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Hydrodynamic Considerations

T
—

X hydrodynamic fully developed
entrance region region

hydrodynamic entrance region

flow acceleration

Inertia force ~ pressure force
~ Vviscous force



(111
—

X hydrodynamic fully developed
entrance region region

hydrodynamically fully developed region
no acceleration (inertia force = 0)
pressure force ~ viscous force
constant pressure gradient

fully developed condition :

v =0, a—”=o >d”=0, u=u(r)

OX dt




Characteristic Velocity
mean velocity over the cross-sectional area

M = jA: ou(r, X)dA = jo“’ ou(r, x)- 2zzrdr

= pu, '”roz =pUmAC =£IOUmD2

4
um=%jr°u(r,x)-rdr= 4m2
- Jo npD



Reynolds number : Re, = pU,D _ 4m

#  7wDhu
critical Reynolds number :
Re, . = 2,300

hydrodynamic entry length:

X X
%h 1 =0.05Re,, 10<| =2 | <60
D lam D turb




Velocity Profile in Fully Developed Region

momentum eq;
O:—dp+ﬂd( dU) ——— . i

dx r dr\ dr

or P_Adf AU} nstant
dx r dr\ dr

boundary conditions: u(r,)=0, 3—“ =0
r

2
du 1(cp)r .C.

dr u\ dx ) 2

2
u(r) = (cp)r +C,Inr+C,
u\ax ) 4



2
c. =0, C2=_1(dp)ro

u\dx /4
1 (dp\r?| )
u(r) =-— ( p) : 1—(—)
pu\dx ) 4 I
r, 2
um=£2j u(r,x)-rdr =— o dp
- Jo 8 dx

I

0]

u(r)=2u_ (1—2)

u(0)=2u_=u_, u(r)=u, (1——



Criction Coefficient

ou 2| 4uu_
Ts=_:u§ =_:u°2um(_r_)= IL:,

0 0

r=r,

friction coefficient
T 4 uu 2 16

m [ ]
2

puz /2 r  pu. Re,

0]

S

f

Moody friction factor

—(dp/dx)D  8uu,D  64n 64

f 2 .2 2 o o
pu:- /2 r‘'ou /2 Dpu  Reg

=4cC,
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FICURE 8.3 Friction factor for fully developed flow in a circular tube [3]. Used with permission.



Thermal Considerations

(1]
—

X hydrodynamic fully developed
entrance region T region

_|

i

X thermal
entrance region

fully developed
region

X
Thermal entry length : ( gt) ~0.00Re, Pr
lam



Mixed Mean Temperature
(bulk fluid temperature, mixling-cup temperature)

jor° UpCT - 2zrdr ETmJ': upc - 2zzrdr = pcT_U_7xt’

Tm(X)= 2 Iro uTrdr (um =r_22j0rou(r,x).rdrj

uer2 0
heat transfer coefficient :
oT
"=k—| =h(T.-T
0; =k~ (T.-T,)




Thermally Fully Developed Condition

experimental observation: in the far downstream
region, h =const. for a given fluid and tube diameter

Suppose

q;’= h(Ts _Tm)

0

s(X)_T(r’ X)

T.(x)-T(r,x)

or

|

TS(X) _Tm (X)

J

TS(X) _Tm(x)

r=r,

=¢(r) alone

oTlor). .
CT.(0)-T,(X)

= constant (not function of x)

o
or

r=r,

h oT /ér)

Kk~ T.(0-T,(x)
= constant

r=r,




thermally fully developed condition

0| T.(X)=T(r,x)
OX N TS(X)_Tm(X) |

(dT aT)(T T)- (TS_T)(dTS_dTm)zo
dx OX dx  dx

or _dT, T.-TdT, T.-TdT,
ox dx T.-T, dx T ~T_ dx

=0




or _dT, T.-TdT, T.-TdT,
ox dx T.-T, dx T ~T._ dx

Constant surface heat flux condition

qr=h(T,-T,)=const. >T, -T = const.
dT, dT, _0 dT, _ dT_

dx  dx dx  dx

) oT _ dT, _ dT

ox dx  dx

Constant surface temperature condition
or T,—T dT,
ox T,—T. dx

T, = const. >



Example 8.1 Velocity profile

I

o E u(r) = C,
: I :
_>_[ —_— . S Temperature profile
Flow : \ Tr"
: i

slug flow: liquid metal, Pr<<1
Find.:
Nusselt number at the prescribed location

Assumptions:
Incompressible, constant property flow



u(r)=C,, T(r)—TS=C2[1—(r/rO)2]

" ) 6"’
NuD _ h_D’ h — qS , qs e k
k TS _Tm ar r=r,
2 o 2 o 2
T = s j'o uTrdr = = IO C, {TS+C2[1—(r/ro) ]}rdr

— r_zzj':’ {TS +C, [1—(r / ro)z]}rdr

2
—% T, b, Co roz—&ro2 =TS+&
I 2 4 2
k9N —ke2t| - X
or r=r, I r=r I
oG T2k Ak NuD=h—D=8
T.-T, —-C,/2 I K



Overall Energy Balance

4
ds

X +dx>i

perimeter: P = zD

. d /.
mc,T,, +q/Pdx =mc T, +d—x(mcme)dx

" _i ’ =dqconv
qrP =—(mc,T, )= i






Constant surface heat flux condition

T,y =2k i ,P h(T,-T,), d; = const.
dx mc, mc, .
dTm q”P dX <Entrance region |Fully developed regiorn

mC T,(x)
j dT. = j 9P 4

o M,
T (X) T .+ q P X T, (x)
mC

T (X) T (X) -+ (:]S q!' = constant
T.(X)-T_(x)= % = constant in fully developed region

h



Constant surface temperature condition

T _ P h(T,-T,) or Mo __ P hox
dx mc, T -T, mc,
IX ok S "hdx
oT —T, mc, <0
X P X
In(T_-T =——| h
I:n( m S):IO me 0 dX
__ X 1jxhdx_——h

rﬁcIo X ¢0 mc,



|S—|m(X) AT PX —
=——=exp ——h
Is_lm,i AI

For a tube of length L

Ts _Tm,o _ ATO T
T,-T.,, AT,
( Dl _ A
=exp| ——h,
N me y

0 L



Log Mean Temperature Difference (LMTD)
Ueorv = me (Tm,o _Tm,i)

= mc, [(TS -T,..)-(T. —Tm,o)]
Let AT, =T,-T,,, AT, =T,-T,,,

m,i !

then Ueory = me (AT| _ATO)

To-The A pL _

=—2=exp| ———h
T,-T,. AT, p( mec,

PL — AT, . PLh,
-——h =In—— mc =
mc, AT. IN(AT. / AT,)




Quony = MC, (AT, —AT,)
PLh,

mc,_=
" In(AT, /AT))

PLh,

= AT — AT
Hoon In(ATi/ATO)( ! )
— AT —AT, -
=PLh In(AT,/AT,) NAAT,,
AT - AT —AT.

™ In(AT, /AT,)



Example 8.3

L=6m
D =50 mm

Water I
—  — - m h e h s e mm s e s o s e s o h mm s o h omm s o | P S

m = 0.25 kg/ \
T.,.=15°C / _ E70

| T. =100°C Tno=00C
Find:

Average convection heat transfer coefficient



D =50 mm
Water I
—  — - m h e h s e mm s e s o s e s o h mm s o h omm s o | P S
m = 0.25 kg/s \
T . =15°C / _ 70
m.| T =100°C T,,=57°C
_ e (T -T )
_ p m,0 m,i
Oeonv = me (Tm 0 _Tm,i) = h'A‘SATIm —>h= ASAT|m

~ 0.25x4178x(57-15)
~ 7x0.05x6x61.6

=756 W/m?’K




Convection Correlations

Laminar Flow In Fully Developed Region

In the cylindrical coordinate system (r,x)
oT  oT 15( GT) o°T

OX or ror\_ or) ox*

for fully developed flow

oT |10/( oT\ o°T
v=0->U—=0a|—|r— |+
OX ror{ or) ox*

u(r)=2u, (1—2)
rO




Scaling u,T,r, X
aT a@(&T) AT AT u_r?

~ Y ~ I 0
u,—~a—-, X

ax ror\ or X r a
. Xa Xa V X/,
X = > — — :
u,r, L, vu,r, Re Pr
T.-T UL
H: S : u =—’ r _—
Ts _Tm,i um Iﬂo

u’ 8«9= 1 620+829+1 00
2 0x" Re, Priox™ or” ror
LOT _ad ( GT)

OX ror\_ or

Then,

When Re, Pr=Pe> 100,



Constant surface heat flux condition
T _a a( a_) oT dT, dT,

Yox rorl ar ox  dx  dx
dT_ _a 6 GT
dx r ar 8r

r’ \dT _ad GT
or 2u,|l-—

r’ ) dx Cror ar
boundary conditions

)
T(,)=T.00, I =0 [q=kL
or . L or




from overall energy balance :
dT, q/P  4q!

m

dx mcp pu, Dc,

= Cconst.

Integrating energy equation with
boundary conditions

2
T(r,x)=TS(x)—2um dTm(B 2 1r? r)

a dx |16 ° 16I’ 4

11 2u. dT
T, (X)= =T,(X)— m M’
n(X) r’u, 9o (%) 9% g dx °

11 glr,
24 k

=TS(X)_



11 g,

q;'= h(Ts _Tm) =h

24 K
W24k _48k
11r 11D
Nu, =12 38 _ 4 364

k 11



Constant surface temperature condition
or _T,-T dTm T -T dT_ _a 0 8T
ox T.-T_ dx T —-T, dx r or ar

r*\T.-T dT. a 0 GT
2Uu, | 1-— |= M —
r’)T.—T dx ror ar

2 2
C,=1, C, = —%= ~1.828397, C, =1 7 (Canc ~Cys)

hD ,12
A, = 2.704364 Nu, = =—=3.657

k2



Example 8.4

water

Conditions:
absolrber tube q" = 2000 W/m?
m =0.01 kg/s
D =60 mm
concentrator Thno=280°C

Find:
1) Length of tube L to achieve required heating
2) Surface temperature T, , at the outlet section, x =L

Assumptions:
1) Incompressible flow with constant properties
2) Fully developed conditions at tube outlet



1) From energy balance conditions:

Oeory =MC, (Tpo = Tpi ) =07 (#DL) q” = 2000 W/m?
mcp(Tmo_Tmi) m =0.01 kg/s
L= — - =66om D =60 mm
7 Dq
T,; =20°C
2) surface temperature at the outlet
q T,,=80°C
"=h(T, -T . )=>T,,=—+T,,
qS ( S,0 m,o) h
An 4x%0.01 .
Re, = m _ x0.0 — =603 — laminar flow
7#Du  7wx0.06x352x10
fully developed condition Nug =hTD=4.36
h :4.36%:48.7 W/m?K
T =% 290 eh 1010

S,0 m,o
h



Laminar Flow In the Entry Region
Thermal entry length

0.0668(D/L)Re, Pr
1+0.04[(D/L)Re, Pr] "

Nu, =3.66+

T, = constant,

NU, = hTD q=hAAT,.

properties at T =(T,,+T,,)/2



Combined entry length
(hydrodynamic + thermal)

Re, Pr\"” .
Nu, =1.86| —2° Ll
L/D U,

- 0.48<Pr<16,700 |

0.0044 < (ﬁ} <9.75
K

T, = constant

properties at T, =(T,,; +T,,)/2



o ] O entrf,r iéng'th '

s Combined entry length
Constant surface (Pr=0.7)
———  heat flux '

< Entrance region Fully developed region >

Nu D
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FIGURE 8.9 Local Nusselt number obtained from entry length solutions
for laminar flow in a circular tube [2]. Adapted with permission.



Turbulent flow In circular tubes
Fully developed region

e Dittus-Boelter equation (smooth wall)
Nu, =0.023Re}° Pr"

n=04 (T,>T,), n=03 (T, <T,)

0.7<Pr<160, Re, 210,000, %210

moderate temperature difference

propertiesat T,



e Sieder & Tate (1936)

large temperature difference

0.14
Nu, =0.027Re}° Pr’ (ﬁ]
Hs
L

0.7<Pr<16,700, Re, =>10,000, 5210

propertiesat T,



- Petukhov (1970)
(f/8)Re,Pr

©1.07+12.7(f/8)"*(Pri°-1)
f from Moody diagram

0.5<Pr<2,000, 10* <Re, <5x10°
propertiesat T,

e Gnielinski (1976)
NU. = (f/8)(Re,—1000)Pr

1+12.7( £/8)"* (Pre-1)
0.5<Pr<2,000, 3,000<Re, <5x10°

propertiesat T,

Nu,




Entry region
NU_ =Nu_., Since 10<(x,/D)<60
| Nu, 1 C

For short tubes : NU, (x/ D)™

Liguid metals
fully developed turbulent flow

Nu, =4.82+0.0185Pe}™", Q.= constant
3.6x10° < Re, <9.05x10°
10° < Pe, < 10*

Nu, =5.0+0.025Pe/’, T, = constant




Example 8.6

Hot air .
—— et + & —h — — — — C . . —
 =0.05 kg/s]

X
Cold ambient air

T =0°C, h =6 W/m?K

T, ,=103°C

Find:
1) Heat loss from the duct over the length L, q[W]
2) Heat flux g;(L) and surface temperature T, atx =1L

Assumptions:
1) Steady-state, constant properties, ideal gas behavior
2) Uniform convection coefficient at outer surface of duct



Hot air .
—— et + & —h — — — — . . —
 =0.05 kg/s]

X
Cold ambient air

T, =0°C, h =6 W/m°K
1) Energy balance for the entire duct :
q=rc, (T, —Tp,) =0.05x1010x(77-103) =-1313 W

2) Heat flux and surface temperature at x = L
T

m,L

TS,L Too
TOO =0°C, hO =6 W/m?’K qs(L) » O /\/\/\/\_O_/\/\/\/\_O
1/h_ 1/h,
_1_Ts L x=L
| Tm,L_Too

Tm,L = 77°C, hx=L q;’( L)=

T, ,=103°C

1/h_, +1/h,
or q;’( I—) - hx:L (Tm,L _Ts,L) = ho (TSJ— _T°°)



Re, = m_ 4x0.95 =20,404 turbulent flow

#Du  7x0.15x208x107"

L/D=5/0.15=33.3>10 fully developed region

Nu, = D _ 023 Re!s pr®® =57.9
h_, =Nu 5_ 57.9% 203 _11.6 W/m’K
° D 0.15

T  -T -

Hence, q’(L)= T =0 =304.5 W/m*
1/h_, +1/h 1/11.6+1/6.0
QL) =P (T = To ) =ho (T =T )
T a1 —%D) _gg 3045 56 20c
| ’ 11.6

he.



Convection Correlations:
Noncircular Tube

4
hydraulic diameter : D, ETAC

A.: flow cross-sectional area

P : wetted perimeter



Nusselt numbers and friction factors for fully developed
laminar flow in tubes of different cross section

ki,
Nup =
ip p
f} I
Cross Section — {(Uniform g, ) (Uniform T,) J Rep,
a
O — 4.36 3.66 64
a |:| 1.0 3.61 2.98 57
b
al] 1.43 33 3.08 39
b
a 20 4.12 3.39 62
b
a1 3.0 4.79 3.96 69
b
a |:| 4.0 5:33 4.44 73
b
— 8.0 6.49 5.60 82
b
o0 8.23 7.54 96
Heated
™ 5.39 4.86 96

D R S
Insulated

A — 3.11 2.49 53




Concentric Tube Annulus
innerwall : g'=h, (Ts,i —Tn},)

Ty i—

outerwall : q)=h, (TS,O —Tm)

Ef £

e

prs b ﬁ o S L s b R
ey e

Nusselt numbers

NU-EhiDh Nu EhoDh

_4A A(=14)(Di-D7)
P zD, + 7D, =25

NU. = NU” NU = Nuoo

1-(a/a)er 0 1-(alla)é;

D,




For fully developed laminar flow

1) One surface insulated and the
other at constant temperature

D./D, Nu, Nu,
() — 3.66
().03 | 7.46 4.06
(.10 1 1.56 4.11
0.25 137 4.23
().50 J.74 4.43

== 1.00) 4.86 4.86




2) Uniform heat flux maintained at
both surfaces

D;/D, Nu; Nu,, 07 0
0 — 4.364 % 0

0.05 17.81 4.792 Z.18 0.0294
0.10 11.91 4.834 1.383 0.0562
0.20 8.499 4.833 0.905 0.1041
0.40 6.583 4.979 0.603 (0.1823
0.60 5912 5.099 0.473 0.2455
0.80 5.58 5.24 0.401 0.299
[.00 5.385 5.385 0.346 (0.346

NU — Nu.. NU — Nu_,

© 1-(ar/9f)er ° 1-(a'la)e;



Heat Transfer Enhancement

Internal flow heat transfer enhancement schemes

Coll Twisted

NAYAY, @ L 2S5y
Coll-spring wire insert Twisted tape msert

Longitudinal
fins

Longitudinal fins Helical ribs




Helically coiled tube and secondary flow

Helical
coil

Secondary
flow




