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Chap. 8 | Time-harmonic (sinusoidal) electromagnetics
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time-harmonic source p and J
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with a given frequency w

Maxwell’s Equations

time-harmonic E and H fields
\ with the same frequency w j

E(R,)= Re[E (R)e’™ ] where E(R) is a vector phasor with direction, magnitude, and phase information
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Chap. 8 | Wave equations in source-free, lossless media

Time-varying
vector fields

Phasor
Notation

Maxwell’s Equations
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Chap. 8 | Plane waves in free space (1/5)

Homogeneous Helmholtz’s equations for free space

V’E+o'ue,E=0 — (VZE +k,"E = ()) where k, = a)\/,uoeo =

“Plane” wave
. a wave whose wavefronts (i.e. surfaces of constant

phase) are parallel planes normal to propagation direction

“Uniform” Plane wave

Plane wave characterized by “uniform” E over the wavefronts
: E has uniform magnitude and phase on the plane normal to z-axis (i.e. xy plane)

2 2
E=aFE_ where JIE =( and 0 lgx =0
Bx oy

( 2
V’E+k’E=0 — a. % a/ 0

\ax* Ay 97

k'’ |E.=0 —

)
— (rad/m) is free-space wavenumber

Wave fronts Direction of propogation
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Chap. 8 | Plane waves in free space (2/5)

Uniform Plane wave propagating in z-direction

dzEx 2 . _ 4
PE -k,"E_= (0 : ODE because Ex is only a function of z \
<

ot — . — jkoz — _jkyz
L (Z)_ Ex (Z)_I_Ex (Z)_ EOe " +EOe "
_:> propagating in =z direction
propagating in +z direction)

Uniform plane wave in real time (traveling wave)

E(z,t)= Re[E;CF (z)ej“”] = Re[Ege_jkozejwt]
— Re[ E} ej(“”_k"z)} =FE; cos(a)t — koz)

l (Let’s omit “+” for simplicity)

il ///!!///////,,{%\\“\\\\

\ Ity
i
],i 1le,[ Jl Il i] lliiil |l

(Ex (Z,t) =k, cos(a)t — koz) ) Traveling wave

At successive times, the curve travels in the positive z direction

gif src: Wikipedia



Chap. 8 | Plane waves in free space (3/5)

Uniform plane wave in real time (traveling wave) El(2)
* Phase velocity "\
: velocity of propagation of an equi-phase front
(= traveling speed of the point of particular phase)

E (z,t)= E, cos(wt — k,z) cos( @t — k,z) = Constant
~ ™)
k,z=C c_o_
wt—k,z=Constant —» | U, =—"—="7= = C
dt k E
k N
e Wavenumber and wavelength
W 27 27
ko — a)\/‘u()g() - = f - (rad/m) : the number of waves per unit distance
C C 0 ~.How strongly (many times) the wave oscillates (Strength of the oscillation)
C
2’0 = — (m) : How long the wave travels in one oscillation

f



Chap. 8 | Plane waves in free space (4/5)

Traveling wave in real time

¢ Associated magnetic field a a a
X Yy <
Since VXE =—jou,H, VXE = %x %y %z =—ja),u0(axHx+ayHy+azHZ)
E(z) 0 0O
Weget Hx:O’ Hy: 1 aEx(Z), HZ:O
—jou, 0z
1 0E.(z) 1 . JE (z) 0 |
Here, H — X — E o XA T “kot) = _ ik
y (Z) —jau, 7 — i, ( ]ko X (Z)) ( 7 Jz (Eoe ) JKE, (Z)j
! k 1 A : 1 ﬂ
H, (z)=—>E_(z)=—E_(z) | where Ny = o s o N o = 377 (£2)| is intrinsic impedance of free space.
. WL, Mo Y ko w\/ Ho€y \I €
- W,
Instantaneous expression for magnetic field
é | F )
H(Z,t) = ayHy (Z,t) = ay R€|:Hy (Z)ejwt] — ay n—OCOS(COt — kOZ)
0
- _




Chap. 8 | Plane waves in free space (5/5)

Characteristics of uniform plane wave

-

\

- E(z,t) and H(z,t) are in phase

E(zt)=a, Re[Ex (z)ej“”] =a k, cos(a)t — koz)

E

H(z,t)= a Re[Hy (Z)ej“”] =a, —Ocos(a)t — koz)

Ul

* The ratio of magnitudes of E- and H-fields = intrinsic impedance of the medium

Should be obtained from Phasors!

(Transverse Electromagnetic (TEM) Waves)

E(z.t, E (z)
N7 o=
H(z,t, H, (Z)
|
E
H

- E(z,t) and H(z,t) are perpendicular to each other

> - Both E(z,t) and H(z,t) are transverse (or normal) to propagation direction (2)

Img src: inspirehep.net
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Chap. 8 | Transverse Electromagnetic Waves (1/4)

Uniform plane wave propagating in “an arbitrary direction”

(E (R) = Eoe_jk.R = Eoe_jka”'R ) E (Z ) = Eoe_jkZ :Uniform plane wave propagating “in the +z-direction”

where kK =a _k_+ ayky +a_k_= ka, is wavenumber vector where k = \/kx2 + ky2 + kz2 and an denotes propagation direction.

Here, R=a x+ a,y+a.z is position vector.

e E-field vs. propagation direction
In a source-free region, V- E =0
— —jkR\ _ ( ,—JkR —jkR
V-E—Vo(EOe )T(e )V//E'O+EO-V(6l )

(V-(A)=1V-A+AVr ] (V(eHR) = jhe ]

V.- E =— ]( Eo : k) o FR _ ( Eo = Eo a, = O] E-field is transverse (normal) to

propagation direction!




Chap. 8 | Transverse Electromagnetic Waves (2/4)

Uniform plane wave propagating

¢ Associated Magnetic field

In “an arbitrary direction”

-

[Vx(fA):f-(VxA)+Vf><AJ h
V X (Eoe_jk'R) i o HER (V/Kﬁo ) — V(e_jk'R)x E,
— jkx(E,e )

—jka, X E(R) where k= m+/ue

J

Since VX E =—jouH,
1 | _
H(R)=———VxE(R)==a,xE(R) —| VXE(R)=
jou n _
| . _

:E(an XEO)e kR =H e kR K —

o e
where n= 7‘“ — \] ﬁ (Q) : Intrinsic impedance of the medium

E

(.’.HO-k:HO-an=O]

- A uniform plane wave propagating

H-field is also transverse (normal) to
propagation direction!

in an

Cf) (,', EO k — EO .an — O)

= Transverse Electromagnetic (TEM) wave such that | | H and both EE & H are normal to as

e Relationship between H(R) & E(R)

[E(R) naan(R)J




Chap. 8 | Transverse Electromagnetic Waves (3/4)

Polarization of plane waves
: describing time-varying behavior of the E-field at a given point in space

e.g.) E-field of plane wave FE = a. Ex . Linearly polarized in x-direction

|
* H-field does not need to be specified = H-field can be determined by E-field by H(R) =—a, X E(R)

n

Example: Circularly polarized wave
e Superposition of two linearly-polarized waves

E(Z): axEl(Z)+ayE2 (Z) )

_ — jkz . — jkz . —J
=a. L’ —a,jbye —j=e

> Polarized in y-direction, but lagging in time phase by 90° (r1/2)
» Polarized in x-direction

¢ [Jnstantaneous expression for E

E(z.1)= Re[E(Z)ejwt] = Ré[{axEl (z)+a,E, (z)}eﬂ‘”}

T
=a E, cos(wt—kz)+ a L, cos(a)t — kz — Ej



Chap. 8 | Transverse Electromagnetic Waves (4/4)

Example: Circularly polarized wave e Circular (Right Hand) Eliptical (Right Hand)
Polarization Polarzation Polarization
. X WX
T “. - AT IR .z LA A -2
E(z.t)=a.Ecos(wt—kz)+a E, cos| ot —kz—— o Tt el A YA
2 . i PR , E ; '\, | 2 AT “ ¥
|~ : . - - = S .‘ v "." -;\ ' \\ . y ‘gf'r_ . /_Lﬁ\ly\'\/ y
— . o el N ‘"‘\"‘\ . Y e} \.1_'-;» ,\(‘> =1 | B2t
E (O,t) — axElo COS a)t + ayEZO Sln a)t ! N “‘ A ‘Q \-’ > %) ‘ {- s},-«

® Propagation direction
> Right-hand circularly polarized wave
- Thumb of the right hand: propagation direction
- Fingers of the right hand: rotation of E

E(0,t)=a E, coswt + a E,, sinwt

> left-hand circularly polarized wave

- Thumb of the left hand: propagation direction

-Fingers of the left hand: rotation of E

If E10 = E20, Wave is circularly polarized ,
E(0,t)=a E, coswt — a, Lk, sinwt

If E10 # E20, wave is elliptically polarized

Circularly polarized wave =
Sum of TWO linearly polarized waves in both space and time quadrature

gif src: gfycat.com



Chap. 8 | Doppler Effect (1/2)
Doppler effect

* Frequency of the wave sensed by the receiver # Frequency of the wave emit

when there Is relative motion between them

Time (t4) that EM wave
emitted att = 0 from T will reach at R

- Elapsed time at R when the second wave arrives
after the first wave arrived

t,—t,=At’ = At(l—zcosﬁ)

C

/4

r

t, = At +—

= At +-2

C

1§

led by the source

Time (t2) that EM wave
emitted at t = At from T’ will reach at R

= Ar+ 1, —2r, (uAt)cos 6 + (udi )
C

/

C

\

1

A
- tcos@

¥

\

J

if (uAt) <r

- If At = 1/f: a period of the time-harmonic source,

\_

~
= 1,_ uf :f(1+zcosé
At ]——cos@ ¢
C

)

J

1

u

C

2
j <1



Chap. 8 | Doppler Effect (2/2)

Doppler effect
;) 1 _ f = f| 1+ u c0s 6 f- frequency of the transmitted wave from T
A u - C f’: frequency of the received wave at R
]——cos@
C
.f/v ............................ F f
T R T o R
"> f f<f

When T moves toward R When T moves away R

(Doppler effect caused by
e motion of the source

e motion of the observer
\ e motion of the medium J

Doppler effect example

* Police speed gun (HW!)

e Speed measurements for stars or galaxies
- Approaching stars: blue shift
- Receding stars: red shift

«10° Doppler Effect Model in 1|Doppler Effect

=
A |
4k
’&3
T [
=
s of ¢
o
o -2}
2=
-4 F
s
-8_
10 -5 0 g 10

¥ coordinates 3
¥10

Doppler effect simulation

Redshift of spectral lines in the optical spectrum of
a distant galaxy (bottom) vs. that of the sun (top)

img, gif src: Wikipedia
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Chap. 8 | Plane waves in source-free “Lossy Media”

Wave equations

V°E + kczE =0 where k =, /‘ugc is a complex wavenumber

Propagation constant y

[ Y = jkc — ja), / UE, (m_l)J Conventional notation used in transmission-line theory

O
Since complex permittivity is givenby € =€ — j—,
Q)
: e :
y=Jjo,|ue|1-j—|=a+jp
\ WE
Plane wave in terms of y
V°E — 14 ‘E =0 » Solution: transverse electromagnetic (TEM) wave propagating in z-direction

E=a_FE_=a_E,e’" (waveislinearly polarized in the x-direction)

a Y

— ¢~ % : Attenuation factor = a: Attenuation constant (Np/m)

E =Ee " =Ee “e ™ —

X

— ¢ /% : Phase factor —> f3: phase constant (rad/m)

\ .




Chap. 7| Complex permittivity (Review)

Complex permittivity
oD .
VxH=] : — VXH=J+ jowcE
[
O
:(G+ja)8)E=ja)(£ - — jE:ja)ecE
ja
where € =& — ]g (F/m) is complex permittivity
),

Physical origin of complex permittivity

- Out-of-phase polarization
» When external time-varying E-field applied to material bodies — Slight displacements of bound charges (electric dipoles)

> As frequency of time-varying E-field increases
- Inertia of charged particles resists against E-field
- Inertia of charged particles prevents dipoles from being in phase with field change — Frictional damping

« Ohmic loss
- if materials have sufficient amount of free charges

.O
E.=E—]— (representing damping and ohmic losses)

0,



Chap. 8 | Plane wave in “Low-loss” dielectrics (1/2)

Meaning of low-loss?

.O e
E.=E—] :g(l—]—) .
W EQ o €

o is non-zero, but small > — <] or —<«I1
c” EW g’
=g — je' = g’(l— j—)
g/

Propagation constant
8” % B 8” 1 8” 2_
v =g = o115 < o 1125 & e

! i _

- binomial expansion: \/1+ x = 1+%x— %)ﬂ +ix3 ...

16
Attenuation constant o = — j@ ug' ( Ji © ): @ ‘/ 'u, (Np/m)
E

&’ 2

144 2
Phase constant 3= @./ue’| 14 (8 ) (rad/m)




Chap. 8 | Plane wave in “Low-loss” dielectrics (2/2)

Intrinsic impedance

—
p = E)_ fn
C
H.(z) Ve.
1
u e’ 2 7 e’ Complex Intrinsic Impedance —
=.=1=J— | =.=|1+j=—= | (L) Electric and Magnetic fields are NOT in time-phase
€ € € 2€ c.f.) They are in phase in a lossless medium (¢ is a real number)

d | 1(e”) dz |
u = “@w_0 1 £ (m/s) c.1.) U,=—=—"= for plane wave in “lossless” medium
dt k Jue




Chap. 8 | Plane wave in “good” conductors (1/2)

Meaning of “good” conductors?

r ~

O O _ O O O

E=E+—=¢&| 1+ oislarge | —>1 | — € z=&| — |=—
j@ e Ew

Propagation constant

r D
Y= jk = joJue = jo ,u(.—jz\/]\/a),ua -.-\ﬁ:(ef 2) —v="J
V" e . 2,
1
]\/wud (1+ j)J7fuo = o+ jp
\/_ ( )
(o= 27rf] o=p=\nfuo
. J
Intrinsic impedance
—— PR Tf o g N h Phase angle of 45°
B ad ~ H_ |[JPH =(1+]) IR (1_|_]) (Q) 77=(1+])— (€2)| (Magnetic field lags behind
\ €. \ (g/ ) o o o L O ') Electric field by 45°)
ja



Chap. 8 | Plane wave in “good” conductors (2/2)

Phase velocity Wavelength of a plane wave
—
0, 0, T % T
U,=—= =2 —f (m/s) AN=—=-"L=2 (m)

B Jrfuoc \uo B f \fuo

Skin depth (Depth of penetration)

e — o1 L0368 O = — : Distance through which amplitude of wave is attenuated by a factor of e-1
94

e.g.) For copper where 0 = 5.8 x 107 (S/m) and p = 4t x 10-7 (H/m),

5=l— 1 =0.038 (mm) atf=23(MHz)

o nfuc
=0.66 (um) atf=10(GHz)

-. At high frequency, EM wave is attenuated very rapidly in a good conductor

— Fields and currents are confined in a very thin layer of the conductor surface



Chap. 8 | Plane wave in ionized gases (1/3)

lonosphere

1,000 km

Altitude lonospheric
Layer

~ 300 km F2

UV Airglow ~ 200 km

200 mi ~ 100 km

Red Line Airglow onosphere | Thermosphere ~ 60 km

100 mi
Green Line Airglow

60 km

-------------- B

35,000ft ~ 10 km

| Stratosphere

Troposphere

Img src: Nasa Img src: astrosurf.com

» lonosphere ranges from 60 km (37 mi) ~ 1,000 km (620 mi) altitude
- lonosphere = free electrons + positive ions (lonized by solar radiation or cosmic rays)
» Such ionized gases with equal number of electrons and ions: Plasma

- Used for long-distance radio communication


http://astrosurf.com

Chap. 8 | Plane wave in ionized gases (2/3)

Simplified model

* Due to lighter mass of electrons, they are more accelerated by E-field than positive ions
* lonized gases ~ free electron gas, and motion of ions neglected

* An electron (-e) in a time-harmonic electric field (with angular frequency w)

d’x

€
—elE =m — == ma)2 X - Xx= ; E where x and E are phasors, and x is displacement distance from positive ion
dt ma
¢ Polarization
Ne” . o L
p=—ex — P = Np — : FE : Volume density of electric dipole moment (or polarization vector)
ma where N is the number of electrons per unit volume
* Plasma oscillation frequency - ~
[ Ne* (o) Né*
D=¢E+P=¢,|1 . E=¢,|1 p2 E where w,=,|—— (rad/s) | : Plasma angular frequency
me
. mo’e, . o L \ me, )
Corresponding plasma frequency
0, 1 [Ne’
f,=-t=-=|— (Hz)
2 27\ me,




Chap. 8 | Plane wave in ionized gases (3/3)

Plasma oscillation

/ a)z\ ( wz\ ( fz\
D=¢g)|1-—- |E=¢,E  where| £, =¢)| 1-—5- |=¢)| 1 -
N . o) U1

“Effective” relative permittivity e,

(F/m) [: Permittivity of ionosphere (or plasma)

» When f = fp — £, = 0O — D=0, although E still exists.

Note that D depends only on free charges ( V-D= p) c.f.) E depends on both free charges and polarization charges

~. At f = fp, an oscillating E-field exist in the plasma in the absence of free charges — “Plasma oscillation”

Wave propagation — f< fp .y purely real = A reactive load with NO transmission of power

1— Q — (f p - cut-off” frequency)

/= jw\/;uogp = jw\/:uogoV

— f > fp . Y purely imaginary =& EM wave propagating without attenuation

- Radio communication in ionosphere

-
-

-

oL [ oy I weorme-ome o e st
p

- -~
4" ~ *
Phe S

B 2TT N me, “ N =1010/m3 = f, ~ 0.9 MHz signal should be sent at a frequency

_— Carth T larger than 9 (MHz)




Chap. 8| Group Velocity (1/3)

Wave fronts
Phase velocity vs. frequency /

Propagation

/ direction
s -’1|
|

|

Q)
u_ =— (m/s) : Velocity of propagation of an equi-phase front

e

* For plane waves in a lossless medium

1 <img src: Wikipedia>

p=wue — u,= Independent of frequency
P ] L

However, for plane waves in a “lossy dielectric”, along a “transmission line”, or in a “waveguide?”,

- Phase constant (8) is NOT a linear function of frequency (w)
- Waves with different w propagate with different up, = “Distortion” of the signal

Dispersion

- The phenomenon of signal distortion caused by dependence of up vs. w
» Lossy dielectric = dispersive medium

* e.g.) Dielectric prism = dispersive medium
* Colors are dispersed at the front face
*Colors are refracted at different angles
* Refractive index different for different colors

<Img source: AZoOptics>



Chap. 8| Group Velocity (2/3)

Group velocity

* An information-bearing signal consists of a “group of frequencies”
- There is a small spread of frequencies (Aw) around the central carrier frequency (wo)
« Such a group of frequencies forms a “wave packet”

Group velocity = velocity of propagation of the wave packet envelop

Simple example
 Two traveling waves with
> Equal amplitude (Eo)

> Slightly different angular frequencies (wo + Aw)
> Slightly different phase constants (Go + AB)

E(z,t)=E,cos| (@, +Aw)t— (B, + AB)z |+ E, cos| (0, — Aw)t— (B, - AB)z |
=2E, cos(Awt — ABz)-cos(m,t — B,z)

Wave Packet Envelop Waves
* Phase velocity
dz
w,t — B,z=Constant — u,=—=—=
dt J5,
- Group velocity
dz Aw
Awt—ABz=Constant — u,=—=—
dt A

in dispersive medium,

~

1
U, =
Y

(m/s)

~

Several plane waves Wave packet

\l
N \/\/\
N
3
l'/"
'
,/

<img source: Physics Libretexts>

<gif source: GIPHY>



Chap. 8| Group Velocity (3/3)

B vs. w relationship (dispersion relationship)

* For an ionized medium (e.g. ionosphere)

2
A . : . Q
y:]kC:]a)\/,UOEp:OC-I-]ﬁ —> ﬂ:a)\/‘uogp:a)\/‘uogo\l ( Pj

* For w > wp (y purely imaginary = propagating without attenuation)

Relationship between up, and ugqg

df_dfeo) 1 o d,

a’a)_da)\up/ u upz dw

P

Phase velocity: U p =

_w_
p (a)
1_

_ dw
Group velocity: U, =——=¢ 1—

g\

— U _=U

\_
* Up = C, Ug < C and uplg = ¢2 in an ionized medium
du
) No dispersion L —()
d dw
U
e du
U, d a) * Normal dispersion

dw

P
<0 = u,>u,



