z (2)= :OOOO fY,Z (Y, Z)dy

=[£Iyt (y)dy




» Ex. 4.34

7 :é N Find the pdf of Z if X and Y are independent and
Y both exponentially distributed with mean one.

X

\V}
J

» sol) Assume Y=y, then Z =" : scaled version of X



» cf)Y=aX+Db

fY(y)=lf( " ) a>0
f(y)——l (y—bj a<0

a

fY(Y) :H f (yT—b]

s f @y =y (yzly)

. .



)

e (yz|y) fy (yHdy’
fyy(Yz,yHdy’
fu(y2) fy (yhdy"  z>0
= .'OOO ye VeV dy’

1

= =, Z>0
(1+2)

y

4

:. y

)

:. y

10



Transformation of Random Vectors

X=(X,.... X)) — vector r.v
7 =(0,(X),9,(X),...,9,(X)) — vectorr.v.

> The joint cdf of Z,,Z,....,Z, atthe point Z=(Z...,Z,)
— the probability of the region of x
where g,(x)< z, fork=1,...,n

M2, (2150, 2,) = P[0(X) £ 2,,...,0,(X) < Z, ]

10

If X,,....X, have a joint pdf
Pz (2 2,) = jxr:gk.(;:)gkj fr . Oseeo X aX] .. A



pdf of Linear Transformation

» The linear transformation of two r.v.’s
V =aX +hY V a b X
W =cX +eY W!l |c ellY

a b ,
A= L e}, determinant \ae—bc\;to

B

12



» The joint pdf of Z — the joint pdf X by finding
equivalent events of infinitesimal rectangles.

b
(v+ adx + bdy, w + cdx + edy)

v

cx + ey

=
Il

13



7 Ty y(X, y)dxdy = fy (v, w)dP
dP : the area of the parallelogram

(X,
fy w (V, W) = X,Yd(P y) cf) Area of parallelogram
e =ABsiné
dxdy sin
dP | _ lae —bc|dxdy _lae—b| = |A

dxdy dxdy

I

H.W. : Prove this

— General Linear Transformation

14



» The n-dimensional vector Z = AX

o (Ko Xo)
A

fz(z) = pr...,Zn (Z),...,2,) =

x=A"z
_ £y (A7)
A




*pdf of General Transformations

% The r.v.'s V and W : two nonlinear functions of X and Y
V= gl(xa Y) ’ W= g2(xa Y)

< Assume that the functions g,(x, y) and g,(x, y) are
Invertible

—X= hl(va W) > y= h2(va W)

< The joint pdf of V and W : finding the equivalent event
of infinitesimal rectangles.

16



(x, y + dy)

& + dx,y + dy)

(gi&x +de,y + dy), golx +dx,y + dy)

(gl(-x: y + dy):-
gZ(II y + dy)) ’

v

(g1(x, ), &k, )

17



W&

(v+

U Approximation

g
ox

q'&dy, w + %‘de + a&dy)

dx + ay X ay

(v +

3gld 98,
81 dy.w + ©82
y.w aydy)

ay\

98, a8,
(v+ adx,w+ 8xhx)

(v.,w)
»
v
v = g(x,y)
w = g(x,y)

18



» cf) Compare with linear transformation

a(_)%,b(_)%
OX oy
cex 2 o, 99

OX oy
1:x,\( (X, Y)dXdy — fv,w (v, W)dP

fuy (0 (V, W), h, (v, W)
aP
dxdy

AR w(V,w) =

19



where dP is the area of the parallelogram.
— stretch factor at the point (v, w)
. given by the determinant of a matrix of partial derivatives.

_@ @_
J(X,y)=det ox 0y —> Jacobian of the transformation
’ OW OW '

ox oYy

cf) |Al=|ae—bc



J(v,w) =det

> note | 7(v,w)| =

OX  OX

oV OW

oy oy
OV OW ]
7(x,Y)

— Jacobian of the inverse
transformation

21



> pf) X= hl(V9 W) ’

y - h2(V> W)

VZQZ(X, y)a W:g2(xa y)
%_l_ah 8v oh, 6W OX 6v OX 8W
dx oV ax 8W OX av 8x aw OX
ﬂ_l_ay.@ij@y.aw

dy v oy ow oy

dx dy 1=

6x6v@yaw OX OV oy ov

dx dy

OV OX OW oYy avaxavay

+8x.aw.8y.8v+6x.6w.6y.aw

OW OX oV oy OW Ox ow oy

22



ﬂ_O oy ov 8y ow
dx 8v6x 6W8x

dx Oaxav Gxaw

dy vy ow gy
dy dx 0 oy oV OX oV 8yav OX OW
dxdy 8v8x8v6y8v@x8w@y
+ay.aw.ax.8v+ay.aw.6x.aw
OW OX oV 0y Ow OX Ow oy
dx dy dy dx _ 1= OX oV oy aw OX OW 0y ov

dx dy dx dy 8v8x0w8y @Waxavay
Oy OV OX oW 0y Ow OX oV
oV OX OW Oy OW OX oV oY

23




| |(ovow ovow)ox dy ox dy
.‘](X,Y)H](Vaw)(_(axay @yax](ﬁvﬁw 5W5Vj

8v8w8x8y+8vﬁwax oy

OX Oy OV OW Ay OX oW v
OV OW OX 0y OV OW OX oy

OX Oy WOV Ay OX OV oW

1:X Y (hl (Va W)a hz (Va W))
(X, )|
= fy Y (hy (v, w), h, (v, W))‘](V, W)‘

g fV’W (V,W) =




» Ex. 4.37
X, Y . zero-mean, unit-variance independent Gaussian r.v.’s

Find the joint pdf of V and W defined by
V = (X2+ Y2)1”2
W=Z(X,Y)

sol) X=Vvcosw, y=Vsinw

COSW —Vsinw

J(V,w) = =V

sinW  VCosW

25



fV W (Va W) = fx Y (X(Va W)a y(V, W))‘](Va W)‘

_ L e—(v2 cos® w+v? sin? W)/2
27
1 —v?/2
:2—ve v>0, 0<w<2rxr
7T

» V . Rayleigh random variable

f, (V)= ve'’”?  v>0 = Rayleigh random variable

» W : uniformly distributed in the interval (0, 27)

26



4.7 EXxpected Value of Functions of r.v.’s
Z=g(X,Y)
jjg(x, y) £y y (X, y)dxdy for jointly continuous X,Y

E[Z] = { —00 —®©
ZZ g(xi > yn) pX,Y (Xi > yn) for discrete X 9Y

27



» Note
Let Z=X+Y, then

E[Z]=E[X +Y]

= [ [ Oy i (X, y Xy’

=[xt 0 yndydx + [T [y (¢, y)dxay

= [ X¥T 00X+ [yt (y)ay’
=E[X]+E[Y]

28



— “The expected value of a sum of n r.v.’s is equal to the sum
of the expected values”

» E[X;+ ...+ X ]=E[X|]+... +E[X]
Regardless of independence of r.v.’s

» Note
If X,,...,X, are independent r.v.’s, then

E[9,(X))0,(X,)...g.(X)] = E[9;(X)]IE[9,(X,)]...E[9,(X})]

29



Correlation and Covariance of Two r.v.’s

» The jkth joint moment of X and Y

-

| _[ jxjyk fo,(x,y)dxdy  for continuous
E[XIY¥]=1{ %%

D XY Py (X, Ya) for discrete

n

» The j=1and k=1 moment, E[XY] is called as
“the correlation of X and Y”.
» Note if E[XY]=0, then X and Y are orthogonal.

30



» The jk th central moment of X and Y is defined as
E[(X — E[XDI(Y — E[YD"]

» The j=1 and

k=1 central moment is called as

“the covariance of X and Y”.

> COV(X,Y)=E
-E
-E

(X—E[XD(Y —E[Y])]
XY]— XE[Y] - YE[X] + E[X]E[Y]]

(XY] = E[X]E[Y]

» Note COV(X,Y)=E[XY] Iif either of the r.v.’s has mean zero
COV(X,Y)=0 If X and Y are independent.



» The correlation coefficient of X and Y

_COV(x,y) _ E[XY]-E[X]E[Y]

Px y ; —1<pyy =1

OxOy OxOy

o, = VAR(X) o, = VAR(Y)

I'e

o< E{(x —E[X]iY—E[Y]j }
Oy Oy

=1£2p,, +1
=2(1tpyy) = —-1=pyy <l

32



cf) Y=aX+b, (Xandy are related linearly)
pxy=1 1f a>0

pxy=—1 1f a<0
> Proof: E[XY]-E[X]E[Y]

Pxy = o o,
Y=aX+b
E[XY]=E[aX? +bX]
=aE[X*]+DbE[X]
E[X]E[Y]=E[X]-E[aX +D]
= E[X]{aE[X ]+ Db}
=a{E[X]}* +bE[X]

33



* E[XY]-E[X]E[Y]=a{E[X*]-E[XT’}
2
=ao,
o,’ = VAR[aX +b]=a’ VAR[X]=a’c,”
ooy =|aloy
- ao,’ |1 fora>0
_‘a‘o'xz -1 fora<0

e Pxy

34



> If pyy =0 then X and Y are said to be uncorrelated.
cf) If Xand Y are independent, then COV(X,Y)=0

— Pxy =0

> pyy - Statistical measure of the extent to which Y can be
predicted by a linear function of X.

35



» Note

X, Y are independent — py =0 : Always true.

pxy = 0 does not necessarily mean that X,Y are ind+pendent.

— It is possible for X and Y to be uncorrelated (pyy = 0)
but not independent.

36



> EX. 4.42

» O : Uniformly distributed in the interval (0, 2n)
»>X=cos®, Y=sin0®

» sol) from Ex. 3.28, 1

1
f. (X)= +
" 21— x2  2741- X2
1

= for —1<x<l1

Al1—=x?

fX

» Where Y =g(X)and x, is the solution of y=g(x)

37



Here f@(@):L, X =cos 0, Qozcos_lx

27

gz—sinﬁ

x = —/1-X?, ax =1-x

d 0 6, d H 6,=27-0,

0<6,<7m

f, (X)= : for —1<x<l1
V1= X’

f,(y)= : - for —-1<y<l




The point (X, Y) : the point on the unit circle specified by the
angle ®

» The product of the marginal pdf's
f (X) f(y) # 0 in the square defined by —1<x<1, —1<y<I1

— |f X and Y are independent, the point (X, Y) would assume
all values in this square

— Discrepancy with the preceding definition of the point (X, Y)
— Dependent

39



E[XY]=E[sin®cosB]
= szﬂ sin & cos@d @
27190

= Lsin 201],7"=0

47
E[X]=0, E[Y]=0

~.COV(X,Y)=E[XY]-E[XIE[Y]=0

~ COV(X,Y)

Oy Oy

=(0 = uncorrelated

- Pxy

40



Joint Characteristic Function

» The joint characteristic function of n r.v.’s

— q)xl,Xz,...,Xn (a)la a)z, oo .,a)n) = E[ej(w1X1+a)zX2+---+a)nxn)]

» For two r.v.’s
cDx,\( (0, 0,) = E[ej(wlxmzY)]

» Assume X, Y are jointly continuous r.v.’s, then

(I) XY (a)l , a)2) = _“_OOOO J‘_OOOO fX y (X, y)e j(601X+602Y)dXdy

41



» Marginal characteristic function
D, (w) = Dy y (@,0)
D, (w) = (Dx,v (0, w)

» X, Y are independent
D, (0,0, =E[e " "]
= E[e!* -e!®]
= E[e!*" ]E[e'*"]
=D, (0)Py (@,)

42



» Z=aX+DbY

(DZ (a)) — E[eja)(aX+bY)] _ E[eja)a)(+ja)bY]
=0, \(aw,bw)

» X, Y are independent.
Z=aX+bY

D, (0) =Dy (a0, bw) =D, (aw)®, (bw)

43



» The joint moments of X and Y

cDx,\( (0, 0,) = E_ejwlxejmzY]

T i(lwl.x) Z(J%Y) }

LJLJ
i—0 k=0 1 k!
o 1 06"
E[XY"]=— — D, (0, w,)
) Ow dw, I

44



4.8 Jointly Gaussian Random Variables

» Jointly Gaussian r.v.’s X, Y
If their joint pdf has the form

1

Ty (% Y)=

o 277010-2\/1_/7)2(,\(
- ) >

exp< 2(1 _12 \ [X_m1] _2pxjv[x_m1][y_m2]+(y_m2j
2(l=pxy) 0, 0, O, 0,

for —o<X<ow, —w<y<oo,

X

45




» Comment
OThe pdf is centered at the point (m,, m,)

@Bell shape. That depends on the value of o, o,, and pyy

®The pdf is constant for values x and y for which the argument
of the exponent is constant.

2 2
X—m _ _ _
( j —2pXY(X mlj(y msz{y mzj = constant
O, | O, 0, 0,




» cf) Contours of constant pdf for various values of o, o,
and py vy

When
® py v =0 (X, Y are independent)

— Contour is an ellipse with principal axes aligned with the
X-and y-axes

@ when py y # 0, the major axes Is oriented along the angle.

1 2 O,0 . .
H:—tanl[ '0;” 122j HW: Derive this formula

O, —0,

47



B
n
. 4
X
» X
- n
@ 01> 0 0<o< ) 0 =0y =7
v a4
o
x
©) 0; < 0y E<9<%
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» H.W.) Derive the expression for & with m;=m,=0, py y # 0
and plot the contour with ¢,> o,, 0,= 0, and o, < o,
EX) Contour for pyy=0

3 When p,y =0
y m,=m,=0

-
NP -

v
v

-
—
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» The marginal pdf

—(X=m, )2/20'12

€

1tx (X) — \/EO'

H.W.: Prove this

50



» The conditional pdf's f(x|y) and f.(y|Xx)

fy vy (%Y)
f, (y)

2
—1 O,
X— Py (y_mz)_m1:| }
o {2(1—;);,063{ o

fy(x]y)=

\/27[0-12(1_,0)2(,\()

v Gaussian with conditional mean: M, + py G— y ’
2

2 2
v Conditional variance: 0, (1— px ,Y)

51



» Note: when p, =0,

“The conditional pdf of X given Y =y equals the marginal pdf of
X” — Independent

» cf) When py =0, then Gaussian r.v.’'s X and Y are independent

For other r.v.’s, p,y= 0 does not guarantee that X and Y are
Independent.

52



» When | p,y | — 1, the variance of X about the conditional
mean — 0

So the conditional pdf approaches a delta function at the
conditional mean.

»cf) | py | — 1 (l.e., pxy=1) means that X and Y are
linearly related. i.e., Y=aX+Db

» .. the conditional variance is zero
— X Is equal to the conditional mean with probability one.
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< Pf) pyy for jointly Gaussian r.v.’s
COV(X,Y)=E[(X -—m)(¥ -m,)]
= E[E[(X —m)(¥ —m,)[Y]]

fy v (X
cf) f(xy)=—>+ (();)y)

s 6y = (I i (y)

,‘: Ji (X=m)(y—m,) fy , (X, y)dxdy

= [ [ ox=m)(y—m,) £, (x| ) f, (y)dxdy

54



= [" ELX —m)(Y ~m,)|Y = y1f, (y)dy
= E[E[(X —m)(Y —m,)[Y]]

Now
E[(X —m)(Y -m)|Y = y]=(y—m,)E[(X —m)|Y =]
=(y-m,)(E[X |Y =y]-m,)

O
= (y_mz)(ml +px’Y O_—l(y—mz)—m1)

2

= (y_mz)(px,v i(y_mz))
O

2

55



= E[(X =m)(Y =m,)[Y = y]= py %(y—mzf

O
~.COV(X,Y) = pyy —LE[Y =m,)*]= py

o,

_ COV(X,Y)

0,0,

- Pxy

O-l 2
"0, = pPxy0,0,

o,

56



n jointly Gaussian Random Variables

< pdf of 7 jointly Gaussian r.v.’s

fx (%) A fxl,xz,...,xn (X5 Xy5-0 05 X))

exp{— % (x—-m) K™'(x— m)}

)K"
_Xl_ _ml_ _E[Xl]_
X, m, E[X,]

where x=| 7|, m=| [ |=

X m E[x,]




[ VAR(X,) COV(X,,X,)
COV(X,,X,)  VAR(X,)

_COV(Xm Xl)

- covariance matrix

COV(X,,X.) |
COV(X,, X))

VAR(X,)

cf) Covariance matrix is a symmetric matrix

»+ COV(X;, X;) = COV(X;, X))
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» Note

“the pdf of jointly Gaussian random variables is completely
specified by the individual means and variances and the
pairwise covariances”

» HW: 5, 11, 15, 29, 35, 40, 45, 54, 58, 60, 70,72, 78, 84, 86
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Linear Transformation of Gaussian r.v.’s

» “The linear transformation of any »n7 jointly Gaussian r.v.’s
results in 7 random variables that are also jointly Gaussian.”

» Let X=(X,,...,X,):jointly Gaussian.
Y=AX, Y=(Y,....,Y.)
A=nxn Invertible matrix.
(A =0)
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fy (A_IY)

1:Y (Y) — A‘

-

expq — % (Aly-m)' K'(Aly - m)}

\

l (27)"|AlK|"”
c) Aly-m=A"(y-Am)

(Aly—m)" =(y—Am)" A"

61



A (y=Am)"A" KA (y— Am)
=(y—Am)' (AKA") " (y — Am)

let C=AKA', n=Am
det(C) = det(AKAT) = det(A) det(K) det(AT)
— det(A)? det(K)

exp[—é(y—nfcwy—n)}

1/2

—

sy (y) = 2
27r)" ‘C‘

Jointly Gaussian with
mean n=Am

Covariance matrix
C = AKAT
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» Transforming X to a vector Y of independent Gaussian r.v.’s

K : Symmetric covariance matrix.

Then K=PAPT
where A : diagonal matrix that consists of eigenvalues
of K.
P : matrix whose columns consist of an
orthonormal set of eigenvectors of K.
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» It is always possible to find a matrix A such that
— AKA'= A, where A is a diagonal matrix.
— then
1 _
eXp[— S - n) A (y- n)}

1/2

fY (y) = 2
7)™ |A

7 N

S S—

QAR 2AAy). .. (23]

— independent r.v.’s with mean n; and variance 4
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» It is always possible to select the matrix A that
diagonalizes K so that det(A) = 1.

— The transformation AX corresponds to a rotation of the
coordinate system so that the principal axes at the ellipsoid
corresponding to the pdf are aligned to the axes of the system.
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Joint Characteristic Function of Gaussian R.V.’s

< Joint Characteristic function of .7 jointly Gaussian r.v.’s
X3 X0 s X

n

i) om ZZ o COV(X;, Xy)

— i=1 i=1 k=l
Dy x,..x, (@, 0,,...,00,)=¢

j(on—%(oTKm

: ®X(0)) é ®X1,X2...,Xn (a)lja)z,. . .,a)n) — e
» Proof) Consider Z=a, X;+a,X,+...+a,X,
(DZ (a)) — E[elwz] — E[ej(a)a1X1+a)a2X2+...+a)anxn)]

=0, « (a0,8,0,...,8,0)

n

cf) Definition of joint characteristic function
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> cf) Z : Gaussian r.v. with mean E[Z]=) a,E[X;]
i=1

And variance VAR[Z]=) ) aa, COV(X;, X))

i=1 j=1

» Pf) Using auxiliary random variables
17=(2,2,,...,2))
where Z,=X,,Z,=X,,...,Z, =X
then Z=AX

n
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Transformation matrix:

e
|

a, 4a,
0 1

0

P aS\WZal ad Vel aVaVe Vel 3 VA

ovdalidlite IlidliX.

COV(X,, X))

COV(X,, X))

VAR(X))

COV(X,, X,)
VAR(X))

0 -0
o1

0
a, 0 - 1

COV(X,,X.) ]|
COV(X,,X.)

VAR(X,) |
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» Gaussian random variable Z has the following mean and
variance

E[Z]=(Am), = Y & E[X;]

VAR[Z]=(AKA), =3 Y aa, COV(X,, X )

i=1 j=I
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% Characteristic function of Gaussian random variable Z

ja)E[Z]—%VAR[Z]a)Z

DO, (w)=¢

joy am —%a)zzZaiak COV(X;,X;)
—e K

> For =1

jzi:aimi_%zi:zk:aiak COV(Xi, Xy)
— ®X1,X2;-"7Xn (al,azao.-pan):e

| jaTm—%aTKa

2
then replacing (a, a,, ..., a,) with (o, ®,, ..., ®,)
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