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SUMMARY
Robot collision characteristics are analyzed by using the
idea of the collision map. This analysis consists of the
translations of the collision region on the collision map and
they correspond to parallel movements of the original robot
path. These translations are investigated in several cases and
applied to general situations in which two robots are moving
or working in a common workspace. Also, the collision
characteristics are analyzed for a few special situations
where the analysis of collision characteristics is crucial and
the resultant solution for collision avoidance can be obtained.
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I. INTRODUCTION
Industrial robots, such as assembling machines or welding
machines, are not mobile generally and are installed to
perform their tasks without any possibilities of collision with
obstacles and/or other robots. But recently, the demands for
personal or service robots have been increasing to meet the
demands for a more convenient lifestyle. Thus robots must
perform better than ever before. These personal or service
robots must decide and execute their works independently
to achieve their goals in an obstacle-existing environment
having dynamic obstacles as well as stationary obstacles.

Nowadays, it is becoming more frequent to operate many
robots simultaneously in a common workspace for the
effective task execution. In these cases, not only is the
collision avoidance of robot with obstacles important but
also the collision avoidance among the robots because a robot
can be treated as an obstacle from the viewpoint of another
robot. Thus, many studies have proposed strategies for robots
to complete their tasks without any collision with obstacles
and/or other robots.

These studies have been carried out in various fields.
Especially, the methods using the geometric properties have
given diverse and useful results. In addition, there have been
much research based on probability, vision, behavior-based
method and fuzzy logic. Direct controller design method
and multivalue codes method using binary codes have been
studied also.
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In the studies applying the geometric properties,
Tsubouchi et al.1−3 discussed the method of iterated forecast
and planning which predicted the motion of the robot from
its situation, planned the following motion and iterated these
steps. Generally, human beings reach their goal through
the optimal path without colliding with mobile obstacles
including other human beings. The method of iterated
forecast and planning imitated this usual human behavior.
In this method, a robot selects the optimal path among many
paths and tests whether or not it will collide with any other
obstacles in the selected path. Yamamoto et al.4 and Fiorini
et al.5 researched the avoidance against a dynamic obstacle
by using the concept of velocity obstacle. In this method,
the velocity vector set after some time is presented from
the present position of the robot with consideration of the
robot dynamics. Then, this velocity vector set was used to
test whether or not this set was included in the velocity
obstacle which was the possible area of collision. If the set
was included in the velocity obstacle, there was a possibility
of collision in this situation. Then, the robot must wait some
time, or the path of the robot has to be changed. Besides,
Czarnecki6 embodied the 3-dimensional collision map and
Angel P. del Pobil et al.7,8 modeled robots and obstacles as
combinations of spheres to detect collision.

Miura et al.9 and Miyata et al.10 used the probability
method to estimate the waiting time of the robot for a
predicted collision; this time was used in collision avoidance.
They first designated the robot path selection probability
according to the path selection of the moving obstacles,
then used this probability to calculate the expected time to
destination for each path to find the optimal path, and finally
moved the robot to its goal through the selected optimal path.
Tadokoro et al.11 statistically predicted the human motion
that could avoid collision with a human obstacle of uncertain
motions; they used GA (Genetic Algorithm) to obtain the
optimal movement.

Suwannatat et al.12 and Nair et al.13 performed polar
transform by using a vision system. They observed the
changes in images with time to extract the information about
the moving obstacles. This information was used to avoid the
dynamic obstacles.

There have been studies based on behavior-based method
or fuzzy logic which tries to reduce simple, repetitive
mechanical motions to make robot motions close to human
motions. Parker et al.14 researched behavior-based method
which made the robot execute predefined motions if it
recognized a pertinent situation. Also they made the system
robust to changes by inserting some motivations of behavior
in each robot. Aoki et al.15 used the steering control inputs
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and the velocity control inputs based on fuzzy logic so
that the robot can select the optimal behavior automatically.
These control inputs were finely adjusted or combined by the
reinforcement-learning algorithm. As the more unusual case,
Alain16 planned the robot motion amidst moving obstacles
using the multivalue codes based on binary codes and the
Karnaugh board.

If the number of dimensions, robots, or dynamic obstacles
increases, the calculation load increased greatly in the most of
the above methods. In contrast, the method of the collision
map17 has small calculation load and can check collision
directly from the graph. Also the overall calculation load
does not increase much even if the number of dimensions
or agents (robots or obstacles) increases. In this paper, we
analyze the collision characteristics between two robots by
using the graph of the collision map. The translations of the
path are considered as path modifications in this analysis.
These path translations are applicable to general situations
to control robots in which two robots move and/or work in
a common workspace. In addition, we apply this method
of translations to some special situations to understand why
collision avoidance is difficult in these situations and how
collision avoidance can be achieved with the method of
translations.

This paper is organized as follows: Section II presents the
idea of the collision map. In section III, the characteristics
of robot collision are analyzed with the translations of the
collision region in the collision map. In section IV, a few
special situations are investigated as applications of this
analysis. Finally, section V presents concluding remarks.

II. COLLISION MAP AND COLLISION
AVOIDANCE
We introduce the idea of collision map for collision
avoidance. The following subsection presents some
assumptions on mobile robots and briefly discusses the
concept of collision map for two robots. The potential
collision between two robots is predicted by using TLVSTC
(traveled length versus servo time curve) and the collision
region.

II.A. Basic assumptions
• The mobile robot is a uni-directional robot. This means

that the robot moves in one direction and cannot change
its direction abruptly. But the robot is free from the
non-holonomic condition. Thus, the robot can change
its direction slowly in the stationary state as well as the
dynamic state. And the robot moves in a straight line path.

• The mobile robot is treated as a circle or sphere to
simplify the problem; however other geometries can
be used to represent the mobile robot. For example, a
cylindrical model or a hexahedral model can be used. But
the mathematical expressions of these models become
position-dependent in the global coordinate frame and
large computational load is generated. In contrast, a sphere
model is rotationally invariant and is completely defined
by its radius and the coordinates of its center; thus, the
complexity of the detection of collisions can be reduced.
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Fig. 1. Simplifications of Two Robots.

• The mobile robot has its own velocity profile.18 The
maximum velocity and acceleration are designated in this
profile. Equations (1) and (2) show these limits:

|v(k)| ≤ εv; εv > 0 (1)

|a(k)| ≤ εa; εa > 0 (2)

where v(k) and a(k) are the velocity and acceleration
of a robot. Additionally, εv and εa are the limit vectors
for the velocity and acceleration of a robot, respectively.
If a robot reaches its maximum velocity designated in
the velocity profile, it maintains its current velocity until
negative acceleration is imposed. Especially, we assume
in this paper that the robot velocity profile is a type of
trapezoid; that is, it has a constant acceleration and no
time is consumed in the change of acceleration.

II.B. Collision map
The robot that has a higher priority is called ‘robot 1’, and
the other ‘robot 2’. The radii of the two robots are R1 and R2

respectively. If we use the obstacle space scheme, robot 1 can
be represented as the robot that has the radius of R1 + R2,
and robot 2 can be considered as a point robot as shown
in Fig. 1. Because robot 1 has higher priority, this robot
will not change its original trajectory. On the contrary, robot
2 must modify its trajectory if there is any possibility of
collision. It is assumed that the two robots move along linear
paths, as shown in Fig. 2. The method of collision map may
be applicable to arbitrary path shapes. But in this paper,
robot paths are restricted to linear paths for simplicity. These
two robots have a potential for collision under the original
trajectories if the path of robot 2 meets robot 1, which has the
radius of R1 + R2. In this case, the part of robot 2 path that
overlaps robot 1 is called the ‘collision length’. In Fig. 2,
the portion between λ1(k) and λ2(k) is the collision length.
The existence of this overlapped part was examined at every
instant of the servo sampling time. These collision lengths
are collected to construct the ‘collision region’. If the traveled
length versus servo time curve (TLVSTC) of robot 2 meets
this region, it indicates that the two robots will collide under
the original trajectories as shown in Fig. 3. In this figure, the
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Fig. 2. Paths of Two Robots.

vertical axis represents the traveled length of robot 2 and the
horizontal axis represents the elapsed time.

The collision between robot 1 and robot 2 can be analyzed
algebraically by using Fig. 2. In Fig. 2, p1(k) is the center
point of robot 1 at time k. If we represent the position of
robot 2 at time k as p2(k), the original trajectory of robot 2
is:

p2(k) = p2(k0) + λ(p2(kf ) − p2(k0)) (3)

where 0 ≤ λ ≤ 1, p2(k0) and p2(kf ) are the initial and final
position of robot 2, respectively.

The collision between two robots occurs at time k when
the distance from p1(k) to the path of robot 2 in Eq. (3) is
less than or equal to the radius of robot 1, (R1 + R2). Thus
we first solve the following equation.

(R1 + R2)2 = ‖p1(k) − p2(k)‖2 (4)

If we replace p2(k) in Eq. (4) with Eq. (3), then we have

(R1 + R2)2 = {p1(k) − p2(k0) − λ(p2(kf ) − p2(k0))}T
• {p1(k) − p2(k0) − λ(p2(kf ) − p2(k0))}. (5)

More explicitly,

(R1 + R2)2 = ‖p1(k) − p2(k0)‖2 − 2λ(p1(k) − p2(k0))T

• (p2(kf ) − p2(k0)) + λ2‖p2(kf ) − p2(k0)‖2

(6)

Eq. (6) is a quadratic equation in λ. Thus it has three types
of solutions. First, it may not have any real solutions, which
means that there is no collision between two robots; second,
it has one double real solution which is generated when robot
1 starts overlapping with the path of robot 2 or starts leaving
the path of robot 2; it has two real solutions, which means
that robot 1 encroaches on the path of robot 2 and two robots
may collide.
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Fig. 3. TLVSTC and the Collision Region.

II.C. Collision avoidance
Two methods are proposed to avoid the collision detected
by the collision map discussed earlier. In the beginning, we
assumed that the robots cannot change their paths in these
methods. To avoid collision, the TLVSTC of robot 2 should
not meet the collision region in Fig. 3. We know that it is
difficult to mathematically represent the boundary line of the
collision region because it is a set of boundary values of
the collision length at each time. Thus, the collision box is
introduced to solve the problem of collision avoidance. This
is shown in Fig. 4.

In Fig. 4, ks is the time that robot 1 starts encroaching
the path of robot 2 and ke is the time that robot 1 leaves
the path of robot 2. In contrast, ls and le are the minimum
and maximum values of the boundary values of the collision
length in the collision region. The above parameters are used
to find the coordinates of the edges of the collision box and
these coordinates are used to control the trajectory of robot
2 so that robot 2 avoids collision with robot 1.

a) Time delay. This is the method that delays the start
time of robot 2 to avoid the collision for the value which
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Fig. 4. Collision Map with Collision Box.
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Fig. 5. Collision Avoidance with Time Delay.
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Fig. 6. Collision Avoidance with Speed Reduction.

is the difference between ke and k1 as shown in Fig. 5.
Consequently, robot 2 reaches its goal at time k1

f . This is
the time delayed for ke-k1 from kf .

b) Speed reduction. In contrast with the case that applied
the method of time delay, the case in which all robots are
assumed to start moving simultaneously was considered.
Here, the moving speed of robot 2 changes as it tries to avoid
collision. The velocity profile of robot 2 is modified so that
the trajectory of robot 2 does not touch the collision region.
Among the various methods of velocity profile modification,
one is shown in Fig. 6, where there is an instant when the
velocity of robot 2 becomes zero as it proceeds. Thus, this
method of speed reduction results in lower performance of
the robots with respect to arrival time than that of time delay,
generally.

Table I. Analysis of Collision Characteristics.

Translation Translated
Part of region Translation of path length

A Right & left Along path of robot 1 Related to
robot 1

B Up & down Along path of robot 2 Related to
robot 2

C Upper-left & Toward end of robot 1 & Related to
lower-right Away end of robot 1 both robots

D Upper-right & Away start of robot 1 Related to
lower-left Toward start of robot 1 both robots

III. COLLISION CHARACTERISTICS THROUGH
TRANSLATIONS OF COLLISION REGION
In this section, we investigate the collision characteristics of
the robot using the translation of the collision region. The
translation of the collision region means the translation of
the path of a robot. When the TLVSTC of robot 2 crosses
with the collision region once, there exists a collision in the
original trajectories of the robots. The change or translation
of robot 2 path was not considered for collision avoidance.
This is a suitable assumption for industrial robots because
their path is fixed and their workspace is restricted generally.
On the contrary, service robots are generally movable, and
thus, their paths can be selected freely for collision avoidance
for better performance. Here, we consider the translation of
the collision region. From now on, we only consider the
collision box as the collision region. In this section, we move
the collision region of the collision map to various directions.
Moving directions are classified into 4 categories and these
are abbreviated in Table I. We assume that robot 2 path should
change for collision avoidance because of its lower priority.
The translation of the path does not mean the global change
of the length and/or shape of the path; it only means the
shift of the path for the case of mobile service robots. Thus
the same TLVSTC in the collision map can be used without
change.

III.A. Right and left translational case
First, we translate the collision region to the right and the left
direction. These translations are represented by case 1 and
case 2 in Fig. 7, respectively. The collision region located
at the center indicates the original case. The collision region
is composed by a bunch of line segments called collision
lengths. The collision length is the part of robot 2 path that
overlaps with robot 1 as shown in Fig. 2. At some time, where
robot 1 locates in the path of robot 2 decides the position of
the collision length at that time. In Fig. 7, case 1 has the
collision length of the same position (l1 ∼ l2) at the different
time k2 as that of the original case at time k1. Also, case 2
has the same collision length at time k3 as that of the original
case at time k1. The time differences are k2 − k1 and k1 − k3.
The distances that robot 1 can move at these time differences
are d1 and d2, as presented in Fig. 7. Thus the path of robot
2 must translate as much as d1 away from the start point of
robot 1 for case 1 or as much as d2 toward the start point
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Fig. 7. Right and Left Translations of the Collision Region (∆t(di)
indicates the travel time required to move the distance di on the
robot path).
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Fig. 8. Translations of Robot 2 Path in Cases 1 and 2.

of robot 1 for case 2 to translate the collision regions. These
translations of the path are shown in Fig. 8.

The distances d1 and d2 are calculated by using the concept
of Fig. 9. There are three possibilities where the k2 − k1 is
located in the graph with respect to the velocity profile of a
robot. In Fig. 9, DA is the distance related to the situation in
which the time difference is in the increasing velocity section.
If the time difference k2 − k1 is in the regular velocity section,
DB represents the distance related to this situation, and finally
DC is the distance calculated when the time difference k2−
k1 is located in the decreasing velocity section. If the time
difference is laid across two or three of the above sections,
then we divide that time difference into several parts and
apply the calculation to each part separately. Because the

velocity

slope : a slope : -a

time

Vmax

DB

DA DC

k1 k2 k1 k2 k1 k2kv kfkf – kv

Fig. 9. Calculation of the Distance.

graph in Fig. 9 is the velocity-time graph, the moving distance
is calculated as the area between k1 and k2. The results
are shown in Eqs. (7) to (9) for DA to DC , respectively.
In these equations, a is the acceleration of a robot, vmax is
the maximum velocity of a robot, kv is the time when the
velocity of a robot reaches its maximum value, and kf is the
arrival time of a robot to its goal.

DA = 1

2
a
(
k2

2 − k2
1

)
(7)

DB = vmax(k2 − k1) = akv(k2 − k1) (8)

DC = 1

2
a(k2 − k1){(kf − k1) + (kf − k2)} (9)

III.B. Up and down translational case
Now we translate the collision region to the vertical direction,
up and the down. These are case 3 and case 4 as shown in
Fig. 10. The collision region located at the center indicates the
original case. Unlike the above cases, case 3 has the collision
length in the different position (l3 ∼ l4) at the same time k1 as
the original case. Also, case 4 has the collision length in the
different position (l5 ∼ l6) at the same time. The differences
of the positions are d3 and d4. When the collision length
occurs at the same time, it means that robot 1 starts crossing
the path of robot 2 at the same time. When the collision length
exists at a different position, it means that robot 1 encroaches
on the path of robot 2 at the different point. Thus, the path of
robot 2 must translate forward as much as d3 along the path
of robot 2 for the case 3 or backward as much as d4 along
the path of robot 2 for the case 4 to translate the collision
regions. These translations of the path are shown in Fig. 11.
In this figure, the paths of the robot 2 overlap with each other
in some region.

III.C. Upper-left and lower-right translational case
We translate the collision region to the upper-left and the
lower-right direction corresponding to case 5 and case 6,
respectively, as shown in Fig. 12. They are the mixtures of
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start

end

start

end

robot 1

original 
case

case 3

d4

d3

case 4

robot 2 
path

Fig. 11. Translations of Robot 2 Path in Cases 3 and 4.

cases 1, 3, and 2, 4. The collision region moves along the
TLVSTC from case 1 to case 3 or from case 2 to case 4.
Case 5 designates that the collision region locates in the
middle position between cases 1 and 3. Similarly, the
collision region locates between cases 2 and 4 in case 6.
Thus, these cases are different along the axis of time as well
as the axis of length from the original case. The distances
due to the difference along the axis of time are d51 and d61,
and the distances along the axis of length are d52 and d62.
The collision region translates as much as d51 to the same
direction as case 1 and as much as d52 to the direction of
cases 3 in the case 5. The similar translation occurs in case 6
as shown in Fig. 12. The translations of the collision region
are reflected in the translations of the path of robot 2. This is
shown in Fig. 13.

III.D. Upper-right and lower-left translational case
Finally, the collision region is translated to the upper-right
and the lower-left direction, corresponding to case 7 and
case 8, respectively, as shown in Fig. 14. The collision region
moves from case 2 to case 3 or from case 1 to case 4. Actually,
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Fig. 12. Upper-Left and Lower-Right Translations of the Collision
Region (∆t(dij) indicates the travel time required to move the
distance dij on the robot path).
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Fig. 13. Translations of Robot 2 Path in Cases 5 and 6.

these cases are not worthy of discussing because there is a
collision at each case. However, we want to observe the
feature of the change of robot 2 path due to the change of
collision region. Thus, we refer to these cases in this section.
Like cases 5 and 6, these cases are also different along the
axis of time as well as the axis of length from the original
case. The collision region translates as much as d71 to the
same direction as case 2 and as much as d72 to the direction
of case 3 in case 7. The similar translation occurs in case 8,
as shown in Fig. 14, and the translations of robot 2 path are
shown in Fig. 15.

IV. INVESTIGATIONS OF SOME SPECIAL
SITUATIONS
In most general situations, the method of time delay and/or
speed reduction can be used successfully for collision
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Fig. 14. Upper-Right and Lower-Left Translations of the Collision
Region (∆t(dij) indicates the travel time required to move the
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Fig. 15. Translations of Robot 2 Path in Cases 7 and 8.

avoidance. But in cases with difficult conditions, these
methods are not sufficient for collision avoidance. We now
investigate these special situations with the idea of collision
map. In this section, the circle written by R1 in several figures
represents robot 1, the higher priority robot, and that written
by R2 means robot 2, the lower priority robot.

IV.A. Overlapping path situations for both robots
In this subsection, we analyze the overlapping path situations
for both robots when robot 1 path covers robot 2 path

TLVSTC

time

lf

kf

collision 
region

length

0

Fig. 16. Situation that Robot 1 is Following Robot 2 and Related
Collision Map.

completely. The collision regions are generated so that they
cut through the whole collision map in these situations.

a) When robot 1 is following the robot 2. This situation
is illustrated in Fig. 16. In this situation, it is assumed that
robot 1 is faster than robot 2 so that collision occurs in the
original paths of both robots. The collision region in Fig. 16
spreads across the whole area of collision map, and there
is a time constraint which ensures the collision between the
robots after some time. Thus, the methods that increase the
total arrival time of robot 2 such as time delay and/or speed
reduction cannot be applied to solve this situation. Also, we
note that if the angle made by the paths of both robots is 0◦
or 180◦, then case 1 in Fig. 8 coincides with case 3 or case 4
in Fig. 11, respectively. Similarly, case 2 coincides with case
4 or case 3, respectively. Thus, the path translation methods
can be applied only if the distance of translation is large
enough that the start point of robot 2 is located behind the
start point of robot 1 or ahead of the end point of robot 1. We
introduce another path modification, in which the robot 2 path
translates in the direction perpendicular to the robot 1 path
with the extent produced by adding the radiuses of two robots.
With this translation, there is no crossing between the paths of
both robots and the collision region disappears in the collision
map. The circle written by R2T is the translational result.

b) When robot 1 is moving oppositely to robot 2. This
situation is illustrated in Fig. 17. In this situation, both robots
move in the opposite direction so that collision occurs in the
original paths. The collision region in Fig. 17 cut through the
area of the collision map and there is also a time constraint
that ensures collision after some time. Thus the method of
time delay and/or speed reduction cannot solve this situation.
Also the path translation methods discussed before can be
applied only if the extent of translation is large enough that
the start point of robot 2 is located behind the start point of
robot 1 or the end point of robot 2 is located ahead of the
end point of robot 1. We apply the above method of path
modification in which the robot 2 path is translated in the
direction perpendicular to the robot 1 path with the extent
produced by adding the radiuses of both robots. With this
translation, there is no collision region in the collision map.
The circle written by R2T is the translated result of robot 2.
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Fig. 18. Situation that Robot 1 is Passing through the Start Point of
Robot 2 and Related Collision Map.

IV.B. Passing through the start point of robot 2 or the end
point of robot 1
a) When robot 1 is passing through the start point of
robot 2. This situation occurs when robot 1 locates very
close to the start point of robot 2 as shown in Fig. 18 so that
both robots collide before robot 2 escapes from robot 1 path.
Since robot 1 has higher priority, the method of time delay
and/or speed reduction cannot provide a solution. Thus, the
method of path translation must be used. As shown in Figs. 8
and 11, case 1 or case 3 is more useful for collision avoidance
because a small extent of translation is needed in each case.
If case 1 is applied, the robot 2 path and the collision map
change as shown in Fig. 19. In this figure, the circle written
by R2T is the translated result of robot 2.

b) When robot 2 is passing through the end point of robot
1. Figure 20 shows the situation in which the end point of
robot 1 locates in robot 2 path. Robot 1 stops at its end point,
and robot 2 views it as an unexpected obstacle. As shown
in Fig. 20, the related collision map is expanded along the
time axis, and thus, the method of time delay and/or speed
reduction is not adequate to apply for collision avoidance. On
the other hand, the method of path translation can be useful
in this situation. Case 1 or case 3 is proper for the collision
avoidance. The result of applying case 3 is shown in Fig. 21.
In this figure, the circle written by R2T is the translated result
of robot 2.
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Fig. 19. Result after Applying the Translation of Case 1. (∆t(di)
indicates the travel time required to move the distance di on the
robot path).
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Fig. 20. Situation that Robot 2 is Passing through the End Point of
Robot 1 and Realted Collision Map.
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Fig. 21. Result after Applying the Translation of Case 3.

V. CONCLUSIONS
An analysis of robot collision characteristics was discussed.
Circles modeled two robots used in this paper, and then
they were abbreviated as a circle and a point robot. Various
translations of collision region in the collision map were
identified and they were used to predict collision between
robots. Cases 1 to 8 showing these translations were
classified and analyzed according to their conditions and
characteristics. As mentioned earlier, a mobile service robot
has relatively large workspace, and may perform better in
some paths. These paths for the robot can be determined
easily by expanding our analysis to more cases. Also, some
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special situations are investigated with the collision map.
The conventional methods of collision avoidance such as
time delay or speed reduction cannot be applied to solve
these situations. Thus, the methods of path translations or
other path modification methods were used for these special
situations. In future work, we will analyze the cases in which
the robot 1 velocity changes.
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