
Chapter 7. Wave Statistics and Spectra 
 
Wave height distribution 
 
Rank wave heights by zero-crossing method 
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pH  = average of the highest  waves pN

   Take  high waves → compute average pN
 

10/1H  = average of the highest  waves 10/N

3/1H  = average of the highest  waves 3/N

HH =1  = average wave height 

 
Probability, P  
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where  = number of waves whose height is equal to or greater than n Ĥ . Accordingly, 
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Artificial data 
 
1. Single wave train 
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2. Wave group 
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Narrow-banded spectrum 
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The amplitude line spectrum looks like 
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where  = slowly varying envelope. Longuet-Higgins (1952) shows that  is )(tB )(tB



governed by Rayleigh distribution: 
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From wave-by-wave method, we have 
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Given  and , then  waves are greater than or equal to N rmsH n Ĥ . 
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For example,  for rmsHH 146.2ˆ = 1=n  and 100=N , or among 100 waves, one wave 

is greater than . rmsH146.2

 



Rayleigh probability density function 
 

 

m  out of  waves have height between N 2/HHi Δ−  and 2/HHi Δ+  
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where erfc indicates complementary error function. Given  and assuming 

Rayleigh distribution,  can be calculated by this relationship. 
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Wave spectrum 
 
Single point measurement → frequency spectrum 
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Fourier transform 
 
A periodic function  with a period )(tf T  can be represented by a Fourier series: 
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Exponential form of Fourier series: 
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)(nF  can also be obtained from the time series by 
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Thus,  and  are Fourier transform pair: )(tf )(nF
 
   ⎯ (Fourier transform) →  )(tf )(nF
   ⎯ (inverse Fourier transform) →  )(nF )(tf
 
Discrete Fourier transform: 
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Covariance (or correlation) function 
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ji = : auto-correlation function 
ji ≠ : cross-correlation function 
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  ↑ 
power spectrum or energy spectrum 
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  ↑ 
cross-spectrum, which will be used in directional spectrum analysis. 

 



Calculation of power or cross spectrum: 
 
• Old method:  

1. Calculate correlation functions )(τijC . 

2. Calculate Fourier transform of )(τijC  to obtain power or cross spectrum. 

• New method: Calculate Fourier coefficients  directly using FFT. )(nFi

 
Continuous spectrum 
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Directional wave spectrum 
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Correlation function: ∑ ∫
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In summary, 
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Express the directional spectrum as a Fourier series (Longuet-Higgins et al., 1963): 
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Now, 
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Similarly, 
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Now, we have 5 equations for 5 unknowns, , , , , . 0A 1A 2A 1B 2B

 
More gages → more coefficients → more accurate. 
 



Longuet-Higgins method cannot resolve combined waves from different directions. 
 

 

 

 
 
For more information on other methods for directional spectrum analysis, refer to Oh et 
al. (1992), “A study on the estimation of directional wave spectrum using arrays”, 
Ocean Research (KORDI), 14(2): 111-129. 


