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Euler Beam Theory

Euler-Bernoulli Beam Equation
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@ [, dw j\i):
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*» Toset up the Euler Beam Theory, need to know
= Kinematics
= Constitutive
= Equilibrium
= Resultants




u(x,y)=x(x)-y
(1) ~&(X,y) =
and
dv
x=-0= T dx (3)
X

< Kirchhoff Assumptions for Normals
= remain straight (do not bend)
= remain unstretched (keep the same length)
= remain normal (always 90° to neutral plane)




stitutive and Equilibrium (Euler Beam Theory)

Constitutive

By 1-D Hooke’s Equation o(x,y)=E-e(x,y) (4)

Equilibrium

V +dv DY F=0= o_|<u|_U ()
dx
M
dM,=0 = M _y (6)
M +dM dx

g

dx
Fig. 2




Resultants (Euler Beam Theory)

Moment

M) =[[y-o(xy)-dy-dz (7)

o (X, Y) using  1=[[y" dy-dz

o=~L @®

Fig. 3

Shear

Ty ) V) =[[e,(xy)-dy-dz (9)

Fig. 4




Derivation (Euler Beam Theory)

. 2
Combine d _/N\_ _p (10
(5) and (6) dx
QN
(> (10) - —([[y-o-dy-dz)=-p @)
Qm
(4)> (11) - % _m._.._.v\..m..av\.QNvHIb (12)
o d¥(_dy 2
(2> (12) gl L [[y -dy-dz|=—p (13)
d? d?v 2
(3)> (13) g mo_xL? dy-dz |=p (14)
Recall d2 d2v
» |—=|El—=|=p @5
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Iffness Matrix for Euler Beam Theory

DOF of a Beam (2D)

An Euler beam has 3 DOFs in each node to make 6 DOFs in 2D,
corresponding with 6 external loads. A stiffness matrix which shows
the relations between these DOFs should be defined.




2
From (8) M nMan&mUanm_ﬁ (16)
_ y R dx
The bending moment in Fig. 5 will be M=M,-f,x (17)
d’v
(17)~>(16) m_%u?xl_/\: (18)
. . 2
Integrating (18) twice £l Eu f M
x> " '
2
El %u dﬁﬁxﬂ;\_pfoH
3 2

X X
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Stiffness Matrix for Euler Beam

... “ dv
Boundary Conditions atx=0 v=v, and —=6, (20a)

dx
dv
atx=1 v=v, and —=6, (20b)
dx
2
(20)>(19) ElG, = f, _M|_<_ | +El, (21a)
° 1?
Elv, = f,, m|_<_ M+m_m_+m_< (22b)
Solving for f,; and M,
f El _ _
0= —(12v, -12v, + 616, +616,)  (23a)
_El

—(6v,—6v, +416,+216,)  (23b)

_N
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Stiffness Matrix for Euler Beam

Using equilibrium in Fig. 5b  V,=-V, and M, =V]I-M, (24)

(24)>(23) JN HWALNS +12v, - 616, |m_®v (25a)
M, HWA?W? +216,+416,)  (25b)
In matrix form,
(f,]°  [12 6 -12 6l | (v)°
M | 41° -6l 2°| |@
JLL Hm 6 Jte (26)
f, I°1-12 -6l 12 -6l |v,
M, | 6l 21° -6l N:N- 0




Stiffness Matrix for Euler Beam

For axial force/Disp,

EA
fy = |Acp —U, v (272)

EA
fob, O Tl and

EA
o =—1(-Uu+u,) (27b)

—h
Il

In matrix form,

(£ ] 1 11 (u
Jlal _EA $ty (28)
f | -1 1) |u,

L X2 I 1 U

. = i



Stiffness Matrix for Euler Beam
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(f.1° [C, 0 0 0 T (u]
/" 0 12C, ©6C,L 6C,L V,
M 0 6C,L 4CL° —-6C,L 2C,L° | |6
Kt =F ={ *! = ’ ’ i S (29
f, —C, 0 0 0 u,
2 0 -12C, -6C,L —6C,L | |v,
M,] [ 0 6C,L 2C,L° —6C,L N_ON_.N. 6, |
AE El (e: et element)
where  C, T andC, = g
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Local coordinates

2

node 2

UQ

node 1 et

X

Global coordinates

Transformation Matrix

Since not every beam is parallel to the
global coordinates, the stiffness matrix in
(29) should be modified according to its
inclination angle, o
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Transformation Matrix

Let's define displacement and force vector of the e element B
in the global coordinate as as u® and F°, and local ones as U*® and F°.

Also, global stiffness matrix and local one as K and K°.
Then, the following relationship holds:

e |_|Cm
fe=Tf°

Cl
[

(30a) Ku®=f° (30b)

Where T is a transformation matrix to adjust the inclination angle.

(30a)=>(30b)
KeTu®*=Tf°* (31la) and T'K°Tu®=f° (31b)

Thus

TTKT=K® (32)




Transformation Matrix

[ cosa sina O 0 0 O
—sina cosa O 0 0 0
0 0 1 0 0 0

T = . (33)
0 0 O cosa sSha O
0 0 0 —sina cosa O
0 0 0 0 0 1

TT=leT =T

Using this, every beam element can be analyzed in global coordinate.
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Assembly of Stiffness Matrices

u): displacement at i" local node of j" beam

17

node 1 Beam 1 node 2
] . ]
Local: ?HH_SH_%S ?W.@_%&
?M_ﬂ__/\_x ?xw_ﬁw__/\_p Beam 2
node 1 node 2
ur vy o7 {uz,v3,6;}
2 2 2
L 6 M (12, 6.m2)
Assemble
Global node 1 node 2 node 3
. - & ()
ACH_S_%L ?35.%& ??5.%&
(0 f, M, {f,.1,.M,] (£, 1, M,

How can this be done?




Assembly of Stiffness Matrices

<Detailed Procedure>
continuity: local » global (u, )
V.
u; = U, :
1 2 %
U, =U; =U, u,
u: =u, u=14v,
. . o,
Same for v/ and 6! !
3
T v,
equilibrium: local » global 9
L3
._"M - ._"xH .
12§ The displacement of the j®
v T h =T node is Amevg (a=1,2,3)
dﬂxm = f, element of the displacement
3 3
. . vector
Same for f," and M/’
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Assembly of Stiffness Matrices

node 4
{uv..6,}

node 1

=]

2 O

H I

Element Stiffness Matrices and vectors &
node2 DM L e3
?n.-__».m.w ?w.iu.ﬁu

Beam 1 Beam 2
f, cC, O 0 -C, 0 0 U fro 'C, 0 0o -C O 0 1 [u
fu 0 12C, 6CL 0 -12C, 6C,L v, f,, 0 12C, 6C,L 0 -12C, 6C,L v,
M| o 0 ecL 4C,L> 0 -6C,L 2C,L Ll M| _rr| O 6CL 4C,12 0 -6C,L 2C,L° e
f[ 7 |-c, o 0o ¢ o0 0 2y, fo| °|-C, 0 o ¢C¢ 0 0 °lu,
f,s 0 -12C, -6C,L 0 12C, -6C,L v, f,s 0 -12C, -6C,L 0 12C, -6C,L v,
M, 0 6C,L 2CL2 0 -6C,L A4C,* | 6, M, | 0 6C,L 2CL° 0 -6C,L 4C,L* 6,
Beam 3 Beam 4
f. [ C, 0 0 -C, 0 0 ] u, f, [ C, 0 0 -C, O 0 u,
f,s 0 12C, 6C,L 0 -12C, 6C,L v, f, 0 12c, 6C,L 0 -12C, 6C,L v,
M| o | O 6CL 4C,12 0 -6C,L 2C,L° T e Mo <[ O 6CL 4C,12 0 -6C,L 2C,L? - e
£, " |-c, 0 0 G 0 0 72 u, f.] “1|-Cc, 0 0 C 0 0 74 u,
i 0 -12Cc, -6C,L 0 12C, -6C,L v, f,0 0 -12C, -6C,L 0
M, | 0 6C,L 2CL° 0 -6CL 4C,L* | 6, M, | 0 6C,L 2C,L* 0




Assembly of Stiffness Matrices
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Each element stiffness matrix will be added to the global stiffness matrix with
respect to the displacement DOFs it has, as seen in (34).
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Boundary Conditions

Applying forces

The external forces will be added to the force vector with respect to their type and
the node on which they are applied.

1
|
N
_

e o o o ° ° U,

e o o o ° ° v,

e o o o ° ° 6,

© © o 000 000 000 o o o o o o u,

e O o o000 o000 o000 o o o ° ° ° <N

® © o o000 o000 o000 o ° ° ° ° ° A%m

° ° © o0 o0 00 o o o U,

[ [ ) o o0 oo [ [ [ <w

. Beam 2 -&qu\w 0 ° ° ° o0 oo o0 @ ° ° %w
mﬂuu.ﬁnt@n“ nﬁuuiuummw 0 ° ° ° ° ° e o0 o0 oo u,
0 ° ° ° ° ° e o0 o0 oo v,

M i ° ° ° ° ° ® oo oo oo f%f

(f, f,.,M, = known, applied _“Qommv
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Boundary Conditions

Fixed DOFs

S EFE D o & oo

S

supported
Y v, =0

<
I

4

0

S J

The restricted DOF in a structure will result in a value “0” in the displacement
vector. This will cause the stiffness matrix to be reduced.

23



Boundary Conditions

ﬁxm L ® o ° ° ° u,
0 - - - - - - 0
0 ° ° ° ° ° ° %N
% < S
0 o0 o0 o0 o ° ° U,
_n<w ° ) ° o0 o0 o0 o ° ° V,
0 ° ) ° o0 o0 oo o ° ° %m
0 ° ° ° ° e o0 o0 oo u,
0 ° H ° ° ° e o0 o0 oo v,
,_<_f i ° ) ° ° ° ® oo oo oo f%f

Because there are 8 unknowns, only 8 equations are needed. Therefore,
the underlined rows and columns do not need to be considered. The
result becomes Eq. (35) in the next page.
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Boundary Conditions

J
1
|

~

J

00 000 © o© o o o o u,
00 000 © o o o o o o,
0 ° ° o0 o0 o0 o ° ° U,

A Fw _ ° © o0 o0 00 o o o A<w L (35)
0 o © ©e o0 o0 o o o o,
0 ° ° ° ° ® o0 o0 oo u,
0 o o © © o oo oo oo A
M, | e o ®© o o oo oo oo (]
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