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Reading Assignment:
1. W. B-0tt, Crystallography—chapter 9

N N N N Symmetry Aspects of M. C. Escher’s Periodic Drawings






Space Group -

— 32 point groups— symmetry groups of many molecules

and of all crystals so long as morphology
1S considered
— space group— symmetry of crystal lattices and
crystal structures
14 Bravais lattice
centered lattices— new symmetry operations
reflection + translation

rotation + translation
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Space Lattice ——
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- 14 Bravais lattice
P cC |11 R F
Triclinic P1 N [
Monoclinic ~P2/m  } C2/m

Orthorhombic | P2/m2/m2/m | C2/m2/m2/m | 12/m2/m2/m | F2/m2/m2/m

Tetragonal | P4/m 2/m2/m | I14/m2/m2/m

Trigonal | | R32/m
P6/m2/m2/m — ' - '

Hexagonal

Cubic P4/m32/m | 14/m32/m | F4/m32/m

The 14 Bravais lattice represent the 14 and only way in which
it 1s possible to fill space by a three—dimensional periodic array

of points.
N N N N W. B-Ott, Crystallography



A AARA, ZAHZA), Bravais A&} !

EE 2 g CAAA | AARA - AR 3 Bravais 4}
¥ o . a=b=c
{CUbiC) J% dlﬁ_ ﬂr=ﬁ=?,=g[]n Pr I'IF
S 4 L a=b*c
2w 5% a=8=90°, y=120° P
(hexagonal) A L Py S .
(trigonal) (rhombohedral) | a= 8=y + 90°
3y . a=b*c
P
(tetragonal) C CR a=f8=y=90° -
AR a+b+c
A
(orthorhombic) s A} =B =1y =090 P, C(A, B), I, F
1. c-unique
a+b+c (P}, (A4)
L @ A} @ A} il et
(monoclinic) 2. b-unique
a¥Fb+c P, C
a=7r=90°"+ 4
A A} R a*+b+c
(triclinic) & A A a+ B+ y+90° P
8, BEHSHHE
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New Symmetry Operaﬂo_
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i) orthorhombic C-lattice i1) orthorhombic I-lattice

b . b,
20 b. (J') O ‘ O
g O q, D
O O O O
. 1 , 11
reflection at 5, Y,Z rotation about at 4,41 £
. b . c
+ translation > + translatlonf
1 1 1 1 1
0,0,0 —> 7;7;0 0,0,0 —> 515175
glide reflection screw rotation
glide plane (b—glide) screw axis (2,-screw)

N N N N W. B-Ott, Crystallography
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= Compound Symmetry Operation .—. -

TableS.1. Compound symmetry operations of simple operations. The corresponding
symmetry elements are given in round brackets

Rotation Reflection Inversion Translation
) Roto- Roto- Screw
Rotation S reflection inversion rotation
. (Roto- 2-fold Glide
Reflection reflection axis) X rotation reflection
Inversion .(ROtOT X (2'f°1.d ) X Inversion
inversion axis) rotation axis)
Translation (Screw axis) (Glide plane) R on X
centre) -

L B

W. B=0tt, Crystallography
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Glide Plane
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i) reflection B
i1) translation by the vector g parallel to the plane of
glide reflection where |g|1s called glide component

S B
\ \

mlnygd )
(glide plane) ] /
=~ N %

6 1s one half of a lat:tlice translation parallel to the
lide plane |z n
dide plane g 2

ox
1
B
1y
0x
]
<
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Mirror Plane vs. Glide !Ia_. e

c C

“>o A
O~

E‘ TP TR

O

e

2t O
s PRo
a” a”
—b : b
O | O 10 O
! )

— glide plane can occur in an orientation that is possible
for a mirror plane

N N N N W. B-Ott, Crystallography



® Glide Plane
NN RN
- orthorhombic P22 7
(100), (010), (001) possible
glide plane parallel to (100) »
glide component :{b|, 1(c|, J_rE‘ -Q
/ .\ ‘\ 11(001)
b—glide c¢—glide n-glide d- ghde
//(070)
. /1(100)
d
N N N

W. B=0tt, Crystallography



Glide Plane

= ik
: . i
; along the line parallel to the projection plane ,!{ 1
0 ) Sy
A X2
I
2~ :
> in the direction of the arrow f : Of+x5¥.2
/ ‘
s a a-glide at x,; z
2
o P
X,z X542 © ;
xyz i xlyiez

2%

¢ c-glide at x,3,2
1 - -
> normal to the projection plane

N N N N W. B-Ott, Crystallography

b b-glide at x,y,0



Glide Plane
N R NN

1 - - -
> along the line parallel to the projection plane

In the direction of the arrow

/ combined with ; normal to the projection plane
/ O X34,

1
2

O_x:r 4 i)
\ XY,z

e n-glide at 0,y,z with glide component

d n-glide at x,y,} with glide component 115 +3]

e
sla+bl

N N N N W. B-Ott, Crystallography



‘Screw Axis T

RN

— rotation ¢=2X—7T (X =1,2,3,4,6)

- translation by a vector S parallel to the axis
where |S| 1s called the screw component

. (:?2
|) "

gl AT
Fl_g_'? chj Iu
\%H“‘* L* f
X | f*“}'ﬁ
s=20 p=01.2..X1 e
s
X, = Xo, Xy Xy F?’\/*'

N N N N W. B-Ott, Crystallography



2
X
<
S
0
O
7

W. B=0tt, Crystallography

N QNN



W. B-0tt, Crystallography

Screw Axis
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X
<
S
0
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17 Plane Groups
RN

— 5 plane lattices + 10 plane point groups+ glide plane
— criterion: lattice itself must possess at least
the symmetry of the motif

' Two-fold roiation axis

b
4 " ' / A Three-fold rotation axis
"' & Four-fold rotation axis
& Six-fold rotation axis

aoglg{u;: Ja;ggc ——— Mirror line
b
L
Y
a
L
Rectangular lattice Centred Rectangular
a#b,y=90° | cos Y| = bl2a

T2 A

Square lattice Hexagonal lattice
a=b,y=90° a=b,y=120°

A. Putnis, Introduction to Mineral Sciences
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17 Plane Groups

™ . j
Im
e MQ'Q
w :@‘éJ
S R
3 &
P [ B

N QNN

RN
Point
groups Space
compatible groups
with compatible
crystal Lattices in with lattice
Crystal system  system system
Oblique 1,2 p (primitive) pl. p2
a# b, y#90°
Rectangular Im,2mm  p(primitive) pm,
a#b,y=90° p2mm, pg,
p2mg
p2gg
¢ (centred) cm, c2mm
Square 4, 4mm p (primitive) p4, p4mm,
a=b,y=90° pdgm
Hexagonal 3,3m, 6, p (primitive) p3,p3lm,
a=b,y=120° 6mm p3ml
p6. pbmm

A. Putnis, Introduction to Mineral Sciences
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Symmetry direction
(position in Hermann—Mauguin symbol)
Lattice
Primary Secondary Tertiary
Two dimensions
Oblique
Rectangular Rotation [10] [01]
Square g [10] fonl |
plane [01] \[11]
Hexagonal {[10]
[01]
[11]

([11]
[12]
i[ﬁﬂ}
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NN NIRRT
al rad ad Qe -l rad o o rad a°
AP A AP AP AP
o el o~ 'l rad a° o o as ‘ad
AV A A A A
2l 'l ol & & rad rad rad & lad
AP A AP A AP
2l & &~ rad rad el rad rad e ' ad
1 AP A AF A AP
p p2
ad a8 rad et O BN AN AP
L7 7 L7 WKL KA KA KW K
o~ o~ o~ o~ O AP AP &
G WL 73 L7 KA KA K
o ol o~ o~ O AP, AP, AP
QK WK W K KA K KA K
& Ll & & e T - NP g - NP g .
LN L8 L8 « WU AP KW KA K
pm p2mm
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17 Plane Groups —
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& &N & V. S S e
A A A
& &N A & A& &
Ay A N

& &N &N & &

a2 S o
AN AN A
& AN &N &N & & &N &
AP A N

e
[a——ry

£2£2 SRR
£2£2 £RER
£2 £ £2 €2

£2£2 €2 £2

¢=
3

p2mm

N N N N A. Putnis, Introduction to Mineral Sciences



17 Plane Grou

PEIVN e . S &, Fad Lad &
AP AP AP
1 o, w,
WK AP . K. WK
O P, o, oo, Pad Pl o~
AP AP AP
Y, g
W AP . 78 £
p2mg p2gg
ad o~ o~
L7 W
Fad rad Cad
%K. K
pg

N N N N A. Putnis, Introduction to Mineral Sciences



17 Plane Grou

v O~ o~ -~ | 0 | o
| -] e-d-o- ) - armm.pmi
. | K AP 10 7
_Ev'-;;’_**'?‘vs o~ ., T4 '_T_'.__:"
AP | 1
s,
A *® A «
p2mg p2gg
- o~ s
N R IR «
o~ & o~
Py «
pPg

N QNN

A. Putnis, Introduction to Mineral Sciences




17 Plane Group

44 o o~ o~ o~ o~
K K W« K AP K AP K AP
ol ol A P, AN
7 7 W A W AP
o o~ o O A Y, A M,
WK L7 7 WK AP W A _M.A.P
2l el A A,

L7 7 WK AP K. A

cm c2mm

N N N N A. Putnis, Introduction to Mineral Sciences



17 Plane Group

1 |
1 1
Fad o~ & ra e N | ra i e
‘#F __________ ‘*{ 3 « e S W TS “w
o~ o~ s b I &,
__J;,____‘:A_V____#’_ 7 L *’:&.:_u:_’l__ E W AP
rad g.w. et A
7 W K. K] AF | 15 WK AP
Fad ad '.._ar'n, : A,
L7 7 WK AP . AP
cm c2mm

N N N N A. Putnis, Introduction to Mineral Sciences



7 Plane Groups —

¥ . milie BB BB

TERETEYE Y| ¢ ¢ ¢
23“““”&:‘3“& I "”i

T ¢ ¢ ¢
:mfgi““”f”a‘*”f:“‘ Mf“ ¢ ¢

¢ ¢
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~
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pm
No. 3

cm
No. 5

; International Tables for

1 Oblique Oblique
P l Patterson symmetry p2 JRtCHoR . Smmemy £p 2
o]

[ [ of [ o
e} o e} o

m Rectangular  Rectangular

P I1ml Patterson symmetry p2mm Patterson symmetry p2mm
o) o]
o] o [}
(0] 0]
[@) o]

(¢}

m Rectangula Rectangular

c l m 1 Patterson symmetry ¢2 Patterson symmetry p2mm
® © (o0} o
5 o (o} [e] ©

©
o]

o © oo ©)
9 3 00 ©

N QNN

Q0o

o]0

p2mm

— e -

P8
No. 4

p2mm

No. 6



—
p2mg 2mm
No. 7 p2mg
o 0
(@) o)
© ©
o)
o
0 o)
c2mm : 2mm
No. 9 c2mm
006 [e}0)
©[0 )0
[0][O]
[0][@]
ole 0lo
®© 0 ®© 0
p4dmm 4mm
No. 11 padmm
P % P %
| %l
®P|% %
% & EoYox

N QNN

» International Tables for

Rectangular

Patterson symmetry p2mm

B o= A = =

- —t — -t —-

e e =Lk e

Rectangular

Patterson symmetry c¢2mm

*o—f—a—t—o

——— 4 — =]

Square

Patterson symmetry pdmm

Rectangular

Patterson symmetry p2mm

o

Square

Patterson symmetry p4

OO

o

Square

Patterson symmetry pdmm

OO

OO

RN

2mm p2gg

plgg No. 8
e
S

p4 No. 1(
. ’
’ . ’
* L] *
4dmm P 4 gm
pdgm No. 12
N . s
\\\\ ,/// L
1/ : N




- International Tables for

3 Hexagonal  Hexagonal 3m P 3m 1

p 3 Patterson symmetry p6 Patterson symmetry p6mm p Iml No. 14

o} o o o
A
F'y
© O A— A
o o]

Hexagonal Hexagonal 6 P 6

Patterson symmetry p6émm  Patterson symmetry p6 p 6 No. 16
O o]
ﬁ'—-‘ o © (@]
o]
By \\\ o 0] / /
X o o /
o]
o© o ©

Hexagonal

Patterson symmetry p6&mm

S5
/%L, X7




®Rectangular
®

Patterson symmetry p2mm

788 Ste
©) O//
(O2[O) 0|0
© O ® O
Origin at 2mm
Asymmetric unit 0<x<}; 0<y<}
Symmetry operations
(1 22 0,0 3y m 0,y 4 m x0
Generators selected (1); 1(1,0); (0,1); (2); 3

N QNN
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®p2mm

@No. ¢



. = International Tables for X-ray

O ©0ee O 6
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short international (Hermann—Mauguin) symbol
for the plane group

short international (Hermann—Mauguin) symbol
for the point group

crystal system

sequential number of plane group

full international (Hermann—-Mauguin) symbol
for the plane group

patterson symmetry
diagram for the symmetry elements and the

general position



» International Tables for X-r

RN

Generators selected (1); 1(1,0); 1(0,1); (2; (3)

Positions
Multiplicity, Coordinates Reflection conditions
Wryckoff letter,
Site symmetry
General:
4 i I (Hhxy @=xy @xy @=xy no conditions

‘Special: no extra conditions

o) sETes
2 f .m xi xi [ ¢ ’
2 e ..m x0 10
| d 2w b4 353 56 ' '
I ¢ 2mm 4,0
L b 2mm 04 L
U amm 00 ; ol ¢ 0 ) 0 '

. Q0 ¢ &0 ety

oT . ' ¢ . '

N QNN



» International Tables for X-r

RN

Maximal non-isomorphic subgroups

I [2lp211(p2) 1;2
2lpiml(pm) 1,3
Rlplim(pm) 1;4

IIa none _

IIb [2]p2mg(a’'=2a);[2]p2g m(b'=2b)(p2mg); [2]c2mm (a'=2a,b'=2b)
Maximal isomorphic subgroups of lowest index

IIe [2]p2mm(a’=2a or b'=2b)

Minimal non-isomorphic supergroups

I [2lp4mm

I [2]c2mm

N QNN



Flow Diagram for ldenti
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A
@
f What is the highest order of rotation 7
None 2-fold 3-fold
Is reflection present ? ‘ Is reflection present L. Is reflection present ?J
yes no yes no yes no
l l ¥ l l
Is there Is glide- Do Is glide- Are all
glide- reflection reflections reflection centres of
reflection | | present ? occur in present ? rotation
in an axis two on
which is directions 7 reflection
not a axes
reflection
axis 7
I T T 1 1 T 1 I I
yes no yes no no yes no yes  no
Are all
centres of
rotation
on
reflection
axes ?
yes  no
i ¥ Y Y ) " L Y Y ¥ Y
em| |pm| | pg || p1 ||p2mm 1c=2mm p2mg | | p2gg p3mi| | p3im p3
5 3 4 1 6 9 7 8 2 15 14 13

l

4-fold

Is reflection present ? }

|

6-fold

Is reflection present ? \

|

yes

Dc'l

reflections
occur in
axes which
intersect
at45° ?

L —
yes no

pamm| | pAgm

o]

11 12

10

yes

pemm

17

A. Putnis, Introduction to Mineral Sciences
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B & g i i &
e e 4
® ' | 1
® ] : ¢ | )
|
o 0O "_:""-"T""I P2gg
O O . ¢ [}
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Symmetry Aspects of M. C. Escher’s Periodic Drawings



Space Groups “. s

—Bravais lattice + point group =2 230 space groups
+ screw axis
+ glide plane

— Bravais lattice + point group= 73
— Bravais lattice + screw axis = 41
— Bravais lattice + glide plane = 116

N QNN
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e ¢ - SIS S P
Three dimensions
Triclinic None
Monoclinic* [010] (‘unique axis b’)
[001] (‘unique axis ¢’) |
Orthorhombic [100] [010] [001]
Tetragonal [001] {[100] {[11'0]
[010]} [110]}
Hexagonal [001] [100] [110]
[010] [120]
[T10] [210]
Rhombohedral [001] ([100]
(hexagonal axes) < [010]
‘[TTO]}
Rhombohedral [111] ([110]
(rhombohedral axes) { [01T1]
: h[TOI]
Cubic [100] (T111] [1T07 [110]
[010] [111] [011][011]
[001] 1[T11' [T01][101]
[TT11]

L B



Space Groups-mono
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— monoclinic system— highest symmetry

P2 cZ (aglideatx.},z, x°.
m m

2, screw axis at 3,v,0, 2,Y,5, =,¥.0, 2,¥,5)

Z

Q
|
<>
Q|
N~ O
-
o
K
g

N QNN



Space Groups-monoclllmlc— —

L

c

a T o -
_ 2 subgroup 2, m | N\
m > -
2, — 2,c-glide — m E D E —-—7

. b) c}
glide plane parallel to (101)

—13 monoclinic space groups

Point groups Space groups
P2/m -~ C2/m
P21 / m =3

2/m P2/c C2/c
P21 / C b

m Pm - Cm

| Pc Cc
P2 C2

2 P2, i

2 C2)/m=C2/m, ° C2;/c=C2/c, ¢ C2;=C2
N N N N W. B-Ott, Crystallography
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N N N N International Tables for X-ray Crystallography
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1.4. Graphical symbols for symmetry elements in one, two, and three dimensions

(a) Symmetry planes normal to the plane of projection (three dimensions) and symmetry lines in the plane of the
figure (two dimensions)

Glide vector in units of lattice |
Symmetry plane or symmetryline Graphical symbol translation vectors parallel and Printed symbol
normal to the projection plane

Reflection plane, mirror plane
Reflection line, mirror line None m
(two dimensions)
‘Axial’ glide plane ~ ( 1 along line parallel to projection plane a,borc
Glide line (two dimensions) 1 along line in plane g
‘Axial’ glide plane 2 1 normal to projection plane aborc
‘Diagonal’ glide plane —_——— > along line parallel to projection plane, n
ombined with 3 normal to projection
plane
‘Diamond’ glide plane _— —— 5 a]ong line parallel to projection plane, d
(pair of planes; in centred e combined with ! normal to projection
cells only) plane (arrow indicates direction

parallel to the projection plane for
which the normal component is positive)

N N N N International Tables for X-ray Crystallography



Space Groups-

1 .
Pmm 2 C2v mm?2
No. 25 Pmm?2

Pmm?2 Pml2m

-

1

NN R RN

Orthorhombic  short space group symbol

Patterson symmetry Pmmm SChoeaneS SymbOI

point group
crystal system

t

number of space group
. full space group symbol

Pmm?2
P2mm

P2mm

IR

projection of symmetry

+0O @+
+@ [OF
b
&
+O | @+
oo e
Origin on mm 2
Asymmetric unit 0<x<4; 0<y<t;, 0=:z<1
Symmetry operations
(H1 (2) 2 0,0,z 3 m x,0,.z 4 m 0,y,z

N QNN

elements

+O + . .

S1on projection of general
position

+QO | @+

+@® O+

International Tables for X-ray Crystallography



{ CONTINUED No. 25 Pmm?2 ..

Generators selected (1); 1(1,0,0); ¢(0,1,0); (0,0,1); (2); (3)

Positions
Multiplicity, Coordinates Reflection conditions
Wyckoff letter,
Site symmetry
General:
4 i 1 (Dx,y,z (2) £,7,2 3) x,¥.z (4) x,y,z no conditions
Special: no extra conditions
2 h m.. Ly, 4Lz
2 g m.. 0,y,z 0,¥.z
2 f .m. x4,z %4,z
2 e .m. x,0,z £,0,z

1 d mm2 1}z
l ¢ mm2 4,0,z
1 b mm2 0,4,z
Il a mm2 0,0,z

N N N N International Tables for X-ray Crystallography



SpaceW
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— origin

(1) all centrosymmetric space groups are described
with an inversion centers as origin.
a second description 1s given if a space group
contains points of high site symmetry that do not
coincide with a center of symmetry
(i1) for non—centrosymmetric space groups, the origin
1s at a point of highest site symmetry.
if no site symmetry i1s higher than 1, the origin i1s
placed on a screw axis or a glide plane, or at
the intersection of several such symmetry elements

N QNN



Tetragonal

4/mmm

19
D

=
S
S
=
4
~

T4Ja2/m2/d

RN

Patterson symmetry Id4/mmm

No. 141

ORIGIN CHOICE 1

Origin at 4m2, at 0,},—% from centre (2/m)

Tetragonal

4/mmm

19
D 4h

I41/amd

No. 141

Patterson symmetry I4/mmm

I4,/a2/m2/d

ORIGIN CHOICE 2

+

1 1.
Y o-

@)

1+

@-
&y O

O O 4

NOl®)

&

E-@Qi-+ 540)
+;-O) @{; _51-

3+ i+
O o

Ok 2O

-+
O

International Tables for X—-ray Crystallography

Origin at centre (2/m) at b(2/m,2,/n)d, at 0,-}, 4 from 4m?2

N QNN
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3h 6m 2 Hexagonal

P6m? Patterson symmetry P6/mmm

Origin at 6m 2

Asymmetric unit 0<x<%; 0<y<%;, 0<z<4;, x<2y; y<min(l-x,2x)

Vertices 0,0,0 %40 4,40
0,04 .41 1,34

N N N N International Tables for X-ray Crystallography
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Orthorhombi

P ca 21 Patterson symmetry Pmm mf

Pb2.a

Phe2
N — — i e il
e e——
——— i tli— —— —-
Pab
|
|

Plca

LT 3

#O O

O+ O+

g @%w ®l+
+@ *®
+Q +0

l O+ O+

Origin on la2,
Asymmetric unit 0<x<4); 0<y<1; 0<z<1

Symmetry operations

1 2) 2(0,0,4) 00, 0, v, :
2 (D 2000, 0.0.2 3 a 20,z @ ¢ £33 termational Tables for X—ray Crystallography



Space Groups-Pmm_

N N N RN

- Pmm2- for a point X,y,z  (general point)
symmetry element generates X,¥,Z; X,¥,Z; X, y Z

X,V,Z, X,V,Z; X,Y,Z, X, V,z are equivalent (multiplicity of 4)

— The number of equivalent points in the unit cell 1s
called its multiplicity.

— A general position 1s a set of equivalent points with
point symmetry (site symmetry) 1.

Y,?,zb d)?,’y,z b

d

—t 4
XY,z 3741’942 x1-yz P

¢ —+ {
b ‘dl—x,y,z ‘ I-x,l—);zb

4
P, 9 P
a) a

N QNN

Q

o

q

b

W. B=0tt, Crystallography



Space Groups-Pmm! —
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— move a point X,Y,Z on to mirror plane at % Y, Z
1
X,Y,zand1-x,y,z coalesceto -,y,z
x,1-y,z and 1-x,1-y,z coalesce to ;,1-Y,z

multiplicity of 2

as long as the point remains on the mirror plane,

1ts multiplicity 1s unchanged— degree of freedom 2
— A special position 1s a set of equivalent points with

point symmetry (site symmetry) higher than 1.

: 17—1
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Space GW

R RN
Position | of o | Mol | Site of equivalent
plicity symmetry \
freedom | points
| X,¥,Z; X,¥,2;
general 3 4 1 5.2 Xy.Z
2 m LY.z 4,¥.2
2 | m 0,y,z; 0,9,z
2 2 m X,5 25 X,3,2
1 2 | m x;O,z;_i,O;z
specia
1 { mm2 1z
1 | mm2 1,0,z
1 1 mm?2 0,1,z
1 mm2 0,0, z

N N N N W. B-Ott, Crystallography



Space Groups-multiplicul!y. .—. -9

— screw axis and glide plane do not alter the multiplicity
of a point

—PnaZ,: orthorhombic n—glide normal to a—-axis

a—glide normal to b—axis
2, screw axis along c—axis

S s
! b @ i
' | . e
, N Q) ’ : no special position
i
e .. .
i D @
i L
f —+ s
@ X,¥,Z, @ t+xd-yz, ® i-xi+yi+z @ 1—-x1-yi+z
2 @ x4.z, @ i+xi.z @) i-x3i+z @ t-x3i+z
N N N N
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Space Groups-asymme!rllmc

N N N RN

—-The asymmetric unit of a space group 1s the smallest
part of the unit cell from which the whole cell may be
filled by the operation of all the symmetry operations.
[t volume 1s given by:

V

V = unit cell
Mt multiplicity of general position

ex) Pmm2- multiplicity of 4, vol. of asymm=1/4 unit cell

0<x<;, 0<y<’, 0<z<1

—An asymmetric unit contains all the information necessary
for the complete descript of a crystal structure.
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Space Groups-P6, 0

Y
o/

v

v R
fad 3,
2

N N N N W. B-Ott, Crystallography



v"yh'
@,

L

P 6,

No. 169 P 6,
Origin on 6,
Asymmetric unit 0<x<1; 0<y<Il; 0<z<i
Vertices 0,00 1,00 1,1,0 0,1,0
0,0, 1,0, 1,1,4 0,1,%

Symmetry operations

6 Hexagonal .
NN

Patterson symmetry P6/m

0,z
0,z

(1) 1 . (2) 3+(0,0,%) 0,0,z (3) 3-(0,0,%) O,
(4) 2(0,0,) 0,0,z (5) 67(0,0,3) 0,0,z (6) 6*(0,0,%) 0O,
Generators selected (1); 1(1,0,0); ¢(0,1,0); #(0,0,1); (2); (4
Positions

Multiplicity, Coordinates

Wyckoff letter,
Site symmetry

6 a |1 (2) y,x-y,z+4

(3) X+y,%,z+%
(5) y,x+y,z+%

(6) x—ysI,Z"‘ *

L] ?

(1) x,y,z
4 %,9,2+4

Reflection conditions

General:
000! : 1 =6n
International Tables for X—ray Crystallography
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Cubic -

Patterson symmetry Pm3m . . . .
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VFm3m  O; nim Cotic T

F4/m§2[m Patterson symmetry Fm3m . . . . . .

orthographic
representation

od o)
A\l
ot

e
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Upper left quadrant only
International Tables for X-ray Crystallography



N

Symmetry axis

(e) Symmetry axes parallel to the plane of projection -
Screw vector of a right-handed

Graphical symbol

Twofold rotation axis
Twofold screw axis: ‘2 sub I’
Fourfold rotation axis
Fourfold screw axis: ‘4 sub I’
Fourfold screw axis: ‘4 sub 2’
Fourfold screw axis: ‘4 sub 3’

Inversion axis: ‘4 bar’

\

LTI
-

screw rotation in units of the Printed PP
shortest lattice translation vector symbol
parallel to the axis

None 2
2 2,

None 4
: 4
: 4,
: 4

None 4

(f) Symmetry axes inclined to the plane of projection (in cubic space groups only)

Symmetry axis

Graphical symbol

Screw vector of a right-handed
screw rotation in units of the

Twofold rotation axis

Twofold screw axis: ‘2 sub I’

Threefold rotation axis

Threefold screw axis: ‘3 sub I’

Threefold screw axis: ‘3 sub 2’

Inversion axis: ‘3 bar’

RR K ® > P

shortest lattice translation vector Printed symb.
parallel to the axis
None 2
1
2 21
None 3
3 3,
¢ 3,

Interrl?'éﬁrf‘énal Tables for X—rgv Crystallography




8- ig—tfold rotatio_ln

R,9:2 %, 5,y KaZyy Ep¥sZ

a ; c)
mirror plane at X,x,z

2R,y 2%,y
2, ¥, I,¥.%
I FeX Zy¥sX
ZyR, ¥ ZyXyY
VeI x| ¥ 2,
¥i¥yz ¥a¥,2
X

1¥r2 %, E,y .2,y Ky¥,Z

4-fold rotation at 0,0,z

W. B=0tt, Crystallography
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Rutile, TiO,

A
= NN NININN
A . B
Lattice Basis Space group Positions of the atoms
tetragonal P Ti: 0,0,0 P 4,/mnm aj Ti:0,0,0
%’ %’ % %’ %, %
2,=4.59 A 0: 0.3,0.3,0 ag=4.59 A f| O:x,x0
=296 A 0.8,0.2,} c0=296A | lix,1-x,1
) 1 1 1 1 x=03
0.2,0.8,1 27 %3t%
0.7,0.7,0 % X%0
c

N N N N W. B-Ott, Crystallography
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T% R by Ny
14 ..
P4 /mnm 4h 4/mmm Tetragonal
No. 136 P4z/m 21/” 2/m Patterson symmetry P 4/mmm|
& &
-—(_DGP+ —®@+
) 3
DL,
K -Di+
{8y |
e
# &
& Role
Origin at centre (mmm) at 2/m12/m
Asymmetric unit 0<x<t;, 0<y<E; 0<z<4; x<y
Symmetry operations
(D1 (2) 2 0,0,z (3) 4*(0,0,3) 0,1,z (4) 4-(0,0,4) 1,0,z
(5) 2(0,3,0) 4.y, (6) 2(3,0,0) x,i} (M2 x,x0 8) 2 x,%,0
% 1 0,0,0 (10) m x,y,0 (11) 4+ 4,0,z; 4,04 (12) 4 0,4,z; 0,44
(13) n(4,0,4) x,i,z (14) n(0,4,4) i,y.z (15) m x,%,z (16) m x,x,z

N § u§ 9§
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Reflection conditions

General:

Okl : k+1=2n
001: [ =2n
h00: h=2n

Special: as above, plus

no extra conditions

th+k,l=2n

no extra conditions

no extra conditions

: h+k+1 =2n
h+k,l =2n
h+k,l =2n
h+k+l=2n

Generators selected (1); ¢(1,0,0); ¢(0,1,0); ¢(0,0,1); (2); 3); (5); (9
Positions
Multiplicity, Coordinates
Wyckoff letter,
Site symmetry
16 k 1 ()xy,z (2) 7,7,z (3) y+ix+d,z+4  (4) y+i,8+4,2+3
(5) x+4,y+4,7+4%  (6) x+4,5+4,2+4  (7) y,x,2 8) y,%,2
9) x,7,Z (10) x,y,7 (11) y+4,2+4,2+4 (12) §+4,x+3,7+3
(13) x+4,7+4,z+4 (14) T+4,y+4,z2+4 (15) 7,%.2 (16) y,x,z
8 jJ ..m X,X,2 x.%,z F+ix+td,z+4  x+4,%+44,z+4  no extra conditions
T+ix+4,7+43  x+4,3+4,7+4 x,x,2 £,%5,7
8 i m x,y,0 x,7,0 FHix+4,4 y+i,x+44
f+i’y+%!§ x+%??+ J’,x’O y*fso
8 h 2 0,4,z 0,4,2+4 1,0,7+%  4,0,2 hki
0,4,z 0,3,7+% 1,0,z+% 4,0,z
4 g m.2m x%0 xx,0 x+ix+i,}  F+i 44,4
4 f m.2m xx0 £x0 I+ix+i3  x+i,5+4,4
4 e 2.mm 0,0,z $4z+t L bz+b 00,2 hkl
4 d 4., 04F 0,41 0% 304 hkt
4 ¢ 2Im 0,4,0 0,44 4,0,4 4,00 hkl :
2 b mmm 00,4 34,40 hkl :
2 a m.mm 00,0 44,4 hkl :

h+k+1=2n

International Tables for X-ray Crystallography



— Ca—corner
O- face centered
Ti— body centered

— high temperature— cubic
Pm3m (No.221)

Ca: 1a, m3m, 0,0,0

- n 1 1 1
Ti: 1b, m3m, 7,7,;
. 11 1 1 1 1
O: 3c, 4/ mmm, 0 y1y 210y 1510
- Ti— 60
O- 4Cat+ 2T1
Ca—- 120

N R



Perovskite ®o

$ca o

A-Cell CaTiOq
Q“z . 1-‘2/.
® o0

1, 1,

Ca04; cuboctahedra

N QNN
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Pm3m O;
No. 221 P4/m32/m

Origin at centre (m3m)
Asymmetric unit  0<x<i; 0<y<y; 0<z<4; y<x; z=y
Vertices 0,0,0 H0,0 1350 444

Symmetry operations
(given on page 664)

m3m Cubic

Patterson symmetry Pm3m

International Tables for X-ray Crystallography
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CONTINUED

Generators selected (1);

Positions
Multiplicity,

Wyckofl lener,
Site symmetry

24 m

24 1

¢
1 b

1 a

—
£
LA
—
a

m.m2

m.m2

mm2. .

im

4m.m
4m .m
4fmm .m
4fmm .m
m3m

m3m

Ak

[ER I R ST JH SR T O

et bk

—_
(]
L
=

et b b P R e

Rl fkoek
e fate fa

R ]
PR

Mmoo

et

[=d

2O tm OO e e

Mo

oo e “l tatmehn

et ]

X, XX
x,x . X

x4
x,0,0
1,00
0,44
Lid
0,0,0

10,0,1; (2; (3

1(1,0,0); 1(0,1,0);
Coordinates
(2) 2.5,z (3) £.v.2
(6) z,%,§ (7 2.5,y
(10) §,z,% (11) y,2,%
(14) §,%,2 (15) y,%.2
(18) £,z,y (19) 2,2.%
(22) z,7,x (23) 2,y,x
(26) x,y,2 27 x,7.2
(30) 7,x,y (31) z,x,§
(34) y,2,x  (35) 5.2,x
(38) y,x,z (39) §.x.2
(42) x,1.§ (43) x,z,v
(46) I,y,% 47) z.7.%
Kz XxZ x31,2
ix % =x,z2,x Xz,X%
I x %z faxz
xix z,x, ¥ z7,ix
Lz Lyl 452
Ly oyt gt
41 owhr iz
Loy oyt .4
0.5z 01 075,z
£,0,§ y.2,0 7,20
7.0z y.0,z 50,z
0,2,y zy0 2,50
Ly Ly§ 45§
yvi!] J"-)’-i Y,y.i
0.9,y Oy§ 037
7.0 y.y.0 §.y0
£40 0,4 0,84
250 x,0,4 £0.4
Lex fLxf xix
¥EX xfx fx.x
Lt bt b
£0,0 0x,0 0,50
0,4,0 0,04
10,4 41,0

Symmetry of special projections

Along [001] pd4mm

f =
a=a

b'=b

Origin at 0,0,z

(4) x,

(12) 3,

ey
ay

—_
]
ru
i el

R L

— o, o — o
83 88RE3
o e e et e W
A B Rt |

W ta e M= MM

(44) £

Bk
Fate fate
TR

aline el iy

]

Sty £

Lix  Lix
0,0,x 00,z

Along [111) pémm
a'=14(2a-b-c)
Origin at x,x,x

b'=4(-a+2b-c)

No. 221

(25)

Reflection conditions

h,k,l permutable
General:
no conditions

Special: no extra conditions

3 d 4/mm.m
3 ¢ 4/mm.m
1 b m3m
1 a m3m

Origin at x,x,0

$,0,0
O’i’i

i,4,4
0,0,0

0,4,0
1,04

0,0,4
1,1,0

International Tables for X-ray Crystallography



Perovskite, BaTiO,

4’\
| AT T T T T T T T T T T T T T LI I T[T T T [T T T T[T 7773 N R RN
T 4,030 [— | =
ot 4.020E —
o - .
= 4010 -
£ = " =
© = e 3
34‘000;_._-0-—'" -
? 3.990 LU Tetragonal —
= —Rhombo- =
= 3.980 [~ hedral =
3970E v ot bt v bv e b a by
-150 =100 =50 0 50 100 150 200
Terhperature, *C —>
R3m Amf”lﬁ- F#-mrn Pmim
A  Rhombohedral |~ Orthorhombic Tetragonal Cubic
I
! -
=)
10,000 (~ | ‘ g
= ' ==
= |
% 5000
(o]
o 1 = T .

=150 ~100 =50 0 +50 +100 +150

. . . . Temperature, °C S




Diamond,

Top Active

=
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Fd3m Oh m3m Cubic
No. 227 F4|/d 3 2/m Patterson symmetry Fm3m

ORIGIN CHOICE 1

RN

Origin at 43m, at -} ,—},-1 from centre (3m)

Asymmetric unit  0<x<4; 0<y<t; -1<z<b; y<min(i-x,x); -y<z<y
Vertices 0,00 40,0 #it Lt i Li-t

Symmetry operations

N N N N (given on page 689) International Tables for X-ray Crystallography



CONTINUED

No. 227

RN

Generators selected (1); 1(1,0,0); (0,1,0); ¢(0,0,1); ¢(0,,1); r(£.0,1); (@; (3% (5); (13); (29)
Positions
Multiplicity, Coordinates Reflection conditions
\i:"yckoﬂ letter,
o symmmatey 000+  (O.4,H+ (G0H+ (11,04 h,k,1 permutable
General:
192 i 1 (Daxayz (2) £, 5+4,z+4 (3) x+4,y+4,2 (4) x+1,§,7+4 hkl : h+k=2n and
(5) z,x,y (6) z+4,2,5+4 (7) 1,5+4,y+4 (8) 2+, x+4,7 h+l,k+1=2n
9 y,z,x (10) g+4,z+4,x (11) y+4,7,8+4 (12) 7,7+, x+4 Okl: k+1=4n and
(13) y+i,x+4,7+1 (14) §+i,8+4,7+% (15) y+i,8+4,z+1 (16) §+i,x+d,z+% k,l=2n
(17) x+31,z+%,9+1 (18) x+i,z+1,y+1 (19) f+1,2+1,5+% (20) x+4,7+3,y+% hhl: h+l=2n
(21) z+1,y+4,5+1 (22) z+4,5+3,x+1 (23) 2+3,y+1,x+} (24) 7+4,5+4,%+}  h00: h=4n
(25) 2+4,9+4, 741 (26) x+i,y+1,7+3 (27) x+1,5+4,2+% (28) £+i,y+i,z+4
(29) z+4,5+4,7+4 (30) z2+4,x+i,y+1 (31) z+i,x+1,§+1 (32) z+1,8+4,y+}
(33) y+i,7+4,8+1 (34) y+i,Z+1,x+1 (35) §+iz+ix+1 (36) y+iz+1,%+4
(37 g+i.x.z2+48 (38) yox,z (39 Fox+i,2+4 (40) y+4,2+4,2
(41) 2+4,2,y+4  (42) x+4,2+4 5 (43) x,z,y (44) x,z+4,5+1
(45) 2+4,9.x+1  (46) Zy+1, 2+ (A7) z+4,5+42 (48) z,y.x
Special: as above, plus
9% h ..2 ty§+ LFHLFHE Ly+hy+l 6L F,y+i no extra conditions
F+i by FHib g+t y+idy+d y+iaLy
y.J+ht gHE+LE {He. +Ht  fy+hi
bLy+ly ty+iy+i J+1,9+4 ty+hy
y.4,9+1  yHhLby+i gHLEFHE 7,p+E
Friy b y+iy+Hid o §FHLFHLE y+bFE
9% g ..m X,X,2 X x+iz+d F+i,x+4.2 x+1,%,7+1 no extra conditions
F45.9% 4 z+4,%,8+14 7,5+ x+1 I+dx+4,%
x,2,X f+i e+ x x+4,7,8+1 21+ x+1
x+dx+4,7+1 gL E+bIHE x+bE4dz4d RHdx+i ozt
x+i,z+4,8+1  f+iz+iax+d gL ZHER+t 0 x4l I+dx+d
z+ix+1, 8+ z+if+ix+d Z+dx+ix+d I+ R+ R+
48 f 2.mm x,0,0 4.4 0,x,0 x4 0,0,x 44,5 hkl : h=2n+1
Lx+di Lr+bd x+443 0 w441 LB+ Lix+d or h+k+1=4n
.32 e .3m X, X, X £ E+4,x+4 no extra conditions
f+i,x+4,% x+4,%,5+14
x+i,x+i, 8+ R+ E+E8+E
x+}, 5+, x+1  F+ix+ix+d
16 d .3m ti,i it L i.i,i} hkl : h=2n+1
or h,k,]l =4n+2
16 ¢ .3m IEEEENE IEER X I RN or hk,l=4n
8 b 43m  hii ***-*} Rkl : h=2n+1
§ a d3m 000 iii or htk+l=4n

Symmetry of special projections
Along [001] pd4mm

a'=i(a-b) b'=1(a+h)
Origin at 0,0,z

Along [111] p6mm
a'=14}(2a-b-c) b'=i(-a+2b-c)
Origin at x,x,x

Along [110] c¢2Zmm
a'=i(-a+b) b'=c

Interngti®Adl Tables for X—ray Crystallography
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Zinc Blende, an —

RN

—diamond derivative structure
—/n and S replace the C atoms

—/n cubic close packing
S Y% tetrahedral site

—/n and S cubic close packing displaced by
—Space group

F43m (No.216)
Zn: 4a, 43m, 0,0.0
Zn: 4c, 43m, L1 L2

444

111
4’4" 4

N

N QNN



Zinc Blende, Zn

2 . s s
d 43 m Cubic
F ‘;-I.- 3 m Patterson symmetry Fm3m

N Upper left quadrant only |htarnational Tables for X—ray Crystallography
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Generators selected (1);
Positions
Multiplicity,
Wyckoff letter,
Site symmetry (0’0’0) +
9% i 1 (1) x,y,z
(S) z,x,y
O y.z,x
(13) y,x,z
Aam x,z,y
(21) z,y,x
48 h ..m X,Xx,Z
7,%.x
24 g 2.mm x4}
24 f 2.mm x,0,0
16 e .3m X,X,X
4 d 43m 1,1,1
4 ¢ 43m 1,44
4 b 43m 1,44
4 a 43m 0,0,0

N QNN

*

Zinc Blende, Zn

NN RN
t(1,0,0); ¢(0,1,0); ¢(0,0,1); ¢(0,%,%); ¢(4,0,4); (@; (3); (5); (13)
Coordinates Reflection conditions
0,4, H+ (3,0,H+ (4,4,0)0+ h,k,I permutable
General:
(2) x,¥.2 3) 2,y,7 4) x,5,2 hkl : h+k,h+1 k+1=2n
(6) z,%,5 (7 2.%,y 8) 7,x,¥ Okl : k,1=2n
(10) y,z,% (11) y,7,x (12) 7,Z,x hhl: h+1=2n
(14) y,%,z (15) y,x,Z (16) y,x,Z h00: h=2n
(18) %,z,¥ (19 x,2,y (20) x,7,y
(22) z,y,% (23) z7,y,x (24) 7,7.x

Special: no extra conditions

X.x,Z XX,z Z,X,X 7,X,X
x,z,x Xz, x,7,X X,ZI.x
Lx,b L1 Liax  i4x
0,x,0 0,50 0,0,x 0,0,x

X,x,X x,xx

5



