
Tokama Plasma Physics

• Quasi-neutrality

• Ability of carrying currents

• Particle orbits

• Kinetic, fluid-like behaviors

•  =(plasma pressure)/(magnetic pressure)< 0.1

10-5 X atmosphere

105 X atmosphere

m-3

km/s

g

• Collisions : ion collision time 1-100 ms

• Anomalous transport : instabilities, disruptions

Plasma properties Plasma dynamics

Tokamak Plasma confinements



Tokama Plasma Properties

• Debye shielding : Debye length
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Tokama Plasma Properties

• Plasma oscillation : plasma frequency
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Single Particle Motion under Constant Field

• Equation of motion : Lorentz equation

• Motion in electric fields

• Cyclotron motion in magnetic fields

Cyclotron frequency : ,  Larmor radius :

• Magnetization criteria
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• Magnetic mirrors and nozzles :
magnetic moment conserved!
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Single Particle Motion : Cross-Field Drift

• Cross-field guiding center motion : ExB drift motions 2EXB
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Results of Collisions

• Plasma diffusion and other transport processes

• Transfer energy between particles 

• Responsible for the electrical resistivity of the plasma 

• The concept of collision in a plasma is subtle

• Relative velocity dependency of collision processes 

• Integrated effects of interactions between particles of all 

velocities

• Effective collision frequency depends on the specific process 

Complexity of Collision Processes



Coulomb Collisions : 

Large-angle scattering and small-angle collisions

• Impact parameters for small angle Coulomb scattering

– minimum from Coulomb force balance 

– maximum from Debye length

– ratio gives importance of small angle scattering
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Binary Coulomb Interaction inside the Debye Sphere
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Coulomb Logarithm



Coulomb Logarithm for electron-ion 

collisions



Relative importance of Coulomb Collisions

• Coulomb collision cross section

• Effect of small angle scattering :

• In order to define an average electron collision frequency, evaluate the 

frictional force on a distribution of electrons drifting through 

essentially stationary ions

• Collision frequency

• Various Coulomb collision frequencies from the frictional forces
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Kinetic Equations

• Liouville equation and kinetic equations

• Fokker-Planck equation 

• Gyro-averaged kinetic equations

• Fokker-Planck equation for a plasma

• Fokker-Planck coefficients for Maxwellian distributions



• Drift kinetic equation : slowly varying compared to gyro motion

• Gyro-kinetic equation : electromagnetic fields vary significantly 

across gyro radius --> averaging their effect over gyro radius

Liouville Equation and Kinetic Equations

• Distribution function

• Liouville equation

• Vlasov equation

• Fokker-Planck equation
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Fokker-Planck Equation

• Fokker-Planck equation contains the cumulative contribution 

of many small angle scattering. 
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Gyro-Averaged Kinetic Equation

• Simpler kinetic equation averaged over the fast Larmor motion is 

appropriate for slowly varying plasma phenomena.

Independent variables: r, v --> r, v, v//

• For the motion slower than the bounce frequency along the field 

line, averaging over this motion reduces the phase space to four 

dimensions.

• Drift Kinetic Equation is the equation for the gyro-averaged 

distribution function. 
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Gyro-Kinetic Equation
• Procedure of averaging over the fast Larmor motion can be 

applied to some components of the electromagnetic fields vary 

significantly across a particle’s Larmor orbit.

• Collisionless Vlasov equations for                            with the 

perturbed quantities in the form of                        , and writing 
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Relaxation Processes

• Slowing-down time

• Deflection time

• Energy balance equation
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Relaxation Processes

• Heat exchange time
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Collision Times

• Characteristic collision times by taking the test particle to 

have the average thermal velocity
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Resistivity

• Force due to electric field is balanced by the frictional force 

due to collisions,

roughly,
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Runaway Electrons

When the electric field force exceeds the collisional force for an electron, the 

electron would runaway.
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Electromagnetism and Plasma Fluid

• Maxwell’s Equations in General Form

• Scalar and Vector Potentials

• Poynting’s Theorem

• Fluid Equations

• Magnetohydrodynamics (MHD)



Maxwell’s Equations in General Form
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Maxwell’s Equations in Integral Form

qdτρadD
V

f
S

 


0adB
S




t

Φ
adB

t
sdE B

SC 







 



t

Φ
adJadD

t
adJsdH E

S
f

SS
f

C 







 





Scalar and Vector Potentials
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Poynting’s Theorem
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Fluid Equations
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Fluid Equations

Multiplied by chosen function (v) and integrated over velocity space, 

 vdtvxftxn
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Two Fluid Equations

Plasmas are assumed to be composed of two fluids such as electron and ion fluids. 

Equations of motion

Continuity equations
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Single Fluid Equations : MHD

Equation of motion

Equation of mass/charge conservation
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Macroscopic Plasma Behaviors

• Physics of plasma fluid

• Plasma diamagnetism

• Braginskii equations

• Plasma waves

• Landau damping



Physics of plasma fluid

In a steady-state, 

• Pressure balance
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Physics of plasma fluid

In a perfectly conducting fluid, 

Magnetic flux through each surface moving with the fluid is constant 

and consequently that the magnetic flux can be thought of as frozen-in 

to the fluid and moving with it.

• ‘Frozen in’ magnetic field
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Plasma Diamagnetism

With a distribution of particle velocities, 
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Plasma Diamagnetism

Full pressure balance

Then, 
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Fluid Equations
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Continuity equation
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Equation of state

These fluid equations can be closed with the approximated expression of 

isotropic pressure term from the equation of state. For more accurate 

estimation, these quantities can be determined by solving the kinetic equation

with the collision term given by the Fokker-Planck equation as following:
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Braginskii Equations

The distribution functions can be expanded about a Maxwellian distribution.
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Continuity and Momentum Equations

Momentum equation

Continuity equation
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Stress Tensors
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Energy Equation

Electron heat flux

Heat exchange between ions and electrons due to collisions
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Plasma Waves

Solve Maxwell’s equations and linearized plasma equations together
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Plasma Oscillations
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Longitudinal oscillations : the plasma current and the displacement current cancel.
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Transverse Electromagnetic Waves
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Sound Waves
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Dielectric Tensors for Low-Frequency Waves

• Linearized fluid equation of motion 
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• Linearized current density

• Wave equation and dielectric tensor

• Dispersion relation with tensor notation
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Cold-Plasma Wave Equation

• wave equation with tensor notation
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Cold-Plasma Dispersion Relation

• Dispersion relation for cold-plasma

• Using S2-D2=RL and cos2 =1-sin2 ,

• For parallel propagation ( =0), 

• For perpendicular propagation ( =/2), 

: R-wave

: L-wave

: X-wave

: O-wave
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CMA(Clemmow-Mullaly-Allis) Diagram

• The CMA(Clemmow-

Mullaly-Allis) diagram

divides the plane into a 

number of regions such 

that within each region the 

characteristic topological 

forms of the phase 

velocity surfaces remain 

unchanged. 

• Slow and fast waves

• The solid lines represent 

the principal resonances

and the dashed lines the 

reflection(cutoff) points.

• The magnetic field

increases in the vertical 

direction, the plasma 

electron density increases 

in the horizontal direction.



Summary of Plasma Waves

• R-Wave (k//Bo and E1Bo) : two pass bands

High frequency pass band,  vp --> c as  -->  .

“Whistler” wave, becoming shear Alfven R-wave 

at low frequency,  vp --> vA as  --> 0 .

• L-Wave (k//Bo and E1Bo) : two pass bands

High frequency pass band,  vp --> c  as  -->  .

Shear Alfven L-wave,  vp --> vA as  --> 0 .

• Langmuir oscillation (k//Bo and E1//Bo)

Zero group velocity Langmuir oscillation vp undefined 

• For finite temperature (k//Bo and E1Bo)

Langmuir wave,  vp --> 3 vte as  -->  .

Ion sound wave,  vp --> cS as  --> 0 .

• O-Mode (k  Bo and E1//Bo) : one pass band

High frequency pass band,  vp --> c as  -->  .

Mid-pass region of X-mode,  vp= c as  = p .

• X-Mode (k  Bo and E1  Bo) : three pass bands

High-pass region of X-mode,  vp --> c as  -->  .

Compressional Alfven (Magnetosonic) wave, vp --> vA as  --> 0 .
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