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M/M/1 Queueing Review
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The number of arrivals follows the Poisson distribution
The service time follows the Exponential distribution
The number of servers is ONE
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« | =E(N): Expected number of customers in the system

L=E(N)=) nl-p)p" = 1L (see geometric dist.)
n=0 —p

 W: Average waiting time of a customer in the
system
— Use Little’s Law



Little’s Law
(by John D. C. Little)

L =AW
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Avg. # of Customer Avg. time a
customers in arrival rate  customer spends
the system In the system

Proof is difficult. See Stidham’s paper.
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* L, Expected number of customers in the queue

« W, Average waiting time of a customer in the
queue
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 Probability that the server is busy?
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BasICS

« Queueing Network
— A computer system is essentially a network of queues

[mo-me,

Average system

 Forced flow law throughput

Average throughput of ~ ﬂ f visits to resource k
resource k k per job

« Total service demand

Total service S l Service time of a job per
demand of a job for lk . k V visit to resource k

resource k A}
# of visits to resource k per job



=xample T

« We made measurements on a batch processing
machine. These indicate that the average number of
visits each job makes to Drive 1 is five and that the
disk throughput for Drive 1 is 10 requests per second.
What is the system throughput?

15 Cro} _Q
B Disk1
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A, = AV,
A=A 1V, =10/5= 2 requests/second



-xample 2

 We measure a small batch processing computer
system. We find that CPU has a visit ratio V,=20 with
S,=0.05 seconds, the first I/O device has V,=11 and
S,=0.08 seconds, while the other I/O device has V;=8

and 5;=0.04 seconds. What is the bottleneck
resource?
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D, =V,S, =1
D, =V,S, =0.88
D, =V,S, =0.32



Jackson Networks

A queueing network consisting of A nodes

— Each node consists of c, identical exponential servers, each with average
service rate p,

— Customers arriving at node A from outside the system arrive in Poisson
pattern with the average arrival rate A,

— Once served at node 4, a customer goes (instantly) to node j (j=1,2,...,K)
with probability o,; or leaves the network with probability 1 — X¥_ 10/(/
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Jackson’s Theorem

For each node k, the average arrival rate to the node,
Ay, is given by K
A=A+ PyA,
j=1
Let (ny, n,, =+, N¢) be the system state. Steady state prob?
It A <c for k=1,2,---K, there is a steady state

distribution of the system state (ny, n,, =+, ny):

- p(ny, n,, -+, Ng) = steady state probability that there are n,
customers in the k—th node for k=1, 2, -+, K.

The steady state probability that the system is In
state (ny, Ny, ==+, Ny):

p(nw nzi"'nK) — pl(nl) pz(nz)"‘ Pk (nK)

that is, each node k behaves as if it were an
independent M/M/c, queueing system with average
arrival rate A,.



—xample
 Error recovery transmission system

l error detection code!
b
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A=21+1-p)A

.............................................................................................................................. A — 2/ p
A =4 messages per second Alp A

1/ 1 =0.22sec server utilization: p = =

M PU
(time for transmitting a MSG and receiving ACK)  M/M/1 sytem

p2099,1—p2001 LZE(N): ,0 — j’
1-p pu-4
A =4.0404 messages per sec A
p=0.8889 L
L =8 messages D
W, ., =1.98sec W, _L
W, =2.0sec A

big



Open central server system

/O devices
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Open central server system
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—xample

1 CPU and 3 1/0O devices

A=1/5 jobs per second

CPU service time s; = 0.75 sec

/O service times s,, S5, S, =1, 2, 4 sec

D1=P,=P53=p,=0.25

0,=06,p0,=020p,=04,p,=0.8

L =15L,=0.251L,=0.667,L, =4

W, =1.875,W, =1.25W, =3.33,W, =20.00
L =6.417

W =L/A4A=32.085



Closed central server system

/O devices
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New Program

N programs are running concurrently: multiprogramming level=N

If a program completes, a new program starts immediately.



Closed central server system

/6 dou stepl:L,(0)=0forallk =12,---,K
AR ‘ step 2(1):W, (1) =D, (1+0),k =1,2,---,K
- [— =
w@=Sw, ()
X : A1) =—" VW’
M hoL o] w@o
New Program Lk (1) = ﬂ,(]_)Wk (1)’ k = 1,2’ e k

D, : mean total resource requirement per job SteP 2(N):Wi(n) =D L+ L (n-1)). k=12, K

=V, S, W (n) = iwk(n)

L, (n) : when multiprogramming levelis n,
n

W (n)

L. (n)=A(n)W, (n),k=12,---,K
average total time of a programin step3: W =W (N)

resource k A= A(N)

average no. of jobs in resource k A(n) =
W, (n) : when multiprogramming level is n,

o, =AD, k=12, K



—xample

 Suppose we have a
computer system that
consists of a CPU and
one |/O device, i.e.,
K=2. The
multiprogramming level
IS 2, l.e., N=2.The
average CPU time
needed per job is 0.4
seconds while an
average of 0.6
seconds of 1/O service
is required (i.e.,
D,=0.4, D,=0.6).

stepl:L,(0)=L,(0)=0
step 2(1):
W,(1)=D,(1+0)=0.4,W,(1) =D,(1+0)=0.6

W (1) =1.0, A(1) = 10 =1

L(1)=A0QW,(1)=04,L,(1)=A1)W,(1)=0.6
step 2(1):
W, (1) =D,1+0)=0.4,W,(1)=D,(1+0)=0.6

W (1) =1.0, (1) = 10 =1

LD =AW, (1)=04,L,1)=A)W,(1) =0.6
step 2(1) :

W, (2) = D,(1+ L, (1)) = 0.56,

W,(2) =D, (1+L,())=0.96

W (2) = 0.56+0.96 =1.52, 1(2) :é ~1.3158

Step 3:
W =W (2)=1.52,4 = 1(2) =1.3158
, =D, =0.5263, p, = AD, = 0.7895
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