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Consider the system equation :

my + by +ky =u

Laplace transform :  (ms® +bs+K)Y (s)=U(s)

i
Transfer function: Y(s) =— 1
U(s) ms“+Dbs+k

: : : . b . K 1
Consider the system equation again: y=——y——y+—uU
m m m
Choose variables: X =Y, X, =Y
Th t: Yy=X =X y=X b X K X, + 1 u
en we get : =X = =X ==X =X+
g X 2 2 m 2 m m

. 1 0
{Xl}z kb {Xl}L 1|u  Simplify the matrix : X = AXx+ Bu
m m
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State Space Modeling

State of a dynamic system : The smallest set of variables such that the knowledge

of these variables at t = to together with the knowledge
of the input for t > t0 , completely determines the
behavior of the system for any time t>{;. And the
variables are called state variables.

State vector : n state variables which is need to completely describe the behavior of

a given system can be considered the 7» components of a vector x. Such
a vector is called a state vector.

State space : The n-dimensional space whose coordinate axes consist of the X,

axis, X, axis, ..., X axisis called a state space.
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State Space Modeling

If the system is linear time-invariant system, the system can be presented as »
state variables, rinput variables, and m output variables.

State equation : X, =a X +a,X, +--+a,X +b,u +b,u, +---+b U
X, = Ay X + X, ++-+8,, X, +b,U +b,U, +---+b, U

2n"™n 2rr

X =a X +a,X, +--+a X +b.u+b,u,+--+b U

Output equation : Y1 = CiyXy +CipX, +- -+ Cp X, + AUy +dppuU, +---+dy U,
Y, =Cpy X, +CpyX, +-+-+Cy X, + U, +d,,U, +---4d, U

2n“*n 2rr

Yy, =C. % +C X +---+C X +d_u+d u,+---+d_ U
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State Space Modeling

State space equation X=AX+BuU
y =Cx+ Du
X a, a, - 4, b11 b12 b1r U,
X = X.z A= ay; a.22 a,, B= b.21 b?z b?r U= u'z
_Xn_ _anl an2 ann_ _bnl bn2 bnr_ _ur_
Y1 Ch G, - G d11 d12 o d1r
y=| Yol co|® 2 O o Oa 2 Gy
_ym _le Cm2 Cmn_ _dml dm2 dmr_

A : state matrix, B: input matrix, C: Output matrix, D : direct transmission matrix
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Transformation of System Models

Step Response : sys=sys(A,B,C,D)
we use 'step(sys)' or 'step(A,B,C,D)' in MATLAB

Transfer Matrix : r inputs, U;, U,,---,U. and m outputs, Y, Yo, s Y,
We define those vectors.

U, | Y, |
u

u= 1|, y= %
_ur_ _ym_

Then, the transfer matrix G(s) expresses the relationship between Y(s) and U(s)

Y (s)=G(s)U(s)
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Transformation of System Models

System equation : X = AX+ Bu
y =Cx+ Du

Laplace Transformation : sX(s)—x(0) = AX(s)+BU(s)
Y (s)=CX(s)+DU(s)

Assume, x(0)=0 : X (s)=(sl —A)"'BU(s)
Y(s)=|C(sl-A)*B+D]U(s) > ..G(s)=C(sl ~A)'B+D

. {1 O}{sﬂ 1}1{1 1}
. G(s)=C(sl — A)'B =
L R e S B | I B A T 0 1|65 s| |1 0
_Xz__LS-S O}L(z}{l O}LJ 1 s —1}{1 1}

'y, | {1 0} X, {0 0} u, T 2+5+65(65 s+1l[1 0
| Y2 0 1] % 0 0flu, 1 s—1 S}

T +5+65|5+75 65
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Vehicle Suspension Problem

4-Quarter
Car Model
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Vehicle Suspension Problem

ex1) Spring, damper, mass system

ex2) Body and tire model

TJ»’
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Vehicle Suspension Problem

ex3) Two inputs

ex4) Two inputs, Body and Tire Model
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Vehicle Suspension Problem

ex1) Spring, damper, mass system * Design Considerations

1. Ride Quality

— Sprung mass acceleration : y

2. Rattle space

— Suspension Deflection : vy

» Suspension Design Parameters

— Spring Stiffness : k

— Damping Ratio : b

.

e
F3lie,
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Vehicle Suspension Problem

* Free Body Diagram

I

F(v—x) b(y—x)

= Dynamic Equations

my+b(y—u)+k(y—u)=0
my + by + ky = bu + ku

= Laplace Transform

(ms® +bs+ k)Y (s) = (bs+ k)X (s)

Y(s)  bs+k

Transfer function: =—
U(s) ms“+bs+k
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Vehicle Suspension Problem

= General Form of State Equation X=AxXx+Bu

= The State variables (u=z)

X, =2,—2,  :Suspension Deflection

X, =2, : absolute velocity of body
Xlzzs_zr :XZ_Zr’

. K b b, . :

X, =2, =——X ——X, +— 12, :acceleration of body

m m m

% 0 1 X, -1 y X, 1 0 X, 0
By Y W B R
X, —— —— L% — Y, Zs -—— —— L% —
m m m m m
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Vehicle Suspension Problem

Parameter : M=400kg, b=1000Ns/m, k=18000N/m
Input : Step input

6 ‘ ‘ ‘
>>t=0:0.02:25 s [\ o o o o
>>A=[0 1;-45 -2.5]; i i i i
>>B=[~-1;2.5]; 2 e
>>C=[1 0;-45 -2.5]; s IS I | .
‘ \ | | Suspension Deflection
>>D=[0:2.5]; 2""\“"*""i""""""i ,,,,,, acceleration of body
>>sys=ss(A,B,C,D); ‘g’_ \‘ ;/\\ i i i
>>[y,t]=step(sys,t); = 1* ******* T T T
>>plott) ST T Y N S
>>grid ‘ i \ / i - i i
>>title('Step input VS Sine input','Fontsize',15) '1"7"“‘:7";“7;*"""\:"7 7777777777777777 . o
>>xlabel('t(sec)’,'Fontsize',15) -2——————‘\——{5——% —————————— e T EE—
>>ylabel('Output x','Fontsize',15) P 7# i jT 7777777777 73 7777777777777777 Ti 77777777777 i 777777
>>legend('Step input','Sine input') | | | |
‘0 05 1 15 2 25 3 a5 4 45 5
t(sec)
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Vehicle Suspension Problem

ex2) Body and tire model = Design Considerations
1. Ride Quality
T y — Sprung mass acceleration : y
m2

2. Rattle space
K I_J b — Suspension Deflection : y—x
2

3. Tire Force Vibration

— Tire Deflection : x—u

crmim mim e PN ol a [»]) [N

» Suspension Design Parameters

— Spring Stiffness : k,

— Damping Ratio : b

— Tire Stiffness : k;
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Vehicle Suspension Problem

= Free Body Diagram = Dynamic Equations
L(y-x) b(y—%) mX=Kk,(y—X)+b(y—X)+k, (u-x)
- P m,§ = -k, (y = x) ~b(y - %)
m, T X = Laplace Transform
ko(Y—=%) b(y-x) [m,s® +bs + (k, + k,)]X(s)
kl(u_)‘)
= (bs+k,)Y(s)+kU(s)
[m,s® +bs+Kk,]Y (s) = (bs+k,) X (s)
pdre] Seoul National Univ. Spring 2008
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Vehicle Suspension Problem

* Displacement of Mass

Y(s) k,(bs+k,)
U(s) mm,s*+(m, +m,)bs®+[(k,m +(k, +k,)m,]s* +kbs +kk,

X(s) k,(m,s* +bs+k,)
Ues) mm,s*+(m +m,)bs®+[(k,m +(k +k,)m,]s* +kbs+kk,

= Design Considerations

G,(s) = SY () = y - sk, (bs +k,) - — Sprung mass acceleration : y
U(s) mm,s™+(m +m,)bs”+[(k,m +(k, +k,)m,]s* +kbs+kk,

G.(9)=~ (SBJ_(:)( o m.m,s* +(m, +m, )bs® + [(z(;nr?fz(kl o) T kpstkk,  Suspension Deflection -y X

G:(5)= : (SLZ ZSL)J = - mm,s* + (_mn:inrznf)t;s(?’nk [jzli?rzrzlbjs(l;ijfg:)lr:zr]zzz)izklbs + kK, —> Tire Deflection : x—u

Y= Seoul National Univ. Spring 2008

L : .
it j School of Mechanical
oy and Aerospace Engineering




Vehicle Suspension Problem

= General Form of State Equation

X = AX+ Bu
y =Cx+ Du

= Dynamic Equations
mZ, =k, (z,—z,)+b(z,-2,)+k (uU-2,)
m,z, =-k,(z,—z,)—-b(z, -2,)

» The State variables (x=2,, y=2,)

X,=2,—2, :Suspension Deflection

X, =12, . absolute velocity of sprung mass
X,=2,—u  :Tire Deflection

X, =12 : absolute velocity of unsprung mass

u
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Vehicle Suspension Problem

= 1st order State equations

Xizzs_zu:XZ_X4

: K b . . k b b
K= (2,2 2) (1, - 2,) =y L 2,
m2 m2 mZ m2 mZ
X, =2,—-U=X%,-U
.k b . . k k b k b
X4:_2(23_Zu)+_(zs_Zu)__l(u_zu):_2X1+_X2__1X3__X4
1 1 1 1 ml ml ml

= Matrix Form of State equations (system matrix & output matrix )

0 1 0 -1 kb
%] |k b b ] [0 AN
S| | m m, m, || X, 0 y, [=| 1 0
X, 0 0 0 1 || X% -1 Vs
X |k, bk b[x] [0] 0 0
LY m, m, m, | B
: K, b b _ :
y, =X, =——Xx,——X, +—X, :Sprung mass acceleration
mZ m2 m2
y,=2,—2, =X  :Suspension Deflection, y,=12z,—u=x,

:Tire Deflection

Spring 2008



Vehicle Suspension Problem

Parameter : M1(tire)=55kg, M2(body)=400kg, b=1000Ns/m
k1(tire)=180000N/m, k2(suspension)=18000N/m

Input : Step input Body, Suspension and Tire

Body acceleration
Suspension deflection [
Tire deflection

327.318.18 -3273-18.181; |4 ‘
>>B=[0;0;-1;01;

>>1=0:0.02:4;
>>A=[010-1;-45-2502.5000 1

— : :
= T T b
>>C=[-45-2.502.51000;0010]; - : :
Y2 T C e 7
>>D=0; E ! !
>>sys=ss(A,B,C,D); | 7
>>[y,t]=step(sys,1); 5 /\ o ]
Q ‘ ‘
>>plot(t,y) 5 L ”””””” |
>>grid O | |
>>title('Body, Suspension and Tire','Fontsize',15) 2o 7

>>xlabel('t(sec)','Fontsize',15)

>>ylabel('Output x(m/s”2, m)','Fontsize',15) i
>>legend('Body acceleration','Suspension deflection','Tire deflection') 2 2.5 3 3.5 4
t(sec)
3.,{"-;.? Seoul National Univ. Spring 2008
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Vehicle Suspension Problem

t=0:0.02:5;

A=[0 1;-45 -2.5];

B=[-1;2.5];

C=[-45 -2.5];

D=[2.5];

sys=ss(A,B,C,D);

[y,t]=step(sys,t);

A2=[010-1,-45-2502.5:000 1
327.3 18.18 -3273 -18.181;

B2=[0;0;-1;01;
C2=[-45-2.502.5];
D2=0;

sys2=ss(A2,B82,C2,D2);

[y2,t]=step(sys2,t);

plot(t,y.t,y2)

arid

title('Body acceleration','Fontsize',15)
xlabel('t(sec)','Fontsize', 15)
ylabel('Output(m/s™2)','Fontsize',15)
legend('Sprung mass','Sprung mass and Tire')

Comparison 1. Acceleration of sprung mass (body)

Sprung mass
Sprung mass and Tire |

Output(m/<)

Spring 2008



Vehicle Suspension Problem

t=0:0.02:5;

A=[0 1;-45 -2.5];

B=[-1;2.5];

C=[101I;

D=0;

sys=ss(A,B,C,D);

[y,t]=step(sys,t);

A2=[010-1,-45-2502.5:000 1
327.3 18.18 -3273 -18.181;

B2=[0;0;-1;01;
C2=[10001;
D2=0;

sys2=ss(A2,B82,C2,D2);

[y2,t]=step(sys2,t);

plot(t,y.t,y2)

arid

title('Suspension deflection','Fontsize',15)
xlabel('t(sec)','Fontsize', 15)
ylabel('Output(m)','Fontsize',15)
legend('Sprung mass','Sprung mass and Tire')

Comparison 2. Suspension deflection

Suspension deflection

Sprung mass
Sprung mass and Tire |

Output(m)

Spring 2008



State-Space System Modeling with Input Derivatives

ex1) Consider a mechanical system,

l’.’f{j v — i
N N K b. b. 7
my =—ky-b(y-u), y=-—y-—y+— ,;,/gj b
m m m A«
v » ]
Choose state variables, X =Y, X, =Y ’7 —
| kK b b 7
X =X, X =——X——X,+—1U

m m m

The right side includes U term. To explain the reason we should not include

differentiation of u, assume u=/¢(t) (unit impulse function)
X, = —h_[y dt—£y+£§(’[)
m m> m

X;includes (k/m) §(t) term. It means  x,(0) = and cannot be accepted as

a state variable.
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State-Space System Modeling with Input Derivatives

b

To eliminate U term, y:—hy—£y+—u - y—U=——Yy——Y
m m m m m m

d(. bj Kk b(. bj(bjz
—|y—U|=——Yy——|y——u|—-|— | U
dt m m m m m

So we choose state variables as, X =Y, X, = Y—EU

S o I k b. b. ) b. Kk b b
Xp=§oU=| oy YU U= X | Xt

K b (bjzu — U term has

=——X ——X, —
m?' m? been eliminated.

m
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State-Space System Modeling with Input Derivatives

ex2) Consider a system defined by y+6y+11y+6y=>06u

Choose state variables, X =Y
X, = y
Xy = y

Then we obtain, X, = X,,
X, = X,
X, =Y =-6Xx —11X, —6X, +6u
x| [0 1 0][x] [0 [ X, |
% (=0 0 1(x|+0fu y=[1 0 0]x
(X | |6 -11 —6|[X;]| |6] X |
iRy Seoul National Univ. Spring 2008
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State-Space Representation of Dynamic Systems

System differential equations
a,y"+ay" P +-.+a y+ay=bu” +bu"P +...+b U+bu

Y(s) bys"+bs"+-+b, S+b,

Transfer Function = - —
U(s) s'+as +----a_S+a

Method 2.  Consider the second-order system, y-+ay+a,y=D0b,U+bu-+b,u

2
Y (s) =b°§ +hs+b, 0 Z(s) _ 2 1 | Y(S):b082+b13+b2
U(s) s"+as+a, U(s) s"+as+a, Z(s)

Z+a2+a,z=u, byZz+bz+b,z=y
let, x,=2, X,=2 — X,=-a,X%—-aX,+U

b,Z+bz+b,z=b,(-a,x —aXx,+u)+0bX, +b,x =Yy

X =Xy, X, —a,X —aX, +U
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State-Space Representation of Dynamic Systems

e e

N-th order differential equation,

y=[b,~ab, : bl—albo]{;(l}rbou
2

(n) (n-1) -
y“+ay T +e-+a,y+ay

_hy™ (n-1) -
=pb,u™ +bu™" +---+b_,Uu+bu

X | [0]
X, 0
: - U,
X 4 0
X, 1]
_Xl_
X2
bl—albo] : +b,u
_Xn_
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ex1)

State-Space Representation of Dynamic Systems

Consider this mechanical system again,

my = —ky —b(y -u),

Y (s)

B bs

U (s)

msZ+bs+k

my + by +Kky =bu

Z(s)=

Y(s)

U (s)

ms? +bs + k

(ms® +bs+k)Z(s)=U(s), bsZ(s)=Y(s)

Ulz)

§27(s) = ~U (s)— 2 s Z(s) - 2 ()
m m m
o B |—siiit
1 | sZ(s) 1| Z(s) .
5 5 x1

E |-
I:":lb.'ﬁ
By
@
L 4

3 |=| |8 | o

7
:/f/j (—e 1 1
7

7 ;

A« -
DA—An—] 1

7 B

';‘//.'

7 ) )
7

State variables,

X =X,

X, :—£x1—3x2+iu
m m m

y=bXx,
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State-Space Representation of Dynamic Systems

ex) Consider a spring-mass-damper system (refer to Chapter 4).

lr—h-rr l__.... ,
g | mS ¥=—b(d—y—d—uj—k(y—u)
g | dt dt dt

% k 2

17 - ; or md¥+bdy+ky=bd—u+ku
{——@‘ dt dt dt

2

Y(s)  bs+k

Transfer Function = =—
U(s) ms°+bs+k

k Kk K
bOZO, bz—azboza—a'FO:a
b b b
-aby=——+0=—
by —ayby = ——+0=—
0 k b
By b R
X, —— —— | X 1 m mj|X,
m m
F 2] scvoot of Mochanical Spring 2008

s and Aerospace Engineering



State-Space Representation of Dynamic Systems

If, m=10kg, b=20N-s/m, k=100N/m

I B b

t=0:0.02:8;
A=[0 1;-10 -2];

B=[0;11];

c=[102];

D=[0];

sys=ss(A,B,C,D);

ly,t]=step(sys,t);

plot(t,y)

arid

title('Unit—Step Response (Method 2)','Fontsize',15)
xlabel('t(sec)','Fontsize', 15)

ylabel('Output y(m)','Fontsize', 15)

0

Output y(m)

15

o s o

Unit-Step Response (Method 2)
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Transformation of Mathematical Models with MATLAB

Y(s)  numerator polynomialins _ num
U(s) denominator polynomialins den

MATLAB command, [A, B, C, D] = tf2ss(num,den) gives a state space representation.

Y(s) S
U(s) s°®+14s°+56s5+160

ex) Consider,

One of many possible state-space representations is,

>>num=[00 1 0];
. >> den=[1 14 56 160];
X, -14 56 160 || x, 1 >> [A,B,C,D]=tf2ss(num,den)
. A=
/=1 0 0 ||%|+0u 14 -56 -160
(%) L0 1 0 Jix] 0] 5 1
B —
1
X 0
y=[0 1 0]|x, |+[0]u e
X 0 1 0
3 D—
0
jry Seoul National Univ. Spring 2008
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Transformation of a State-Space Models into Another One

e Nonuniqueness of a set of state variables : Let X, X,,..., X a set of state variables

Another set of state variables any set of functions, X, = X (X, Xpyen 00 X))
X, = X, (X, Xpyee ey X))

X, = X, (X, Xy, 0y X))

For every set of values X, X,,...,X — Unique set of values X, X,,..., X

n n

If x is a state vector, and P is a nonsingular matrix, X = P xis also a state vector

X=Ax+Bu _
e A state-space model is transformed into another state-space model
y = Cx+Du

by transforming the state vector X into state vector X by means of the following

transformation, X =PX

1 Seoul National Univ. .
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Transformation of a State-Space Models into Another One

X = Ax+ BU :
o can be written as,
y =Cx+Du _ _
PX = APX+ Bu or X =P'APX+P*Bu
y = CPX+ Du y=CPX+Du

- Since infinitely many n x n matrices can be a transformation matrix P, there are

infinitely many state-space models for a given system.

e Eigenvalues of an n x n matrix A are the roots of the characteristic equation.

‘/1 I —A‘ =0
The eigenvalues are also called the characteristic roots.
0O 1 0 A -1 O
ex) A=/0 0 1], [A1-A[=0 2 -1|=A"+64°+111+6
-6 -11 -6 6 11 A1+6
=(A+1D(1+2)(1+3)=0
i3y Seoul National Univ. Spring 2008
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Diagonalization of State Matrix A

0 1 0 0 |
0 0 1 0
Consider an n x n state matrix A : A= : :
0 0 0 1
-a, -4, -4, —a, |

If matrix A has distinct eigenvalues and the state vector x is transformed into another

state vector z by use of a transformation matrix P,

1 1 1 ] A 0
A A A b1 AP A,
X =Pz, where P=| 12 A° - A°
: : : 0 Ay |
_ﬂzn_l lzn—l . ﬂnn_l_

P~ AP is a canonical matrix and
each column of P is an eigenvector
of matrix A

it Seoul National Univ. .
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Jordan Canonical Form

If matrix A involves multiple eigenvalues, diagonalization is not possible but

matrix A can be transformed into a Jordan Canonical Form.

0 1 0
Consider the 3 x 3 matrix A : A=| 0 0 1
—83 —a, —q

Assume that matrix A has eigenvalues A4,,4,,4; where 4,=4,# 4,
(A1-A)v, =0  A:3x3matrix, Y/ Y R VAR A
Case 1. rank (4 1—A)=1 can determine two eigenvectors Vi, V,.

Av, = AV, Av, =1V, Av, =4V,

) - 0
0 , P*AP = A
0 0

o > O

0
0
4

A
0
0

-
0
4 |

43 Seoul National Univ. .
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Jordan Canonical Form

Case 2. rank(4 | -A)=2 can determine one eigenvector V.
Av, =4V, Av,=4yv,

Find V, suchthat |A-A1|v,=Vv, Av,=V,+4V,

_/71 1 0
Alv, v, v]=[v, v, ][0 4 O
10 0 4]
(1 0 11 (A4, 1 0]
x=Sz where S=| 4 1 A | willyield S'AS=|{0 4 0 |=]
A 24 A 10 0 A4
This is in the Jordan Canonical Form.
3{".3: Seoul National Univ. Spring 2008
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