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* The Trifocal Tensor
v Defined for three views
v Plays a similar role to the Fundamental matrix
v" Unlike F, trifocal tensor treats lines in three views
v Mixed combination of lines and points are also treated
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« Incidence relations for lines
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. Definition of trifocal tensor

1=(b,1)Ar -2,/ V)81
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« Trifocal tensor: [T, =ab,” —ab,"

1

Multi View Geometry (Spring '08) K. M. Lee, EECS, SNU
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*  Trifocal Tensor = {T,T,,T;}

lT — l!T [T, ]l" — er [T1 , Tza T3 ]lﬂ — (erTllrr’ erTzlrr’ l’TT3l")

» Depends on image coordinates only, not involving 3D coordinates
+  Similar relations exists, ' = lT[Ti’]l” and 1" =1" [Tl."]l'

. . . T T
*  General expression is not as simple as T, =ab, —a,b;

* DOF of T: 3x3x3=27 elements, 26 up to scale
3-view relations: 11x3-15=18 dof

+  8(=26-18) independent algebraic constraints on T
(compare to 1 for F, i.e. rank-2)
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* Homographies induced by a plane

o C o

- image 2 \ . "~ image 2 \

image 1 image 3 image 1

!

1= HT 1’

lz’ — l/TTil”

H = [hy,hy, hg] with h; = T; "I

Hio(1") = [Ty, Ta, T3)1”
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e Line-line—line Relation

oC

o image 2 \

c 1 W

e Cl

image 1 image 3

Tcl
1" =17[T, Ty, T3]1”  (up to scale)

 Eliminate scale factor : (1'T[Ty, Ty, T3]1”)[1]x = 0"

VT[T =07

(1//T [TiT]ll) [l] = OT
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e Point—line—line Relation

x"1=3, 721 =0 Li=1"TT1""

—> I 2T’ =0

(Zi xiTi) 3 x 3 matrix
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* Point-line—point Relation

i

X” = H13(1/) X = [TlTll,Tng’,Tg,Tl/] X = (Z miTZ‘T)ll
i

::\/\ s [x”]x — IIT(Z mz'Ti)[x//]x — 0'1'7
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* Point—point—point Relation

l/T(Zil7iTj)[X//]>< _ OT

I'" =y""[x'],, anyy'ison I

—> [X/]X(Z 2'T;)[x"] % = Ogx3

Multi View Geometry (Spring '08) K. M. Lee, EECS, SNU




The Trifocal Tensor Three View Geometry 11

* Summary of incidence relations

(i) Line-line-line correspondence
VT[T, T2, T51” =17 or  (UT[Ty, T2, Ta)1") I]x =07
(ii) Point-line-line correspondence
I’T(Z 2'T )" =0 for a correspondence X « 1" — 1”
3
(iii) Point-line—point correspondence
I’T(Z 2'T;)[x"]x =0T for a correspondence x « 1’ < x”
i
(iv) Point-point-line correspondence
[x']« (Z 2'T)1” =0 for a correspondence X « x « 1"
i
(v) Point—point—point correspondence

[x'Tx (Z ') [x" ] = O3x3

i

Multi View Geometry (Spring '08) K. M. Lee, EECS, SNU

The Trifocal Tensor Three View Geometry 12

* Non-incidence configuration

v Incidence in image does not guarantee incidence in space
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+ Epipolar lines

Point—line—line correspondence

VT Tl =0

(3

v If I’ is epipolar line, then the PLL relation holds for any
—> I’T(Z £T)=0"
v’ Similarly if I” is epipolar litie,
—> (ZJ?’IT.{)IH -0
v with points (1,0,0)", (0,1,0)" and (0,0,1)"
(Z #'T;) becomes Tq, T2 and T3 respectively

tE)
17,

v Epipoles are the intersections of the left and right null-space of Ty, T2 and T3
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* Algibric properties of T, matrices

e Each matrix T; has rank 2. This is evident from (14.1) since T; = ae’m —eb; T
is the sum of two outer products.

e The right null-vector of T; is I/ = €’ x b, T, and is the epipolar line in the third view
for the point x = (1,O,O)T, (0, 1,())T or (0,0, 1)T, as i = 1,2 or 3 respectively.

e The epipole ” is the common intersection of the epipolar lines I for i = 1,2, 3.
e The left null-vector of T; is lf —e'xa; |, and is the epipolar line in the second view
for the point x = (1,O,O)T, (0, 1,())T or (0,0, 1)T, as 1 = 1,2 or 3 respectively.

e The epipole € is the common intersection of the epipolar lines If for 1 =1,2,3.

e The sum of the matrices M(x) = (3, #'T;) also has rank 2. The right null-vector
of M(x) is the epipolar line I” of x in the third view, and its left null-vector is the
epipolar line I’ of x in the second view.
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« Extracting F g
\ / /
N /
\\ //75, \ o / /1”
x' = ([T1. T2, T3]1") x “\ 4 / ”
1= [ef] ([T1. T2, Tafl)x - O \“*A /

Epipolar line F,, . ¢ /

* A good choice for I” is e” (since e” is perpendicular to the
right null space of T))

Fy = [e”}x[TleTQT,T:ﬁT}GI

For = [€/][T1. T2, T3]e”
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+ Computing camera matrices, P, P', P”
P=[1|0]
F, = ‘ P'=[[T,T,,T;]Je"| €]

P’ =[[T',T,", T, Je'|e"] — incorrect

F, =

{pP,P'} and {P,P"} ok, butnot {P,P’,P"”}

P'=[[T,T,, T;]e"|e] = a,=Te"

T; = Tie"e’T —e'b;T (T,=ab, —ab)

b; = (e"e"T —I)T;T€

‘P” = [(e"e"T — I)[TlT,TJ-,T:sT}e”e””
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+ Standard matrix-vector notation can not handle large number
of indices
Ty, T2, Ts]

1T 2" =0
1

* Thus, let us use Tensor notation instead

ik
T,
igrgnpjk
XIT =0
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* Collection of numbers, related to coordinate choice, indexed
by one or more indices

oty in
J1,J25 " Jm

* Valency = (n + m)

+ Indices can be any value between 1 and the dimension of
space (d"*™ coefficients)
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e Conventions

m ‘ contravariant (upper index) ‘
A —.
w ‘ covariant (lower index) ‘

v’ Einstein’s summation (once above, once below) :

A, =3 Ab,

v’ Index rule:
i _
A jbi = J

e Transformation
x'j = Aijxi ( Covariant )

Aljl; = li ( Contravariant )
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e Kronecker delta
1 i=j
8=
ij { 0 i#] (valency 2 tensor)

* Levi-Cevita epsilon

1 when i,j,k is a even permutation of 1,2,3

gx =< —1 wheni,jkis an odd permutation of 1,2,3
0  when at least two indices are equal

dot product (valency 3 tensor)
Ex) _

u-v=uy

cross product d i &

_ [ | Lo
(uxv), =l =u'v'e, det| o' b* b |=d'b/cle,
skew symmetric matrix e
i
([X]x )rS =X gin\‘
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+ Let us denote [col. vector| [ row vector ]

point x = (x',x*,x°)", linel=(l,,/,1,)
A—> a;, i : contravariant (row), j : covariant (col.)
© Then x'=Ax—x" = Z ax >x'"=ax’
j o/ J
T,=ab, —ab' > T" =a/bl —alb

T ik
L=1"TV" > =T/
* Note that in tensor multiplication, the order doesn’t matter

ITF =T =T

L] .
The index i, j, k of 1}”‘ correspond to entities in the first,
. . . k
second and third views respectively T (X)
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Definition. The trifocal tensor 7 is a valency 3 tensor E"]" with two contray

3o 3w 3 array (

and one covariant indices. It is represented by a homogensous ©
elements). It has 18 degrees of freedom.

Computation from camera matrices. [f the canonical 3 x 4 camera matrices

are
P=[I]0], P'=laf], P"=[0f]
then
T = albh — afbt.
See (16.12-p104) for computation from three general camera matrices.

Line transfer from corresponding lines in the second and third views
to the first.

1 ik
=0T

Transfer by a homography.
(1) Point transfer from first to third view via a plane in the second
The contraction f;'];ﬂ" 1s a homography mapping between the irst and third

views induced by a plane defined by the back-projection of the line I' in the
second view.

o = bFa? where BF =1} 7

(ii) Point transfer from first to second view via a plane in the third

The contraction 173 is o homography mapping betweer the fisst and second
views induced by a plare defined by the back-projection of the line 1”7 in the
third view.

B At where o= [Tk
v = hlat where B =T,
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Trilinearities

e Trilinearities

Three View Geometry 23

(i) Line-line-line correspondence

(i1} Point-line-line correspondence

(111) Point-line point correspondence

{iv) Point—point-line correspondence

(v) Point-point-point correspondence

(L)l LT =00
ST =0
O
2t (2 e )l TZPL' =0,

T e ) (2 g ) TP = 0,
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Transfer

e Transfer : epipolar transfer

image 3

F

x" = (Fa1x) x IJ'FBQP‘("J‘

F5i

epipolar line

from image 1

image 2

epipolar line
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from image 2

image 3

Trifocal plane
4

image 2

€p

e

[ €1 -

imgge 1
Fails for any X on trifiocal planeT

Multi View Geometry (Spring '08)

image 3
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e Transfer : trifocal tensor

image 1
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e Transfer : trifocal tensor
v Point transfer
(i} Compute Fo; tfrom the tritocal tensor (by the method given in algorithm 14.1),
and correct x < x’ to the exact correspondence X «— x’ using algorithm 11.1-
{p304).
(ii) Compute the line 1" through %' and perpendicular to I = Fyx. If
1= (11,00, 05) " and % = (&y,99, 1), then I = (Ig, —1y, —&yly +a9ly) .

(iii) The transferred point is 2% = ;r’f; Iﬂ .

v’ Line transfer

* Degenerate when known lines are corresponding epipolar
lines
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Relation between F and T Three View Geometry 27

Fundamental matries Trifocal tensor

F12 . P, P,
Algorithm for P”

(i) Select a set of matching points x; <> x| in the first two images, satisfying
ngFglxi = 0, and use triangulation to determine the corresponding 3D
points X;.

(it) Use epipolar transfer to determine the corresponding points x/ in the third
image, using the fundamental matrices F3; and F3o.

(iif) Solve for the camera matrix P” from the set of 3D-2D correspondences
X; x;’.

Degeneracy

v" The second step in this algorithm will fail in the case where the
point X, lies in the trifocal plane.

The trifocal tensor can be determined from three
fundamental matrices alone iff the three cameras are not
colinear
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