Tokama Plasma Physics

Plasma properties Plasma dynamics
» Quasi-neutrality * Particle orb_lts | |
» Ability of carrying currents » Kinetic, fluid-like behaviors

Tokamak Plasma confinements
* B =(plasma pressure)/(magnetic pressure)< 0.1
e Collisions : 1on collision time 1-100 ms

« Anomalous transport : instabilities, disruptions
Table 2.1.1 Typical tokamak plasmas

Plasma volume 1-100 m’

Total plasma mass 107%-1072 ¢

fon concentration 10"-10% m3 10 X atmosphere
Temperature 1-40 keV /[105 X atmosphere
Pressure 0.1-5 atmo

Ton thermal velocity 100-1000 km/s

Electron thermal velocity 0.01c-0.1¢

Magnetic field 1-10 T

Total plasma cuirent 0.1-7 MA




Tokama Plasma Properties

 Debye shielding : Debye length
As = (&, T I ne*)"?

1/2
= 2.35x105[%j m, T in keV

\ Ap lies in the Range of 102 to 10t mm
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Tokama Plasma Properties

 Plasma oscillation : plasma frequency
/ —
@, =(ne’/m,g,)"? =56.4(n)"*s™
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Collective behavior

mpe T >1 (plasma frequency > collision frequency)



Single Particle Motion under Constant Field

« Equation of motion : Lorentz equation dV —q(E +VxB)
dt
 Motion in electric fields
. dv = -
F_ma_qu:-qVV . } V(%mv2+q\/):o
dW = - dx = md—‘t’-dx = my-dv = d(_ mv’)
« Cyclotron motion in magnetic fields
d“v d\7 5 B v
qu =—(V><B)><B (q ’
dt® m dt B
Cyclotron frequency : o, = @* , Larmorradius: 1, = w
m qB

« Magnetization criteria ) > 1 n <a
C



Particle Motion along the Magnetic Field

T::md_V:-MVB « F=gE=-qVV
dt = e e s -
- Magnetic mirrors and nozzles:  —— e —

magnetic moment conserved!

M=|A=( C)( l)_mVL/z j 8:: ﬁ

B




Single Particle Motion : Cross-Field Drift

_ ExB
 Cross-field guiding center motion : ExB drift motions Vexs = g2
0=(E+VxB)xB=ExB+B(vV-B)-VB? = I§><Iq3-VLB2
_ FxB
For general forces perpendicular to the magnetic field Ve = 4B’
VB drift .
B E > I—:’ m V VB v - UVBX B
- = —_— - ,LL -
O, i dt P B
curvature drift ,
IE:de:mV”VR _ -mV,Z,VBxé
_mv v dt R’ Ve = 3
I = B ge qB
q olarization drift . _,
pOTATIzation &Mt = 1 4B m dE
v V —
Electron ExB drift motion ] o dE
p

¢T ,Bdt qB? dt

=52 4t polarization current density



Results of Collisions

« Plasma diffusion and other transport processes
» Transfer energy between particles

« Responsible for the electrical resistivity of the plasma

Complexity of Collision Processes

The concept of collision in a plasma is subtle
Relative velocity dependency of collision processes

Integrated effects of interactions between particles of all
velocities

Effective collision frequency depends on the specific process



Coulomb Collisions :
Large-angle scattering and small-angle collisions

~ Effective collision cross-section
4o,In A

‘—>-__.._
.

(a) (b)

FIGURE 3.6. The processes that lead to large-angle Coulomb scattering: (a) single large-
angle event; (b) cumulative effect of many small-angle events.

Impact parameters for small angle Coulomb scattering

— minimum from Coulomb force balance €’ _ mv* A = e KT

— maximum from Debye length Adrer; T, ne’

— ratio gives importance of small angle scattering 5 _ fmax _ Aoy 2 N2
r r 12z °

min 0



Binary Coulomb Interaction inside the Debye Sphere

Rutherford scattering

A MV2T Parallel momentum change 5 =— 2m.v
COt(Z/Z)Z S 1_|_(r/r)2
X dp o (P 27rdr 0
o? — =-2nm\v j >
r = dt 0 1+(r/r))
° dm myv’ ’ "
N e’ =-2nmv’c,In(L+(r/ ro)z)‘O =—-4In Anm v°c,
o Ty 2 2
64723‘ OEe ' \\ ﬂ,D >> ro
electron Sl
i Nz ) INA=In(4; /)

Coulomb logarithm
%

Fig. 2.8.1 Geometry of electron—ion
collision with impact parameter r and
scattering angle .




Coulomb Logarithm

electron—electron collisions

InA = 14.9 — }In(n./10°°) + In T, T. in keV

electron—ion collisions (T Z 10eV)

A =152~ ; In(n./10%°) + In T, T. in keV

ion—ion collisions (singly charged ions, 7 < 10(m;/m;) keV

InA =17.3 —1In(n./10°°) +3InT, T inkeV.



Coulomb Logarithm for electron-ion
_collisions
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Relative importance of Coulomb Collisions

é 17 1 2
Coulomb collision cross section O T b 22 2 m
(474,) T T.(eV)
Effect of small angle scattering : In A
J J o ~ntFIin A~107" m?

In A | T @V
In order to define an average electron collision frequency, evaluate the
frictional force on a distribution of electrons drlftlng through
essentially stationary ions F= _nem< Vei\7>

Collision frequency v,; =N, < o,;V, >
Various Coulomb collision frequenmes from the frictional forces

ne‘lhA <wv, >

FZ =NM< e > U, < Vee >R 2e 12—32 ~ 2
21/2 ZZ 4| A Eom Te niZ /ne
< V. >= nic€cm n.Z%%*In A mT?
ei 32 2. 1/23/2 _ i N e \1/2
127 eM T, <V >= 12 32 2\ 2T (I\/|T3 < Vi >
T &, i i



Kinetic Equations

Liouville equation and kinetic equations
Fokker-Planck equation

Gyro-averaged kinetic equations
Fokker-Planck equation for a plasma

Fokker-Planck coefficients for Maxwellian distributions



Liouville Equation and Kinetic Equations

Distribution function F(X, X, Xy, Vi,V oo, Vi, 1)
f= fj(l) ()_(1,\71,1:) — I F()_(l’ )_(2,"”, )_(N ,\71,\72,"",\7[\1 1t)diz ---d)_(>Nd\72 "'d\_iN

Liouville equation dF OF oF _ OF _
= +Z(__.'V|+__.'a|):0
dt ot 4 6%, oV

Vlasov equation  sf _ of _ of of _ of e (E+VxB) of

—+V-—+ad-—=—+V-—+ -—=0

ot 0 N ot 0 m, oV
Fokker-Planck equation o .o +ej.(l§+\7><|§) of _(ij

ot X m, o\t ),

Drift kinetic equation : slowly varying compared to gyro motion

PV, vy)

Gyro-kinetic equation : electromagnetic fields vary significantly
across gyro radius --> averaging their effect over gyro radius



Fokker-Planck Equation

« Fokker-Planck equation contains the cumulative contribution
of many small angle scattering.
6f \  f(X,V,t+At)— f(X,V,1)
(ch - At

f(X,V,t+At) = [ £(X,V—AV, )y (V - AV, AV)d (AV)
f(X,V — AV, )y (V — AV, AV) = f (X,V,)w (¥, AV)

0 1 0’ _[ (V,AV)d (AV) =1
—~ fy)Av, +=> fw)Av Av NS

;6“05( l//) “ 20{,,36“046“,8( l//) ’ g

f(X,V,t+At)— f(X,V,t) <AV, > At coefficient of

/ —“= __— dynamic friction

Z—Z—(f(’Wt < AV, AV, > At
2
_Z 0 (f( t)\’ diffusion tensor

Then, () __§_ 9
en (atjc Z (<Av >f)+= Zavaav

a,B B

(<AV,Av, > 1)



Gyro-Averaged Kinetic Equation

« Simpler kinetic equation averaged over the fast Larmor motion is
appropriate for slowly varying plasma phenomena.

Independent variables: r,v-->r,v,, v,

 For the motion slower than the bounce frequency along the field
line, averaging over this motion reduces the phase space to four
dimensions.

 Drift Kinetic Equation is the equation for the gyro-averaged
distribution function. f:ij fds
27T

10 £<<1

By expanding the Fokker-Planck equation with P <1 L
— — c 1
oB\\of [ of mv?/2 K=>=mvV’
+ _ = — _ )7L J
aK (at l #e B 2

convection ExB (v2+Vv?/2)BxVB
+ > T >
B o,;B

W | oo

Vg vV,



Gyro-Kinetic Equation
» Procedure of averaging over the fast Larmor motion can be
applied to some components of the electromagnetic fields vary
significantly across a particle’s Larmor orbit.

« Collisionless Vlasov equations for K.V, /@, ~O(@) with the
perturbed quantities in the form of e—iwt+ili->? and writing
f=f,+of and E=E_- V¢ - 10A then for 1sotropic T,

iL

Gyro-kinetic equation g(z, K, X) I

3 5 L:VJ_XB'kJ_
8—$+V”E Vg +ik, -V .9 Ba,;

of  BxVf. - 2J,(z _
= o e -2 T K110, (e 6y, A+ 28 5] 2=k lo,

cj

* In the long wavelength limit (z-> 0 and L-> 0), f and g would be obtained by

linearizing the drift kinetic equation.
« Bounce averaged drift kinetic equation, or bounce averaged gyro-kinetic
equation for low frequency by averaging over longitudinal motion : x,, p, K



Relaxation Processes

v v
<dv/dt> <Ay, >

Slowing-down time ¢ =

2 2

Deflection time N
To<dv/dt> < (Av,)? >

Energy balance equation

——<AE >=—m(2v<Av,, >+<(AV,)? >+<(Av,)* >)

2 \ friction force
rate of energy m\ | |
to field particles work done by test particles energy increases

against dynamic friction of test particles

— Fast test particles V/Vy >>1
— Slow test particles v/v,, <<1



Relaxation Processes

. dTI Tj _Ti
- Heat exchange time 7; =
dt T
°n —i = f. (v, e
Ui _[<AE> fanvidv,  for Maxwellian  f;(v;) = 2 )3,2\/%
ne‘Z’Z°InA @, /V2vy) m. ®'(v, /v2v;)
<AE>ij:— 12y (1+—D) j
dre i, V, mi Vv,
m. V2O'(v, /v/2v;.)
| = [(v@(v, /V2v;) -1+ I eZVTdv
[ (@ (v, 17/2v5) o) " )
Ll dT,__2ne'ZiZinA
(VTI +Vy )3/2 dt 3(27)¥%’m, m; m
T. =7 .= —Z'
v .,| fore-iheatexchange “* ¢ 2m,
3(2r) & m;m, (TI TJ) ot
T = 2 > + electron 3(27)%2 £2mY 2T 3/2
ne‘ZiZinA \m - m, collision frequency 7e = ( )ne4 |°n/§ e




Collision Times

« Characteristic collision times by taking the test particle to

have the average thermal velocity myvZ =T
eVTe _
. 3(27T)3/28§m1/2-|- 3/2
o ne*In A
Electron/ion collision times for a plasma with ions of charge Z,
o 3(272_)3/285m;/2-|-e3/2 o 1272_3/28c.)2mi1/2-|—i3/2 z‘e /Ti _ (ﬂ)l/Z
° nZ%e*In A | nZ%e*In A m,
| |

T (keV)*?
nZ%In A

1/2 3/2
m o) T (keV)
nZ*InA

z.(s) =1.09x10" 7,(s) =6.60x10" (m



Resistivity

« Force due to electric field is balanced by the frictional force
due to collisions,

Time for electron momentum loss
Ee = MYy /E%yn eV, — 1= _Me
@ e~ d neezz-C roughly, T, RT,

more accurately by taking account of electron-electron

collision, Spitzer resistivity m, m;'%e? In A
ns =051—2—=051—" —
ne’r, 3e;(2xT,)
=1.65x107° In A /T, (keV)*'?
In the presence of magnetic field, S1/z,
Cj
m m, -
n =——>p—=19n, ="
n.e e n.z.
o Te Ee:mevdzi Z,: ok
For multi-species, P > nz:
E:nznjzjevd j =15 L
] :



Runaway Electrons

When the electric field force exceeds the collisional force for an electron, the

3/2 2,,~1/23/2
electron would runaway. Eo o MeVe o 327)" esm T
c

T, ne*In A

Collisional drag decreases with increasing velocity as 1/v,?
\

Slowing down time for fast electrons
Collisional

\ force muJz, 472(-9§m2\/62 9
T — T
*  ne'lnA

" — —
*‘

A -1
— z-se + Tsi

S

2 ~an2y,2
Force _£47Z"90m Ve

Ty =7gl2 T

L=

|
! Runaway > 3 ne‘InA
|

Ee Critical velocity
, 3ne’InA

Vo = >
Are . m E




Electromagnetism and Plasma Fluid

* Maxwell’s Equations in General Form
» Scalar and Vector Potentials

* Poynting’s Theorem

* Fluid Equations

» Magnetohydrodynamics (MHD)



Maxwell’s Equations 1n General Form

V‘D:,Of VEZO VXE:_a_B VxFl:j _|_a_D

ot boat
In a medium,[) — EOE+5 H:é/,u Y

In linear isotropic homogeneous media, — EE B M jf = GE

//

dielectric constant ~ permeability

—

x H = j+6—D—aE+s a—E_gKa—E

ot ot /' ot

dielectric tensor

In a plasma,



Maxwell’s Equations 1n Integral Form




Scalar and Vector Potentials

v-B=0 — é(f, t)=Vx A(?, t) Vector potential
- 9B OVxA . oA Y
VXE:——:— — ) = —>E - _
po p Vx(E+ 8’[) 0 +8’[ Vo
Gauge transform A = A+ VF ¢ = ¢_% Scalar potential
Lorentz gauge Vi — Eﬁ -0
ot?
Satisfying Lorentz condition 52
0
_ Vip—u e——==-p.l ¢
V-A+u E@_qb =0 ot* f
A q 02 A
VA-u ¢ = —,ujf

ot?



Poynting’s Theorem

V.ExF)=F.VxE-E.vxA-A-B)_E.G, + D)
ot ot
A B P o, e B o9 e )BT
ot ot ot ot ot 2

Integrating over a fixed volume,  Poynting’s theorem comes out as following:

J.VV : (E X I:I)d T = LE xH-da rate of energy flow across the boundary

ol - . :
__Y —(,uHZ g Ez)d f_J‘VE,de . energy dissipated into heat

ot v 2
electromagnetic energy contained in the volume V
 Poynting vector : energy current density or power flux S=ExH
» electromagnetic energy density 1
2
u=u,_+u, :E(ﬂH +¢ )



Fluid Equations

Kinetic equation with distribution function, f(X,V,t)

of _ of e(E+VxB) of (afj

ot

ot OX m. oV

J
— Fluidvariables, n(x,t) G(X,t) p(X,t)
Multiplied by chosen function ¢(v) and integrated over velocity space,

Particle density N(X,t) =I f(X,v,t)dv
: : L 1 N
Fluid velocity — G(X,t) = —I f (X,v,t)vav
n
Pressure tensor  P(X,t) =m j f(X,V,t)(V —0)(V—0)dv =TT+ pl
For an isotropic distribution function, the pressure is

q m Ny D e
p(x,t):gjf(x,v,t)(v—u) dv



Fluid Equations

Multiplied by chosen function #(v) and integrated over velocity space,

p=1 nX)=[FRIDN 5, 7.5

0 _
— 6\/

_ 1 L inui j
¢ =mv G(X,1) = _j‘ f(X,V,1)VdV Continuity equation

mﬁ(gtu)+m— _[V”fdv ja(FV)

oo _ _._ s =5 : :
mn(—+Uu-Vu)=-V-P+nF+R Equation of motion

p=mWI2 PR =m[fEIHE-DE-DN  vp wvn
For closure, approximations such as adiabatic motion are used. =7 n

Formal validity check with mean free path, Larmor radius, and macroscopic length



Two Fluid Equations

Plasmas are assumed to be composed of two fluids such as electron and ion fluids.

Continuity equations

ans+V-(nsﬁs):0 s=e,i
ot

€,
e (E+Us><|§)

—

Equations of motion F =
ou. . _._ s . - . -
m.n ( ﬁts +U,-VU,)=-V-P.+nF, +R, é/—VpS +ne (E+U, xB)+R,
Equations of state vp, y vn,
pS nS

Maxwell’s equations
V'EZIO/‘S‘o:(niei_I_neee)/go VBZO

- 0B

VXE: E VXé::uo_j::uo(nieilji +neeeUe



Single Fluid Equations : MHD

Mass density  Pm = Z MNg = NM; Charge density £ = Zesns ~0
S S

T T~ nelii —ii uasi neutralit
Current density 1 = Zesnsus ~ ne(u; —U,) Q y
S —
Znsmsus — —

_ - mu, +mu, . m, _

Center of mass velocity V= ~ ~U; +—U,
> ngm, m, +m, m.
S

Equation of mass/charge conservation 0p,,

+V-(p. V)=0 %O+V-j7=0

Equation of motion  p_ (% +V-VV)=-Vp+ jxB+ pE

Ideal MHD
Ohm’s law E’+\7X§:nj7+i(]’><§_vlge) E+VxB=0
en
d > dp _
Conservation of entropy (ppo, )=0 or at +pV-v=0
, _ oB — =
Maxwell’s equations VXxE=—— VxB=y,]

ot



Macroscopic Plasma Behaviors

* Physics of plasma fluid
 Plasma diamagnetism
 Braginskii equations
 Plasma waves

 Landau damping



Physics of plasma fluid

 Fluid velocity : not the same with the velocity of guiding centers
* Pressure balance
In a steady-state, N.€ (E + U, % I§) =Vp, fors=e, I
For complete plasmas, EZ n.e, +Znsesﬁs xB=Vp JxB=Vp
s s
Using Ampere’s law,  Vp= VB xB = 1 B-VB-VB?/2u,
Ky Ky
For straight magnetic field, p+ B2 /24, =const.

* Pressure tensor d

Force due to pressure tensor, Fn = —Z v P.s
5 X4

For anisotropic pressure,  vp = V. p,+V,p,

Paﬁ = péaﬁ +Haﬁ



Physics of plasma fluid

 “Frozen in’ magnetic field
In a perfectly conducting fluid, E+VxB=0

Magnetic flux through each surface moving with the fluid is constant
and consequently that the magnetic flux can be thought of as frozen-in

to the fluid and moving with it. ®=[B-dS
dd (dB =S = & [Boa ar
o jﬁ dS + §B-(v><d|)=_'[VxE-dS+§B><v-dl

—

:—IVXE-dg—JVx(Vxé)-dgz—j x(E+VxB)-dS =0

e Polarization In a perfectly conducting fluid, E+VxB=0

= ExB d ExB, - = . p_dE pol
7 = P polarization
EXBGV B° } P dt( B2 )=1xB 2 ) = B2 dt current
¢ B ) c
Pm 4t dt -1 K=1+ B2 I up. dielectric constant



Plasma Diamagnetism

Plasmas in magnetic fields are naturally diamagnetic, the gyro-orbits
of the charged particles being such as to reduce the field.

) 0?2
o ) Zﬂm } 271m .

j
current :
particles  sB = 11O

length di = —7( l) i %% f.dv
27T
With a distribution of narticle velocities, e
e.
dB, =20y £ 4oy =
ZB 2a)ci
Hy mj 2 3 Ho pj H, pj Hy P
B.=-— vif.div=— B.=— —_ 10
Js B j 2 1) B S Z B B

J- -
Or, from pressure balance equation, 1B ”egi'lg;ob'e for low 8
p+(Bo+Bd)2/2:uo:B§/2:uo Bd(l__ 0):_ :BS




Plasma Diamagnetism

Full pressure balance jx B = Vp
BxVp=Bx(jxB)=]jB*-B(j-B) —— ], =BxVp/B?
Current associated with the magnetic field B, arising from the stationary orbits

. < P P = P SR o
—VxB =-Vx(ZrEp)=—py VExp -ty —bxVE
Hy ) =V X B x( 3 ) =—14, e 3 Js =bx 3

Current caused by the magnetic field gradient drift

1, = n.e.<\7.> m. <V >/2_ m V2 .
ejB e
m.v . .
=Snee, ‘T‘b VB = Zp’bxvs_%b VB=bx-VB
; e B? B B

Then, J

g - e — — e 1 g 1 -
) + 14 :be§+b xB—pZVB:be§+bx(—pVE):besz J,



Fluid Equations
on

Continuity equation a5t +V-(nu)=0 Equation of state
ol . . _ yp__V¥n
Equation of motion mn(5+ﬁ.vﬁ):_v.p+n|: +R 0 =7 0

S o Ny eex g n of

P(x,t):mj f(X,v,t)(Vv-u)(v-u)dv R = jmv( atj dv
These fluid equations can be closed with the approximated expression of
Isotropic pressure term from the equation of state. For more accurate
estimation, these quantities can be determined by solving the kinetic equation
with the collision term given by the Fokker-Planck equation as following:

ot

ot OX m. oV

J

(5_) _y&ZzinA o (L@ a@_ t@ahe)
0 - ; ov, m  ov m, ov, |7

] 87z m p J_ y

c
I
<l
I
<
=
iS)
w

of _ of ej(E+\7xI§)af (afj U35, —u,u,
V-—+ = _




Braginskil Equations

The distribution functions can be expanded about a Maxwellian distribution.

f=f+of f ", exp( m; (v~ 0)°
° (2T /m;)** P 2T,
In a uniform plasma, ( oOf e
p =0 for Maxwellian distribution, and
of ’
ot #0  with &f from small gradients and drift velocities.
f | More Less
| X collisional collisional
4 | —

retardation

N S 1
: Thermal force
acceleration on electrons




Continuity and Momentum Equations

Continuity equation % (n,d )_aaiJru VN, +n.V-U, _diJrnv U, =0
t t

Momentum equation m;n (—+u -Vi;)=-V- P+n (I§+Uj><|§)+|':’j

R =jmj\7@tjj dv R, :_ZR‘ —

_ m.n o . - Vel _d
Friction force R, =~ ' +V,)=ne(n, ], +1n.1.) e i

Te
Thermal force ﬁ =-0.71nV T, _f n‘ BXVTE
ce Te
Rey ~ (Avnam, ~ (Vv )n,m, Ve=17, ~T,7""

dv, U,
Vive T Ay Vol ™ /IT Vile _T—V”Te Ry = =NV T,

€ € €

R;, ~ Av,n,mu,,
= n
Rp, ~ -

U, v,

Vve~pe‘VLve‘~ ‘V T‘

ce



Stress Tensors
P(X,t)=m, [ f;(X,V,t)(V —0;)( —0;)dV = p, T+ T+ Stresstensor

In a strong magnetic field ~ @cj?j >~ 1

1 1
HZZ - _UOWZZ 1_[xx = _E T, (\Nxx +Wyy) B E Th (vax _Wyy) o 773ny
1 1
Hyy — _E 7, (\Nxx +Wyy) o E T (\Nxx _Wyy) + 773ny
1
ny :H UW +E773(vax _Wyy)
sz — l_sz — _772sz o 774Wyz 1—Iyz = sz — _772Wyz + 774sz
N v, 2
Waﬁ = Ax T ox, _§5aﬂv'u Rate of strain tensor
Viscosity | 3N, T i . i nT

coefficients 7o = 0.96n.T.z. an 10027 " =4, nﬂf—z% s = 217;
= O 51 ¢ — € & _ e’ e
0.73n.T,7, = it n, =4n. 1, 2o

€ €

N, =21,

ce‘



Energy Equation

3dT VG _V.§ +TI aujaQ
V-u.—=Vv-(q; +11. +Q.
J J J lopp J
2 dt OX 4
Electron heat flux ~ G° =q; +
¢ =nT,(0.71V, + 312 By V)
|a)ce|z-e
g =% (3.16v,T, - 2P v T, °/2 byt
me cee |a)ce|Te
g =% (39, T ——2 v -2 5 .vT)
ml a)ciTi a)CITI
Heat exchange between ions and electrons due to collisions
3m, n
Qi =
m.
~ : : 1+ 3m,n
Q. =-R-v-Q :77//1/3 +77J_JJ2_+— "Ry

ne m z,



Plasma Waves

Solve Maxwell’s equations and linearized plasma equations together

-
V><V><E——V><@:-lza|2E |
ot c” ot
Perturbed quantities in the form A (X,t) = Re[Ae_i(d_k'i)]
2 > >
—kKxkxE=2_E+ Ia),uoj——(E+—j)——K E
C E,0 o

When the current density j is determined in terms of E from the linearized
plasma equations by setting the variables in the form of A=A, + A, .

For non-trivial solutions of E, dispersion relation need to be satisfied. ~
And the refractive index is defined by n=|n|] _ -~ @ = w(k)
n=kc/w

For free Space without an plaSI na, j=0
Y . 6()2 = k2C2
0)

©_E=—KxKxE =k?E-K(k- ):kzﬁ/{ n=kc/w=1
c’



Plasma Oscillations

Linear perturbationtheory n=n,+n, U=0U, E=E

on, ) B}
~ TV (U)=0 ——  _jen +ink-G,=0

e '0oel

ou - ~
m,n, 851:—n0eE1 — —lomnu,=-NneE > p:i=—2"_—p

V- =-n.ele, ~ ik-E, =—ngele, )

V x B, ‘Jr.: —u (ned, +iwe E,)

N

m.&
€ ;)):O
n,e

el,(1-o°

Longitudinal oscillations : the plasma current and the displacement current cancel.



Transverse Electromagnetic Waves

In a transverse electromagnetic wave, the plasma current and the displacement
current do not cancel. I E

kLE, IZL@
“KxkxE, =k2E, - k(k/E/) k?E E, +iau,
. ) B j, = —n.eu,,
men, E :_nerl 7 _Imenouel _nerl
w
2 _ I,2na2 2
w” =K°C" +wy, E ectroma%tii: Wave

Wave propagates only for @ > @

pe
w=kc

Cut-off density [N, = >




Sound Waves

At low frequencies, ion motions should be included

ou; = _ -
miﬂogI1 =n,eE, —Vp, — —iwmn i, =n_eE, —ikp,,

1m0l

negligible electron inertia, (= —ner1 —VPpy —— 0=-n 6E1 — ilZD .
0 e

Adding them together, —laomn, U, = —iIZpil — iIZpel = —iEpl

on. _ : e

ﬁl_kv.(nouil)zo 7 _Ia)nil_'_mok'ui1:O } Uy = Uy (=1,)

on,, +V-(nd,)=0 — —ian,+ inolz°ue1 _0 from quasi-neutrality
Gt nel = nil

Equation of state for adiabatic processes

op, ~ : e
ot TRV =0 — —iap, +iypk -G =0 Sound speed

0? = Ky Pis + Per _ k2C2 c= Pu+ Per _ yTi1+Tel
n,m. > n,m. m.




Dielectric Tensors for Low-Frequency Waves

* Linearized fluid equation of motion
-loom,, =q(E,; +Uu,,B,)-ik, yTn,/n,

ou, - =
mn —=—-en_(E, +U,xB_.)—vTVn
0 6’[ 0( 1 1>< o) Y 1 '|(D(Dmyl Q(Eyl leB)

—>

' i TR - -ioom,, =qE,, -ik,yTn,/n,
» Linearized continuity equation M = G52 T

aaitJrv (n,0,)=0 —low/n, +i1k u,, +ik,u, =0

with the angle 0 between k and B n,/n, = (k/wk/%Sin@ +U,,c0sBo

» Linearized current density ,=>.an U, =

 Wave equation and dielectric tensor
k’E, —k(k-E,) = (0*/c®)(E, +iJ,Joa,) = (0?/c?)(1 +i5loa,) - E,
- 02u E - E, £ =¢ (1+i6low)
« Dispersion relation with tensor notation X =1-Kkkik?

k2E1 — R(R : El) = k25>< ) E1 — (Dzuog ) E1 sz( = (Dzlvlog



Cold-Plasma Wave Equation

e Wave equation with tensor notation
X =1, —kk/k? = %%c0s?0 + 0 — X2sin®inOc

k?X = o’ 8

+0+ 99 +0—2%sinBinOc + 0+ 22c0s°0

[XX(S-N°c0os’0)+ XY iD + X2 n°sinOindc

+ yXiD

+99(S-n°) +0

+ 2% %sin@indc + 0+ 22 (P-%sin?0)]-E, =0

where

n=ck/w=c/v, a
wC’ C

ck/w= ﬁsin@fwﬁcos@i

R=1-(uwf,/w)/ —(wf/w)/(wr
=1-(uf,/w)/ —(wf/w)/ (w-
=(R+L)/2

1-
(
(R-L)/2
-l /W —w/w

0 O O»W
If

wpe ’ wpe

: electron and ion plasma frequencies

. electron and ion
cyclotron frequencies



Cold-Plasma Dispersion Relation

» Dispersion relation for cold-plasma
(S-n*cos®0)(S-n?) (P -n’sin’0)
-N*sin“0cos’0 (S-n*)
-D*(P-n°sin“0)=0
(S°P-D?*P)-n*(SPcos’0 +SP +S*sin“0 - D*sin’0)
+n*(Pcos’d +Ssin“0) =0

» Using S2-D?=RL and c0s20 =1-sin?0 ,
N2 N2
ano = ~P@ ~RIE* -L)
(Sn° —RL)(n“ —P) _,
- For parallel propagation (0 =0), " = R :R-wave
n“=_L

. L-wave
« For perpendicular propagation (0 =n/2), n? = RL/S : X-wave
n

2_p :0O-wave



CMA(Clemmow-Mullaly-Allis) Diagram

* The CMA(Clemmow-
Mullaly-Allis) diagram
divides the plane into a
number of regions such
that within each region the
characteristic topological
forms of the phase
velocity surfaces remain
unchanged.

« Slow and fast waves
 The solid lines represent
the principal resonances
and the dashed lines the
reflection(cutoff) points.

» The magnetic field
increases in the vertical
direction, the plasma
electron density increases
in the horizontal direction.

2
= mEE."m
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L |
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\ B=0°
¥
Mo solution in
this region
»
2 Py
¥ = @ e ! w



Summary of Plasma Waves

* R-Wave (k//B, and E, LB,) : two pass bands

W > g High frequency pass band, v, -->cas ® -->o0.

D < O “Whistler” wave, becoming shear Alfven R-wave
¢ at low frequency, v,-->v,aso-->0.

» L-Wave (k//B, and E; 1 B,) : two pass bands
w > o High frequency pass band, v, -->¢ as o --> .
< QC Shear Alfven L-wave, v,-->Vvjas o -->0.

» Lanamuir oscillation (k//B, and E,//B,)

=Wy Zero group velocity Langmuir oscillation v, undefined
» For finite temoerature (k//B, and E; LB,)

w> 0, Langmuir wave, Vv, --> V3V, as @ --> 0.

W < Qc lon sound wave, v, -->cgas o -->0.

» O-Mode (k L B, and E,//B,) : one pass band

D> Ay, High frequency pass band, v,-->cas® --> .
» X-Mooae (K L B, and E; L B,) : three pass bands
@ > Wn High-pass region of X-mode, v,-->cas o -->x.

W, <0<, Mid-passregionof X-mode, vy=cas o= w, .

< Wy Compressional Alfven (Magnetosonic) wave, v, -->Vaas o --> 0.



