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Proof: Theorem 6.2
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1. Characteristic Functions

2. Moment Generating Functions

3. Probability Generating Functions
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1. Characteristic Functions
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Characteristic Function of the Gaussian R.V.
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Characteristic Function for Discrete Random Variable
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Properties of the Characteristic Function
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Properties of the Characteristic Function (continued)

  

 

2nd property: moment generating property of  ( )
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Moment Theorem

If the characteristic function ( ) of a given random variable x has
a Taylor series expansion which is valid in some interval in 
which contains the origin, then that characteristic function (and hen

X w
w

F

ce
the corresponding probability density of probability distribution)
is uniquely determined by the moments of the given random variable.

08_1 Yates Chap. 6 20



08_1 Yates Chap. 6 21



08_1 Yates Chap. 6 22



08_1 Yates Chap. 6 23



Example (Moment Generating Function of the 
Unitary Gaussian)
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3. Probability Generating Function for Discrete R.V.
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By taking the first two derivatives of ( ) and evaluating the result at z = 1,
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Example  ( PGF for Poisson R.V.)
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Section 6.4

MGF of the Sum of Independent 
Random Variables
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An Alternative Using the Characteristic Function
and the Probability Generating Function
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Example (An Alternative to Quiz 6.5)
 = the number of jobs submitted to a computer in an hour;

        a geometic random variable with parameter .
 = the job execution times; independent exponentially distributed random variables
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(Solution 1 Using MGF)

          ( ) , ( ) .
1 (1 )

From Theorem 6.12,  has MGF

      

N

s

X N s

R X X

pes s
s p e

R

a

lf f
l

=

= =
- - -

L

( ) ( )    ( ) ln ( ) .
1 (1 ) ( )

The corresponding PDF is

( ) 0,
          ( )

0                otherwise.

X
R N X

X

p r

R

p s ps s
p s p s

p e r
f r

l

f lf f f
f l

l -

= = =
- - -

ì ³
= í
î

08_1 Yates Chap. 6 49

 = the number of jobs submitted to a computer in an hour;
        a geometic random variable with parameter .

 = the job execution times; independent exponentially distributed random variables
       

N
p

X

1

with mean 1/ .
Find the PDF for the sum of the execution times of the jobs submitted in an hour

+ + .
(Solution 1 Using MGF)

          ( ) , ( ) .
1 (1 )

From Theorem 6.12,  has MGF

      

N

s

X N s

R X X

pes s
s p e

R

a

lf f
l

=

= =
- - -

L

( ) ( )    ( ) ln ( ) .
1 (1 ) ( )

The corresponding PDF is

( ) 0,
          ( )

0                otherwise.

X
R N X

X

p r

R

p s ps s
p s p s

p e r
f r

l

f lf f f
f l

l -

= = =
- - -

ì ³
= í
î



( )

(Solution 2 Using CF and PGF)
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corresponding central limit theorem approximation for n=1,2,3,4. The solid line 
denotes the PDF            while the dotted line denotes the Gaussian approximation.( )

nWf w



Central Limit Theorem
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Assumed are:
(1)  is large,
(2) >>1, i.e., ,

(3)  is the order of .
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