
Capacitance and CapacitorsCapacitance and Capacitors

� Capacitance� Capacitance
 
    
Conducting surface : Equipotential and only surface charge
Suppose the potential due to the total chargeV Q
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Capacitance of the isolated conducting body
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Capacitance and CapacitorsCapacitance and Capacitors

� Capacitor� Capacitor
¾ Two conductors separated by free space or dielectric medium

cf) field lines are perpendicular to the conductor surfacescf) field lines are perpendicular to the conductor surfaces

  
QC
V

=
12V

 ⎛
⎜
⎜

the geometry of the conductors
the permittivity of the mediumdepends on t th h Q

cf) method to determine C

⎜
⎜
⎝

  depends on  not the charge Q
 not the potential difference

)
) Assuming V12 and determining Q in terms of V12

) Assuming  Q and determining V12 in terms of Q
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Capacitance and CapacitorsCapacitance and Capacitors

� Procedure to find C� Procedure to find C

¾ Choose a coordinate system for the given geometry

¾ Assume charges +Q and −Q on the conductors

f
JG

¾ Find      from  Q

¾ Find V12

E
1

12 2
  V E dl= −∫by

JG G
i

from the conductor having −Q to the other having +Q

12 2∫

¾ Find C by taking the ratio 

12

Q
V
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Ex) 3 17 parallel plate capacitorEx) 3-17. parallel-plate capacitor

¾ Area S separation distance d,
constant permittivity ε ;
then the capacitance
9 Cartesian coordinate system
9 Assume +Q and −Q on the upper and lower conducting plates
9 So  ρs, −ρs on each plate Qρ =s S

ρ

s sˆ ˆ ˆ , QE n E y y
S

ρ ρ
ε ε ε

= ∴ = − = −
JG JG

9

( )12 0 0
ˆ ˆ    

y d d

y

Q QV E dl y y dy d
S Sε ε

=

=

⎛ ⎞= − = − − =⎜ ⎟
⎝ ⎠∫ ∫

JG G
i i

12

 Q SC
V d

ε∴ = =  
 
note 1     is independent of  and .
note 2     depends on  and .

C Q V
C d S

)

)
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Ex) 3 17 parallel plate capacitorEx) 3-17. parallel-plate capacitor

¾ cf) Assumption¾ cf) Assumption
9 Electric field intensity between the plates is uniform and 

equals.

12ˆ VE y
d

V

= −
JG

12

12 12

s y
VE
d
SQ S V C V

ρ ε ε

ρ ε

= =

⎛ ⎞= = = ⋅⎜ ⎟
⎝ ⎠

12 12sQ S V C V
d

SC
d

ρ ε

ε

⎜ ⎟
⎝ ⎠

=
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Ex) parallel plate capacitorEx) parallel-plate capacitor

¾ Capacitance of a two-conductor capacitor¾ Capacitance of a two-conductor capacitor                          
is defined as the ratio of the magnitude                             
of charge on one of the conductors                                  
to the magnitude of the potential

y
sρ Excess charges

Qto the magnitude of the potential                               
difference between the two conductors

ˆ s QE y ρ ρ⎛ = =⎜
JG − − − − − − − − −

+ + + + + + + + + +

Q

Q

+

−
Only at inner surface

upper cond

lower cond

 ,     
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s

s

E y
A
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ρ
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ρ
ε

= =⎜
⎜
⎜ = −
⎝

JG

                                
 

ˆ   

Assume  is uniform between two conductors and ignore fringing effect.

then, s

E

E y ρ
ε

= −

JG

JG

sρ−

       
ε

( )

( )
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ˆ ˆ    

ˆ ˆ

d d s s
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s
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Q SQ E d d S C

ρ ρ
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= =
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∫ ∫
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JG G
i i

JG G
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Ex) 3 18 Cylindrical capacitorEx) 3-18. Cylindrical capacitor
9 inner conductor radius : ainner conductor radius : a
9 inner radius of outer conductor : b

¾ Cylindrical coordinate system 
Æ i l th li dÆ z-axis along the cylinder

¾ Assume +Q on the inner conductor, 
−Q on the outer conductor

¾ Gauss’s law
9 at the conductor surface 

(only normal component on the conductor, tangential component is zero)
9 Er is not constant anymore (∵ conductor surfaces are not planes)

ˆrE E r=
JG

2

0 0
   2

2
L

r r rS

Q QE E d s E rd dz rLE
Lr

π
φ π

πε ε
⎛ ⎞= = = =⎜ ⎟
⎝ ⎠∫ ∫ ∫

JG G
iv

¾ neglect the fringing effect

ˆ ˆ( ) ln
2 2

2

r a a

ab r b b

Q Q bV E dl r rdr
Lr L a

Q L
πε πε

=

=

⎛ ⎞ ⎛ ⎞= − = − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫

JG G
i i
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ExampleExample

Gauss Surface 
No charge inside Gauss surface→

⇒∴
  No charge inside Gauss surface
   No charge will be distributed

       on the inner surface
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Series and Parallel Connections of CapacitorsSeries and Parallel Connections of Capacitors

V V V V V1 2 3

1 2

nV V V V V
Q Q Q QV
C C C C

= + + + ⋅⋅⋅+

= = + + ⋅⋅⋅+
1 2

1 2

1 1 1 1 

sr n

sr n

C C C C

C C C C
= + + ⋅⋅⋅+∴

1 2sr n

1 2

1 2

n

n

Q Q Q Q
C V C V C V

= + + ⋅⋅⋅+

= + + ⋅⋅⋅+

1 2 n

C V

C C C C

=

= + +∴ ⋅⋅⋅+

&

&
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Capacitances in Multiconductor SystemsCapacitances in Multiconductor Systems

V p p p Q⎡ ⎤ ⎡ ⎤ ⎡ ⎤1 11 12 1 1

2 21 2 2

N

N

V p p p Q
V p p Q

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

"
" "

# # # # # #

1 2n N N NN NV p p p Q
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

# # # # # #
"

ijpwhere  : coefficient of potential

i.e.,
ijc = coefficients of induction

1 11 12 1 1
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N
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coefficients of capacitance
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Q Q Q
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= = ⇒

  for isolated system
reciprocity condition

"
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cf) Example of 4 conductorscf) Example of 4 conductors

1 11 12 13 1Q c c c V⎡ ⎤ ⎡ ⎤ ⎡ ⎤1 11 12 13 1

2 12 22 23 2

3 13 23 33 3

        or
Q V
Q c c c V
Q c c c V

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

∴

1 10 1 12 1 2 13 1 3

10 12 13 1 12 2 13 3

2 20 2 12 2 1 23 2 3

    ( ) ( )
     ( )

     ( ) ( )

Q C V C V V C V V
C C C V C V C V

Q C V C V V C V V

= + − + −
= + + − −
= + − + −

3 30 3 1    Q C V C= + 3 3 1 23 3 2

1 10 12 13 12 13 1

( ) ( )V V C V V

Q C C C C C V
Q C C C C C V

− + −

+ + − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= − + + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥

total capacitance between 

2 12 20 12 23 23 2

3 13 23 30 13 23 3

11 10 12 13 

Q C C C C C V
Q C C C C C V

c C C C

= − + + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − + +⎣ ⎦ ⎣ ⎦ ⎣ ⎦

= + +⎧
⎪

p
conductor 1 and all the other
conductors connected 
together to ground

11 10 12 13

22 20 12 23

33 30 13 23

         
 
c C C C
c C C C

⎪ = + + ⇒⎨
⎪ = +

∴

+⎩
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Electrostatic Energy and ForcesElectrostatic Energy and Forces
� Work done by bring a charge Q2 from infinity against the field of a

charge Q1 in free space to a distance R12 is

1
2 2 2 2

0 124
QW Q V Q

Rπε
= = −c

Q

work

 외부에서system으로

1Q
2Q

2Q1Q
12R E

JG

infinity
2

2 1 1 14
QW Q QV

R
= = −d

( )2 1 1 2 2

3

1   
2

W QV Q V

Q P

= +

3

combining  and ,

Bring another charge from infinity to a point 

c d    

2 1 1 1
0 124

Q Q
Rπε
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1 2
3 3 3

0 13 0 23

1 3 2 31 2

4 4
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Q
Q QW Q V Q

R R
Q Q Q QQ QW W W
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Δ = = +⎜ ⎟
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= + Δ = + +⎜ ⎟

3g g y p

3 2
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32 1
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4
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R R R
QQ QQ Q

R R

πε
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= + Δ = + +⎜ ⎟
⎝ ⎠

⎛ ⎞
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⎝ ⎠
3 32

3
0 12 0 23 0 23 0 134 4 4

Q QQQ
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⎡ ⎤⎛ ⎞ ⎛ ⎞
+ + +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
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Electrostatic Energy and ForcesElectrostatic Energy and Forces

¾ General cases¾ General cases

1 1 and 
2 4

N N
j

e k k k

Q
W Q V V

R
= =∑ ∑

1   10
( )

2 4e k k k
k j jk

j k
Rπε= =

≠

∑ ∑
mutual energy 
Not self energy

19 191 (eV) = (1.60 10 ) 1 1.60 10 (J)− −× × = ×cf)

19

work (Joule)  energy
voltage Joule Coulomb

 1.6 10 Coulombe −

=
=

= ×
19eV  1.6 10 Joule−∴ = ×

k
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Ex) 3 22 Assembling a uniform sphere of chargeEx)  3-22. Assembling a uniform sphere of charge

¾ Energy required to assemble a uniform sphere of¾ Energy required to assemble a uniform sphere of 
charge of radius b and volume charge density ρ

34hRQ RV Q π

0

2 2

      ,     where   
4 3

     4     4

R
R R

R
R

QV Q
R

dQ R dQ R dR
dR

ρ
πε

ρ π ρ π

= = ⋅

= ⋅ ⇒ = ⋅∴

3 2

 
1 4      4

4 3

the work (energy) done in bringing up R

R R

dQ

dW V dQ R R dR
R

ρ π ρ π= ⋅ = ⋅ ⋅ ⋅
0

2 4

0

4 3
4      
3

4

R RQ
R

R dR

ρ ρ
πε

π ρ
ε

=

4 2 5 4b2 4

0
0

4    
3

b
W dW R dRπ πρ

ε
4

= =∴ =∫ ∫
2 5

3

0
2

4
15 3

3 [J]

and
b Q b

QW

ρ πρ
ε

=

=∴
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Ex) 3 22 (continued)Ex)  3-22. (continued)

1

1                          ,
2

1

N

e k k k
k

W Q V Q dvρ
=

= =∑

∫ '

1                               
2e v

W Vdvρ→ = ∫

    where,   is the potential at the point where the volume charge densityV
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Electrostatic energy in terms of field quantitiesElectrostatic energy in terms of field quantities

( )1 1W V d D V d∇∫ ∫
JG

� ( )
( )

' '

1 1
2 2

          cf) 

e v v
W V dv D V dv

V D V D D V

ρ= = ∇ ⋅

∇ ⋅ = ∇ ⋅ + ⋅∇

∫ ∫
JG JG JG

�

( )
( )' '

1 1   
2 2
1 1

v v
V D dv D V dv= ∇ ⋅ − ⋅∇∫ ∫

∫ ∫

JG JG

' '

1 1ˆ   
2 2

 Choose 'as any volume that includes all the charges 
S v
V D n ds D E dv

v

= ⋅ + ⋅∫ ∫
JG JG JG

v
9

   very large sphe⇒ re with radius 
1

l

R

V
RR

⎛ ∝⎜
⎜9

2

let  
1

RR
D E

R
ε

→ ∞ ⎜
⎜ = ∝⎜
⎝

JG JG9
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Electrostatic energy in terms of field quantitiesElectrostatic energy in terms of field quantities

22

'

Area S'
1ˆ 0 as   

S

R

V D n ds R
R

∝

⋅ ∝ → → ∞∴ ∫
JG

v
2

2

' ' '

1 1 1  
2 2 2e v v v

R

D
W D E dv E dv dvε

ε
= ⋅ = =∴ ∫ ∫ ∫

JG
JG JG JG

'
2

2

       

1 1

e ev
W w dv

D

= ∫
JG JG

21 1       where, : electrostatic energy density, 
2 2 2e e

Dw w D E Eε
ε

= =⋅ =
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cf) Two Conductor Capacitorcf) Two Conductor Capacitor
VE�

2 2
2 21 1 1 1

E
d

V V SW dv Sd V CVε ε ε

=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⋅ = ⋅ = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟∴ ∫

�

'

2

2 2 2 2
1 1 
2 2

e v

e

W dv Sd V CV
d d d

W CV QV

ε ε ε⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∴
⎝

= =∴

⎠∫

2 2
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Electrostatic ForcesElectrostatic Forces

� Principle of virtual displacement� Principle of virtual displacement
¾ case 1 : isolated system of bodies with fixed charges
¾ case 2 : system of conducting bodies with fixed potentials

case 1 :  Imagine that the electric forces have displaced one 

f h b d b
JJG

y g p

.           of the bodies by   
           Work done by the system,

dl

JJG JJG

 

                          

          where, is t

Q

Q

dW F dl

F

= ⋅
JJG

he total electric force acting on the body 

                         

           under condition of constant charge.

e QdW dW F dl= − = ⋅
JJG JJG
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Electrostatic ForcesElectrostatic Forces
cf) work done by the system implies that the stored electrostatic

             ( )

cf)  work done by the system implies that the stored electrostatic 
   energy decreases by the same amount of work.

                     e edW W dl= ∇ ⋅
JJG

                                     
e e

  Q eF W∴ = −∇
JJG

cf)  If the body under consideration is constrained to rotate about 
    an axis(ex. z - axis), then the mechanical work done by the system 

f i l l di l ld b    for a virtual angular displacement would bedφ

( )                                        Q z
dW T dφ=

( ) :  
the z component of the torque acting on the body 

under condition of constant charges.
e

Q z

WT
φ

∴
∂

= −
∂
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Electrostatic ForcesElectrostatic Forces

2 S t f d ti b di ith fi d t ti l

( )
case 2 :  System of conducting bodies with fixed potential

  External source supplies energy to maintain the potential

  The work done or energy supplied by the source to maintain the 
conductor at constant potential by adding charge to theV dQ conductor at con

  

stant potential  by adding charge  to the 

conductor for the displacement  of a conducting body 
k kV dQ

dl
V dQ

JJG

                                          

The total energy supplied by the sources t

k kV dQ

o the system The total energy supplied by the sources t

                                      
o the system

s k k
k

dW V dQ=∑
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Electrostatic ForcesElectrostatic Forces

        

 The mechanical work done by the system for the virtual displacement

The charge transfer change the electrostatic energy of the system
vdW F dl= ⋅
JJG JJG

 
1 1         and   
2 2

The charge transfer change the electrostatic energy of the system

e k k s e
k

dW V dQ dW dW dW d= = + =∑  : energy conservationsW

                                             

                                          

( )

e

v e

dW dW

dW F dl dW

F dl dW W dl

∴ =

= ⋅ =

∇

JJG JJG

JJG JJG JJG
                              ( )

    

v e eF dl dW W dl⋅ = ⋅∴

∴

= ∇

Constant potential, the force is in the direction of 
the increase of electrostatic energyv eF W

⎛ ⎞
= ∇ ⎜ ⎟

⎝ ⎠

JJG

 ( )                                                    

the increase of electrostatic energy

e
v z

WT
φ

⎝ ⎠
∂

=
∂
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Electrostatic ForcesElectrostatic Forces

1Q+ 2Q+

1
2e k k

k
W Q V= ∑

( )
2 2

2 =
2 2

k

e
Q l

W Q Q CF
l l C C l

⎛ ⎞∂ ∂ ∂
= − = − ⎜ ⎟∂ ∂ ∂⎝ ⎠

( )
2 2

2
2

1  =
2 2 2

e
v l

W V C Q CF CV
l l l C l

⎝ ⎠
∂ ∂ ∂ ∂⎛ ⎞= = =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
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