Outline

< Autocorrelation - F.T - power spectrum
» Discrete and continuous

< Power spectrum density
» realization by time average

< Review
» Even function property of autocorrelation



*

7.1 Power Spectral Density

The spectrum of the time function
. The weighting function of the Fourier series or transform

A sample function of a random process
. selected from an ensemble of allowable time functions

The weighting function or spectrum for a random process

» The average rate of change of the ensemble of allowable time
functions

» The autocorrelation function R, (7) is an appropriate measure for the
avg. rate of change of a random process

Einstein-Wiener-Khinchin theorem

: the power spectral density of a wide-sense stationary random process
IS given by the Fourier transform of the autocorrelation function



Continuous-Time Random Processes

@ X(t)
» a continuous-time WSS random process
» mean = my
» autocorrelation function = Ry (7)
» power spectral density of X(t)

Sy (f)=F{Ry(7)}
_ J‘: R, (r)e *"dr

* Ry (7) = Ry (—7) : an even function of = with assumption
of a real valued random process



oS, (F) = [ R, (r)(cos2zfr — Jsin 2zfr)dr

= R, (r)cos2afrdr

“ Sy (1)
» real-valued
» an even function of f
» Sy (f)=0 forall f

< The inverse Fourier transform of the power spectral
density R, () =F"{S, (f)}

:r S, (f)ei2  df



< The average power of X(t)
E[X*O]=Re ()= Sy (fdf

“ Ry (r)=Cy (7)+m>2<
Sy (f)=F{Cy (r)+my}
— F{Cy (1)} +m2S(F)

= m, : the “dc” component of X(t)



% Cross power spectral density Sy (f)
. two jointly wide-sense stationary processes

SX,Y (f)= T{RX,Y (7)}
where R, ,(7)=E[X(t+7)Y(1)]

Syy (f) :a complex function of f even if X(t) and Y(t)
are both real-valued.



“ EX. 7.1

Find the power spectral density of the random telegraph
signal

sol) Ry (a)=e",
a : the average transition rate of the signal

0 : 00 :
Sx(f):j eZaz'e—jZﬁfz'dT_I_L e—2are—12ﬂfrdz_

B 4o
Ao +47° 7







“w EX. 7.2
Let X(t)=acos(2xf,t+®), where O Is
uniformly distributed in the interval (0,27).
Find S, (T).

a2

sol) R, (7)= 7008 24,7

a2

S5y (F)= 7?{005 27f,7}

a2

a2
:Té(f — f0)+75(f + f,)



» Note

» The average power of the signal

a2

Rx (O) :7

» All of this power is concentrated at the frequencies = f,



Discrete-Time Random Processes

< X, : a discrete-time WSS random process with mean my
and autocorrelation function R, (k)

< Power spectral density of X,
Sy (1) =F{Ry (k)}
_ Z RX (k)e—jZﬂ‘fk
k=—00



< Note

» Only consider frequencies in the range —% <f< %
. Sy (f)is periodic in f with period 1.

» a real valued, nonnegative, even function of f.

< The inverse Fourier transform of S, (f)
1
R, (K) = jzl S, (f)el2™df
2

Note

R, (K) : the coefficients of the Fourier series of the periodic
functions S, ()



< The cross-power spectral density Sy ( f) of two jointly
WSS discrete-time processes X, and Y,

SX,Y(f):T{RX,Y(k)}
where R, ,(k)=E[X,,Y,]

n+k

“ EX. 7.7

Let the process Y, be defined by Y, = X, + aX
where X, Is the white noise process

Find S, ().

n—1?



E[Y. ]1=0

(1+a*)o? k=0
R(kk)=E[Y.Y ]=1ao, k =+1

\O otherwise

oS (f)y=(+ad)oy +acy &P +e7 1)

= o {(1+a’)+2acos2af}




> For a=1
Sy(f) 4




Power Spectral Density as a Time Average

<+ Let X,,....X,_, be k(time) observations from the
discrete-time WSS process

< Let X, (f) : the discrete Fourier transform of this

sequence -

X (f)=> X, e

m=0

Note
X, (T) : a complex-valued random variable
measure of the energy at f



< The magnitude squared of X ()
. a measure of the energy at the frequency f

< The “power” at the frequency f

- | >
v pk( f ) — K Xk( f )‘ (time average)
. the periodogram estimate for the power spectral density

» Note
Divide the energy by the total “time” k.



< The expected value of the periodogram estimate

E[P, (F)] =~ E[X, ()X, ()]
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» Ry, (m—1) Is constant along the diagonal m’= m-I.
» m’ ranges from —(k-1) to k-1
» k—|m’| terms along the diagonal m’= m-i




}RX (m’)e_jzﬂfm'

CER(D]= 3tk

K m'=—(k—1)

K— '
) i {1 _‘%}Rx (m"e "

m'=—(k-1)
< Note
E[P, ()= S, ()= i R, (k)e‘jz”fk

k=—o0

Differences (replace 2T with k in Chap. 6.7)

m’
1. ql-—{ term
-5

2. limits of X~




< Note
> P.(f) is a"biased" estimator for S, (f)

!

m
” } approaches 1

> As k goes infinite, {1—

and limits of summation approaches =+ oo.
E[P.(f)]>S,(f) as k—>
S, (f) Isnonnegative for all f

Y VYV

’|Eik(f)=%'>‘(k(f)\2 is nonnegative for all f

» The variance of the periodogram estimate should
also approaches zero.



Homework

< Chapter 7
<+ 4,8,12,14,16



