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Derivation of 
Boltzman Distribution

The most probable distribution 
of molecules on various accessible
energy levels 

Macrostate with the maximum 
number of microstates

→ Equilibrium
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→ distribution function

20 particle system with 7 energy states
(1, 3, 4, 6, 2, 3, 1)
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→20 particles are distributed
among 7 accessible energy states.

→ 7 accessible energy states are partitioned among particles.
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number of microstates per macrostate 
   = total number of ways of arraning particles
      to produce the distribution (n )

The probability that the system exists in a given macrostate
→ the fraction of the time that it spends in microstates 

that correspond to that macrostate
→the ratio of the number of microstates ΩJ that   

correspond  to the Jth macrostate to the total number 
of microstates the system may exhibit
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How can we determine the macrostate
with a maximum number of microstates? 
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값을 사용한다
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≅ − →ln x ! x ln x x Stirling's approximation
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S를 최대로 하는 조건 ? → dS = 0
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여기에 constraints가 있다.
이 constraints를 만족시키면서 최대가 되는 S

Isolated System  
→ no transfer of energy and material

Next step?

Which constraints ?
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Isolated System  
→ no transfer of energy and material

How do we use these constraints
to derive the condition of maximum S ? 

Constraints가 있을 때 maximize하는 방법
→ Method of Lagrange Multiplier

1. Multiply each of the differential forms of the
constraining equations by an arbitrary constant. 

2. Add these forms to the differential of the function 
whose extreme value is sought.  

3. Set the coefficients of each of the differentials 
that appear in this equation equal to zero. 

4. Solve the resulting set of equations, evaluating 
the Lagrange multipliers in the process.    
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ni : macrostate with a maximum number
of microstates

→ Equilibrium 
→ Boltzman distribution

All we have to do is to determine α and β. 
→ How?

1 1 10

1 i i

r r r
/ k / k/ k / ki

i i i

n e e e e
N

βε βεα α

= = =

= = ⋅ = ⋅∑ ∑ ∑

1

1 1α

βε

=

= =

∑ i

/ k
r

/ k

i

e
Pe

1

i

r
/ k

i
Partition function : P eβε

=

= ∑

0

1 βε= i / kin e
N P



1

βε
=

⎛ ⎞= − − ⋅⎜ ⎟
⎝ ⎠

∑
r

i
i

i
dS k ln P dn

k

0

1 βε= i / kin e
N P

1

1
i

r
/ k

i
i

dS k ln e dn
P

βε

=

⎛ ⎞= − ⋅ ⋅⎜ ⎟
⎝ ⎠

∑

1 1
β ε

= =

= − + ⋅∑ ∑
r r

i i i
i i

dS dn k lnP dn

1 0

r
i

i
i

ndS k ln dn
N=

⎛ ⎞
= − ⋅⎜ ⎟

⎝ ⎠
∑

0dS dU k lnP dNβ= − + ⋅

0prsdU TdS P dV dNμ= − +

0
1 prsP

dS dU dV dN
T T T

μ
= + −

1β = −
T

μ μ= → =k lnP kT lnP
T

How can we determine β ?

0dS dU k lnP dNβ= − + ⋅
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Alternate Statistical Formulations
Maxwell-Boltzmann
Distribution: Boltzon : 
distinguishable
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Bose-Einstein Distribution
Boson : indistinguishable 
and symmetric 

Fermi-Dirac Distribution 
Fermion: indistinguishable and 
anti-symmetric 
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Calculation of the Macroscopic Properties 
from the Partition Function
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Calculation of the Macroscopic Properties 
from the Partition Function

= + 0
1S U N k ln P
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Using this equation, derive Helmholz free 
energy in terms of partition function P.
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Using this equation, derive entropy
not expressed by internal energy.

= − 0F N kT ln P
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Using these two equations, derive internal 
energy in terms of partition function P.
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Using this equation, derive heat
capacity at constant volume.



Volume이 일정한 상태에서 구하므로 Cv를 구함
그러나 우리는 Cp를 알아야 함 →ΔH, ΔS

Once we obtain Cv, how do we obtain Cp ?

βα /2VTCC vp =−
α and β are the coefficients of 
expansion and compressibility
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Evaluate Cp – Cv for ideal gas.
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Atomistic Approach of Heat Capacity

• Einstein’s Model of a Crystal
• Monatomic Gas Model
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Einstein’s Model of a Crystal (only vibrational K.E.)
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Evaluate partition function.


