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greater than or equal to a.



Example 3.1 Solution (continued)

Note that the event which implies that

At the limit,

{ } { },X x Y nx= Ì = é ùê ú

[ ] 1 .P X x P Y nx
n

é ù= £ = =é ùê úë û

[ ] 1lim lim 0.
n n

P X x P Y nx
n®¥ ®¥

é ù= £ = = =é ùê úë û
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Gamma Random Variable

The pdf of the gamma random variable has two parameters, and
and is given by

where is the gamma function, which is defined by the integral

The gamma function has the following properties:

0a >
0,l >

1

x
( )( ) 0 ,

( )

xx ef x x
a ll l
a

- -

= < < ¥
G

( )zG

1

0
( ) 0.z xx e dx za

¥ - -G = >ò
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The pdf of the gamma random variable has two parameters, and
and is given by

where is the gamma function, which is defined by the integral

The gamma function has the following properties:

1

0
( ) 0.z xx e dx za

¥ - -G = >ò

1 ,
2

pæ öG =ç ÷
è ø

( 1) ( ) for 0,  andz z z zG + = G >

( 1) ! for  a nonnegative integer.m m mG + =



Gamma Random Variable (continued)

1:a =

Special cases:

exponential r. v.
1  and (  a positive integer):
2 2

k kl a= = chi-square r. v.

(  a positive integer):m ma = m-Erlang r. v.
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(  a positive integer):m ma = m-Erlang r. v.
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Define , then
2

0

2 x terf  (x) e dt
p

-= ò

( )( ) 2 2 1 orerf z z= F - ( ) 1 1 ( )
2 2

zz erfé ùF = +ê úë û

1( ) 1 ;
2 2X

xF x erf m
s

é ù-æ ö= + ç ÷ê ú
è øë û

[ ] 1
2 2 2

b aP a X b erf erfm m
s s

é ù- -æ ö æ ö< £ = -ç ÷ ç ÷ê ú
è ø è øë û



08_1 Yates Chapter 3 73



08_1 Yates Chapter 3 74



or
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2 2

0 0

2 2 ( )
x xt terf  (-x) e dt e dt erf x

p p
- - -= = - = -ò ò
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Using the error function,

[ ]

[ ]

1 1 46 6146 1 ( ) 1 ( )
2 22 2 10
1                 1 (1.0607) 0.0668.
2

xP X erf erf

erf

m
s

é ù é ù- -
£ = + = +ê ú ê ú

×ë û ë û

= - =
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Using the error function,
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Using the error function,

[ ] 1 1 1 11 1 ( ) ( ) ( ) 0.6827.
2 2 2 2

P Z erf erf erfé ù- < £ = - - = =ê úë û
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Probability Models of Derived Random Variables

Consider

y (x)g=

where is a real function of x and x is a r. v. withy (x)g= x x( ) and ( ).F x f x

Y X Y XExpress ( ) in terms of ( ) and ( ) in terms of  ( ).F y F x f y f x
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By definition

y ( ) [y ] [ (x) ] x yF y P y P g y P Ré ù= £ = £ = Îë û
where { : ( ) }.yR x g x y= <



Distribution Function of g(x)

y

x

We shall express the distribution function ( ) of the random variables y (x)

in terms of the distribution function ( ) of the random variable X and the function ( ).

F y g
F x g x

=

1. Continuous and Smooth Function, g(x)
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Consider the function ( ) in the above figure where ( ) is between  and  for any . g x g x a b x



1 1 1

If , then ( )  for every , hence [y ] 1;
if , then there is no  such that ( ) , hence [y ] 0. Thus,

1
  

0
with  and ( ) as shown, we observe tha

Y

y b g x y x P y
y a x g x y P y

          y b
F (y)  

          y a
x y g x

³ £ £ =
< £ £ =

³ì
= í <î

= 1 1

1 1 x 1

2 2 2 2

y 2 2 2 2

x 2

t ( )  for . Hence,
 [ x ] ( ).

We finally note that ( )  if  or . Hence,
 [ x ] [ x

     ( )

Y

g x y x x
F (y )  P   x    F x

g x y x x x x x
F (y )  P   x   P  x  x  } 

                       F x  

£ £
= £ =

¢ ¢¢ ¢¢¢£ £ £ £
¢ ¢¢ ¢¢¢= £ + £ £

¢= + x 2 x 2( ) ( ). F x   F x¢¢¢ ¢¢-
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g x y x x
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Example (Y )aX b= +

YTo find ( ), we must find the values of  such that .
( )(a) If 0,  for . (Fig. 3.7-2(a)) Hence,

[x ] ( ),  a>0.Y X

F y x ax b y
y ba ax b y x

a
y b y bF (y)  P     F

a a

+ £
-

> + £ £

- -
= £ =
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Figure 3.7-2. y xa b= +

(a) (b)



y x

( )(b) If 0,  for . (Fig. 3-2(b)) Hence,

                [x ] 1 ( ) ,  a<0.

y ba ax b y x
a

y b y bF (y)  P    F
a a

-
< + £ >

- -
= ³ = -
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2Example (Y )X=

{ }
2

(1) When 0

                   for     

            

        

Y

X X

y

x y y x y

F (y)  P y x y

          F ( y ) F ( y )

³

£ - £ £

= - £ £

= - -

(a) 2y x=

y

1 1
2 2

(2) When 0,
            ( ) [ ] 0

   1  
( )

0         else
1 1then, ,  
2 2

and

                

                  

X

X

Y X X

y
F y P    

        x
Let      f x   

          

F (x) x        x

F (y)  F ( y ) F ( y ) 

       

f
<
= =

- £ £ì
= í
î

= + <

= - -

= 1
42   0 .y y  y    for   y+ = £ £
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y

1 1
2 2

(2) When 0,
            ( ) [ ] 0

   1  
( )

0         else
1 1then, ,  
2 2

and

                

                  

X

X

Y X X

y
F y P    

        x
Let      f x   

          

F (x) x        x

F (y)  F ( y ) F ( y ) 

       

f
<
= =

- £ £ì
= í
î

= + <

= - -

= 1
42   0 .y y  y    for   y+ = £ £

(b) x ( )F x



y

In summary,
1 1/ 4

               ( ) 2 0 1/ 4
0 0.

y

F y y y
y

>ì
ï

= £ £í
ï <î

(c) y ( )F y
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2. Continuous but not Smooth Function, g(x)

0 1

1 0 1

1 0 1 x 1 x 0

y 1 x

Suppose the function ( ) is constant in an interval ( , ) such that
( ) , .

In this case
[y ] [ x x ] ( ) ( ).

Hence ( ) is discontinuous at y  and its discontinuity equals (

g x x x
g x y x x x

P y P x F x F x
F y y F

= < £

= = < £ = -

= 1 x 0) ( ).x F x-

Example (Continuous but not Smooth Function)

Y

Consider the function shown in Fig. 3.7-4 (center-level clipper)
  for 

                        ( ) 0       for 
  for 

In this case, ( ) is discontinuous for 0 and its discon

x c x c
g x c x c

x c x c
F y y

- >ì
ï= - £ £í
ï + < -î

= x x

x

x

tinuity equals ( ) ( ).
Furthermore, if 0 then [y ] [x ] ( );
                     if 0 then [y ] [x ] ( ).

F c F c
y P y P y c F y c
y P y P y c F y c

- -
³ £ = £ + = +
< £ = £ - = -
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Y

Consider the function shown in Fig. 3.7-4 (center-level clipper)
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                        ( ) 0       for 
  for 

In this case, ( ) is discontinuous for 0 and its discon

x c x c
g x c x c

x c x c
F y y

- >ì
ï= - £ £í
ï + < -î

= x x

x

x

tinuity equals ( ) ( ).
Furthermore, if 0 then [y ] [x ] ( );
                     if 0 then [y ] [x ] ( ).

F c F c
y P y P y c F y c
y P y P y c F y c

- -
³ £ = £ + = +
< £ = £ - = -



y

c0 x

)(x xF

c x

1

0

(a) ( )y g x= x(b) ( )F x

)(y yF

1

-c-c
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0 y

Y(c) ( )F y

Fig. A Continuous But Not Smooth Function and Its Distribution Function



3. Discontinuous, Staircase Function, g(x)

1

Assume that ( ) is a discontinuous, staircase function
                   ( ) ( )  for .
In this case, the random variable y (x) is of discrete type taking the values  with
            

i i i i

i

g x
g x g x y x x x

g y
-= = < <

=

1 i x x 1       [y ] [ x x ] ( ) ( ).i i i iP y P x F x F x- -= = < £ = -

Example (Hard Limiter Function)

x

x

y

If
1  for 0

            ( )
1  for 0,

then,  takes the values 1 with
           [y 1] [x 0] (0)
           [y 1] [x 0] 1 (0).
Hence, ( ) is a staircase function as in Fig. 3.7-5.

x
g x

x
y

P P F
P P F
F y

>ì
= í- £î

±
= - = £ =
= = > = -
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x

x

y

If
1  for 0

            ( )
1  for 0,

then,  takes the values 1 with
           [y 1] [x 0] (0)
           [y 1] [x 0] 1 (0).
Hence, ( ) is a staircase function as in Fig. 3.7-5.

x
g x

x
y

P P F
P P F
F y

>ì
= í- £î

±
= - = £ =
= = > = -



x ( )F x

0

Y ( )F yg(x)

1

-1
0 x

1

x -1 1

1

y

Figure 3.7-5. The Hard Limiter Function and Its Distribution Function
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Figure 3.7-5. The Hard Limiter Function and Its Distribution Function



yDetermination of ( )f y

We wish to determine the density of Y ( ) in terms of the density of .
 Suppose, first, that the set  of the -axis is not in the range of the function ( ).
 In other words, ( ) is not a point of 

g X X
R y g x

g x R

=

y

 for any . In this case, the probability that ( )
 is in  equals 0. Hence, ( ) 0 for . It suffices, therefore,

to consider the values of  such that for some , ( ) .

x g x
R f y y R

y x g x y
= Î

=

Fundamental Theorem
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We are given a continuous r.v.  with pdf ( ) and a differentiable function ( )
of the real variable . What is the pdf of  = ( )?

XX f x g x
x Y g X

1 2

1

1

Theorem: Let , , , ,  be the real values satisfying ( ). Then,
( )( ) ( )

( ) ( )

( )where ( ) .
i

n

X nX
Y

n

i
x x

x   x     x   y g x
f xf xf y         

g x g x

dg xg x
dx =

=

= + + +
¢ ¢

¢ =

L L

L L



{ }
{ }
{ }

1 2 3

1 1 1

2 2 2

(Proof)
For simplicity, we prove the case that ( ) has three roots, , ,  and .
         ( )

                 

                    

Y

y g x x  x  x
f y  dy  P  y Y y dy 

      P  x X x dx  

      P  x dx  X x  

 

=

= < £ +

= < £ +

+ + < £

{ }3 3 3

1 1 2 2 3 3

1 2

1 2

                    

                      ( )   ( )   ( )
                              for small 

( ) ( )                     
( ) ( )

X X X

i

X X

     P  x X x dx   

  f x dx f x dx f x dx
dx

f x f x      dy dy
g x g x

+ < £ +

= + +

= +
¢ ¢

1

3

3

1

( ) 
( )

where

             ( ) .

X

x x

f x dy
g x

dyg x
dx =

+
¢

¢ =
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X X
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g x g x

+ < £ +

= + +

= +
¢ ¢

1

3

3

1

( ) 
( )

where

             ( ) .

X

x x

f x dy
g x

dyg x
dx =

+
¢

¢ =



Example (Y = aX + b and Its Density Function)

( )
2 2

2

( ) 2

Given

           ( )    ,   

1                
2

           
find ( ).

X

x m

Y

f x  N m

       e

Y  aX   b
f y

s

s

ps
- -

=

=

= +

1

1
1

1

1

(Solution)
Apply the fundamental theorem and we obtain

( )              ( )   where .
( )

Considering the following equation

             ( ) ( )

.

X
Y

x

f x y bf y   x
g x a

dg x ax b a
dx

-
= =

¢

¢ = + =
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1

1
1

1

1

(Solution)
Apply the fundamental theorem and we obtain

( )              ( )   where .
( )

Considering the following equation

             ( ) ( )

.

X
Y

x

f x y bf y   x
g x a

dg x ax b a
dx

-
= =

¢

¢ = + =



( )

2 2

22

( ) 2

(  ) 2

we get,

             ( )  

1                 
2

1                 .
2

Note that  is the Gaussian with mean ( ) and standard deviatio

X

Y

y b m
a

y b a m a

Y

y bf
af y   

a

       e
a

       e
a

f b am

s

s

ps

p s

-
- -

- - -

-æ ö
ç ÷
è ø=

=

=

+ n ,
which illustrates that a linear transformation of Gaussian r.v. is also Gaussian.

as
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y b m
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Y

y bf
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a

       e
a

       e
a

f b am

s

s
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-
- -

- - -

-æ ö
ç ÷
è ø=

=

=
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2Example ( y x  and Its Density Function)a=

2

2

Given
            , 0
            ( 0 , )
Find ( ).

X

Y

Y a X          a
X   N     

f y
s

= >

=

2

1 2

1 1

2 2

(Answer)
Solving  for  gives

 , .

And

| ( ) | | 2 | 2 2

| ( ) | | 2 | 2 2 .

y ax x

y yx x
a a

g x a x ay ay

g x a x ay ay

=

= = -

¢ = = =

¢ = = - =
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2

1 2

1 1

2 2

(Answer)
Solving  for  gives

 , .

And

| ( ) | | 2 | 2 2

| ( ) | | 2 | 2 2 .

y ax x

y yx x
a a

g x a x ay ay

g x a x ay ay

=

= = -

¢ = = =

¢ = = - =



( ) ( )2 22 2

2

1 2

1 2

2 2

2

2

Now
( ) ( )         ( )
( ) ( )
1                 ( ) ( ) , 0

2

1 1                 
2 2

1                 ( ). (1)
2

X X

X

X X
Y

y y
X Xa a

y a y a

X

y
a

X

f x f xf y
g x g x

f f       y
ay

 e e
ay

e U y
a y

s s

s

ps

p s

- - -

-

= +
¢ ¢

é ù= + - >
ë û

é ù= × +ê úë û

=
× ×

08_1 Yates Chapter 3 117

( ) ( )2 22 2

2

1 2

1 2

2 2

2

2

Now
( ) ( )         ( )
( ) ( )
1                 ( ) ( ) , 0

2

1 1                 
2 2

1                 ( ). (1)
2

X X

X

X X
Y

y y
X Xa a

y a y a

X

y
a

X

f x f xf y
g x g x

f f       y
ay

 e e
ay

e U y
a y

s s

s

ps

p s

- - -

-

= +
¢ ¢

é ù= + - >
ë û

é ù= × +ê úë û

=
× ×

1

2

Gamma density function is defined by

             ( )    ( ).           (2)
( )

Comparing Eqs. (1) and (2), we can tell that ( ) is the Gamma density function
1 1with  and .

2 2

v

V

Y

X

v ef v    U v

f y

 
a

a a ll
a

l a
s

- -

=
G

= =



( )
( )

1
2 2

1
2

2

1
2

1Note:  1)   
2

1 1   2) For 1 and 1, with  and ,
2 2

              ( )   .
2

  This is the chi - square density with 1 degree of freedom.

y

X

Y

a   

y e
f y   

p

s l a

- -

æ öG =ç ÷
è ø

= = = =

=
G
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