Thermodynamics of
Materials

10th Lecture
2008. 4. 2 (Wed.)

Derivation of
Boltzman Distribution

The most probable distribution
of molecules on various accessible
enerqgy levels

Macrostate with the maximum
number of microstates

— Equilibrium




TABLE 6.1
Microstates and macrostates for a simple system

Particles: a, b, c.d (Ny)

Suates:  €1,€2 (1)
List of Microstates (Number of microstates = 2% — 16) —No
State €] €2 State €y €2
A abcd 1 bc ad
B abc d J bd ac
S abd C K cd ab
D acd b L a bed
E bed a M b acd
F ab cd N c abd
G ac bd O d abc
H ad bc P abcd
List of Macrostates
State No. of particles Corresponding Number Probability
€1 €3 microstates
1 4 (4] A 1 1/16
1 i 1 B.C.D.E 4 4/16
111 2 2 F.G H.LLK 6 6/16
v 1 3 LM.N,O 4 4/16
v 0 4 P 1 1/16

20 particle system with 7 energy states
(1, 3,4,6,2,3,1)

—20 particles are distributed
among 7 accessible energy states.
— 7 accessible energy states are partitioned among particles.
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Q = number of microstates per macrostate
= total number of ways of arraning particles
to produce the distribution (n; )

I
No. of microstates : Q:L

n!n,l.n!

S=kInQ

The probability that the system exists in a given macrostate

— the fraction of the time that it spends in microstates
that correspond to that macrostate

—the ratio of the number of microstates Q; that
correspond to the Jth macrostate to the total number
of microstates the system may exhibit
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\ FIGURE 6.1
S "/Ji'\"‘ = The probability distribution for macrostates

has an extremely sharp peak for systems
Most probable with large numbers of particles and

Macrostate macrostates.

How can we determine the macrostate
with a maximum number of microstates?

£ X/} £ 5= macrostate, 7

Q=R Z A 0/2F2 LIET/ 08 =0
. logarithm & =2 At &3,

S=kInQ 2t o}/7, SE FHZ of=
macrostate, /s, £ ?5‘/25’ =/,
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ﬁni!
i=1

Inx!'=xInx—-x — Stirling's approximation

S=kInQ=KklIn

;

n.

S = —kz N In [N—'] See the text for derivation.
i=1 0

£ FlE ol £ ? —ds=0

,
N.

dS =k Z In [N—'j d n; See the text for derivation.
i=1 0

Next step?

0110 constraintst LY.
0/ constraintsE BIZAIF/BA FOIOF H= S

Which constraints ?

Isolated System
— no transter of energy and material




Isolated System
— no transter of energy and material

r r
U=>¢gn =const. N,=>n =const.
i=1

i=1

How do we use these constraints
to derive the condition of maximum S ?

Constraints/} 2= 0 maximizeot= 2'E
— Method of Lagrange Multiplier

1. Multiply each of the differential forms of the
constraining equations by an arbitrary constant.

2. Add these forms to the differential of the function
whose extreme value is sought.

3. Set the coefficients of each of the differentials
that appear in this equation equal to zero.

4. Solve the resulting set of equations, evaluating
the Lagrange multipliers in the process.
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N, = > n, =const. - dN, =Y dn, =0

i=1 i=1

a-dNozaZdnizo ,B-dU:,B-Zgidnizo
dS+a-dN,+ 4-dU =0
substitute for dS, dN,, and dU
—kZIn(’:—‘j-dni +a-Ydn + 8- gdn, =0
i=1 0 i=1 i

n;

iii—kln[ﬂ—gj+a+ﬂgi}dni:0 —kln[N—]+a+ﬂ5i =0
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I'-]i . a/k.eﬂgi/k

n, : macrostate with a maximum number
of microstates

— Equilibrium

— Boltzman distribution

All we have to do is to determine « and /.
— How?
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Partition function : P = Zeﬁ‘eﬁ/k
i=1

i:ieﬁgi/k
N, P




N 1 gk - n;
— =—@" :—kEI — |-dn,
N, P ds H(N ] dn,

i=1 0
- 1 pei 1 k
dS=-k> In| =-e”'* |.dn,
iz \P
dS:—ki[%—lnPj-dni
i=1

dS = —ﬂigidni +kInP -idni
i=1

i=1

dS = —AdU +kInP -dN,

dS =—£dU +kInP -dN,
How can we determine f?
dU =TdS -P,.dV + udN,

P
ds = 2dU + =gy — £ N,
T T T

f:kmp — u=kTInP




P=Ye @ ). partition function
i=1

— Boltzman Distribution

n. 1

Boltzman Distribution

ni - 1 - e—(gi/kT)
N P,e"" Zr:e—(gi/kT)
-1

P=Ye @) partition function




Alternate Statistical Formulations

Maxwell-Boltzmann no_ 1
Distribution: Boltzon : N Pse" / kT
distinguishable

Bose-Einstein Distribution no_ 1

Boson : indistinguishable N P (es.-/kT _ 1)
and symmetric °€

Fermi-Dirac Distribution n 1

Fermion: indistinguishable and =

g / kT
anti-symmetric FD (e * 1)

Calculation of the Macroscopic Properties
from the Partition Function

> e/ T): Partition function
i=1

First, evaluate entropy.

oo agan(a) - Ennllee)

i=1
:_kin[———lnP} L_‘_ZS +klnPZr:ni
i=1

S :%U+NoklnP




Calculation of the Macroscopic Properties
from the Partition Function

s =%U+NoklnP

Using this equation, derive Helmholz free
energy in terms of partition function P.

FzU—TSzU—T[#U+NOkInP}

F=-NkTInP

F =-N,kTInP

Using this equation, derive entropy
not expressed by internal energy.

o s-_[9F
dF = -SdT - PdV + W' S = (aTJV

olnP
S =NxkiInP + NokT[ = ]V




olnP
F=-NkTInP S :NokInP+NokT( — jv

Using these two equations, derive internal
energy in terms of partition function P.

U=F+TS=-NKTInP + T{NoklnP ; NokT(aa':_PJ }
v

olnP
U = N kT?
N ()

olnP
U = N kT?
No ( oT jv

Using this equation, derive heat
capacity at constant volume.

2
c, :(@j :ZNOkT(alnP) 4 NkT? [ 1P
oT )y T, otz ),




VolumeOl &€& &t &EH0IAN FotE22 C & #&
el fel= €, 200k & —AH, AS

Once we obtain C,, how do we obtain C,?

C,-C, =aNT |/ S

a and B are the coefficients of
expansion and compressibility

1(avj —1(avj
a=—|— f=—|—
VT ), V 0P /.

V=V, (L+a-AT a=
=Vo(L+a-AT) TAT VY,

Cp—CV=a2VT/ﬂ

Evaluate C, — C, for ideal gas.
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v et ), v P ),
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C,~C, = VTP =R C,-C,=R




Atomistic Approach of Heat Capacity

Einstein's Model of a Crystal
Monatomic Gas Model

2 8| P
F = -N,kT InP U = NKT ( n j

oU olnP o*InP
C,=|—1| =2 2
v (aTJV N°kT( oT jv + NokT [ oT? jv

Einstein's Model of a Crystal (only vibrational K E.)

harmonic oscillator

g = (i+ljhv
2

Evaluate partition function.




